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Abstract

The error calculus based on the theory of Dirichlet forms is an extension of Gauss’ approach to error propagation. T
this paper is to derive error structures from measurements. The links with Fisher’s information lay the foundations of
connection with experiment. Here we show that this connection behaves well towards changes of variables and is
the theory of asymptotic statistics. Finally the study of products permits one to lay the foundation of an infinite dime
empirical error calculus.To cite this article: N. Bouleau, C. Chorro, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Structures d’erreur et estimation paramétrique. Le calcul d’erreur fondé sur la théorie des formes de Dirichlet
une extension naturelle des calculs proposés par Gauss au 19ème siècle. Il utilise jusqu’à présent des hypothèsesa priori
mais l’exploration de ses liens avec l’information de Fisher permet de le relier solidement à l’expérience. Nous te
la robustesse de cette relation vis-à-vis des changements de variables et montrons son lien avec la théorie des
asymptotiques. Enfin, l’étude d’une grandeur produit permet de jeter les bases d’un calcul d’erreur empiriqu
dimensionnel.Pour citer cet article : N. Bouleau, C. Chorro, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Une structure d’erreur est un terme(W,W,m,D,Γ ) où (W,W,m) est un espace de probabilité,D un sous-
espace dense deL2(m) etΓ un opérateur bilinéaire symétrique positif deD × D dansL1(m) vérifiant

(1) le calcul fonctionnel de classeC1 ∩ Lip : si U = (U1, . . . ,Un) ∈ D
n et F ∈ C1(Rn) ∩ Lip = {C1 et

lipschitzienne} alorsF(U1, . . . ,Un) ∈ D etΓ [F(U1, . . . ,Un)] = ∑n
i,j=1F

′
i (U)F

′
j (U)Γ [Ui,Uj ],

(2) 1 ∈ D, la formeE[F,G] = 1
2

∫
Γ [F,G]dm est fermée au sens oùD est complet pour la norme‖ · ‖E =

(‖ · ‖2
L2(m)

+ E[·])1/2.

E-mail addresses:bouleau@enpc.fr (N. Bouleau), chorro@cermics.enpc.fr (C. Chorro).
1631-073X/$ – see front matter 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2003.11.016
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Cette notion, dérivée de la théorie des formes de Dirichlet [4,6], s’est avérée bien adaptée pour tra
phénomènes de propagation des erreurs dans les modèles physiques et financiers [1–3] car les structur
ont la propriété de se transporter simplement par image (Définition 3.2), de permettre les opérations de
(Définition 5.1) et d’autoriser les calculs sous hypothèses lipschitziennes. Une structure d’erreur étant un e
probabilité muni d’un opérateur gérant la précision, il est naturel de chercher à étendre l’identification sta
des lois de probabilité au cas des structures d’erreur. Ainsi, siθ est un paramètre inconnu à valeurs dans
ouvertΘ deR

d , nous voulons mettre en place expérimentalement une structure d’erreur dans laquelle l’op
Γ exprime la précision de la connaissance que l’on a surθ avec les moyens statistiques employés. Lorsque
estimeθ à l’aide d’un modèle paramétrique régulier, l’inégalité de Cramer–Rao nous conduit à poser l’identifi
fondamentale suivante :Γ [Id] = J−1 oùJ est la matrice d’information de Fisher. Ceci est bien naturel, Fishe
même présentaitJ comme une précision (intrinsic accuracy) sur le paramètre (cf. [5]). Le but de cette No
de tester la robustesse de cette identification. En ce qui concerne les changements de variables injectifs
(Définition 3.1) on peut voir que la reparamétrisation induite sur le modèle se traduit par la notion de s
d’erreur image grâce aux propriétés analytiques de la matriceJ (Proposition 3.3). Dans le problème de l’estimat
directe de la grandeurψ(θ) lorsqueψ n’est pas injective nous obtenons des résultats asymptotiques com
pour les applications (Proposition 4.1). Enfin, lorsque l’on s’intéresse à l’estimation de grandeurs produi
composantes sont estimées à l’aide d’expériences indépendantes, le phénomène naturel de sommation
s’exprime dans la notion de structure d’erreur produit (Proposition 5.2) et ouvre la voie à une généralisa
grandeurs infini-dimensionnelles.

1. Introduction

An error structure is a term(W,W,m,D,Γ ) where(W,W,m) is a probability space,D is a dense vecto
subspace ofL2(m) andΓ is a positive symmetric bilinear map fromD × D intoL1(m) fulfilling:

(1) the functional calculus of classC1 ∩ Lip, i.e., if U = (U1, . . . ,Un) ∈ D
n andF ∈ C1(Rn) ∩ Lip = {C1 and

Lipschitz} thenF(U1, . . . ,Un) ∈ D andΓ [F(U1, . . . ,Un)] = ∑n
i,j=1F

′
i (U)F

′
j (U)Γ [Ui,Uj ],

(2) 1 ∈ D, the bilinear formE[F,G] = 1
2

∫
Γ [F,G]dm is closed, i.e.,D is complete under the norm‖ · ‖E =

(‖ · ‖2
L2(m)

+ E[·])1/2. We always writeΓ [F ] for Γ [F,F ] andE[F ] for E[F,F ].

This notion is derived from the theory of Dirichlet forms ([4], Chapter 1, [6]). It is a natural extensio
the classical Gauss approach [2] and seems to be a good way for studying the propagation of errors
sensitivity to changes of parameters in physical and financial models [2,3]. ForU = (U1, . . . ,Un) ∈ D

n the intuitive
meaning of the matrixΓ [U ] = [Γ [Ui,Uj ]]1�i,j�n is the variance–covariance of errors onU ([3], Chapter 1).
From the hypotheses mentioned aboveE is a local Dirichlet form andΓ its associated squared field opera
The operations of taking images by mapping and making countable products naturally provide error struc
spaces of stochastic processes ([4], Chapter 2, [2,3], Chapter 6). Since a probability space(W,W,m) can be known
thanks to statistical experiments, we raise the problem of the empirical identification of an error structure
same way as theσ -additivity of m on W could not result from experiments but is a fundamental mathema
hypothesis, our error structure will have to verify the closedness property (2). (This cannot be deduce
observations.) Thus letθ be a parameter taking its values in an open setΘ ⊂ R

d . It is frequently useful to trea
θ as the realisation of a random variableV : (Ω,A,P)→ Θ with a known distributionρ chosen by combining
experience with convenience ([8], p. 225). LetX be a random variable defined on the probability space(Ω,A,P)
with values in a mesurable space(E,F). We suppose that the conditional law ofX, givenV = θ , isPθ . Classically,
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to estimateθ we may use the statistical model(Pθ )θ∈Θ generated by the observation ofX. Here we want to equip
Θ with an error structure

SV = (
Θ,B(Θ),ρ,DV ,Γ V

)
, (1)

whereΓ V will express the precision of our knowledge onθ . Our approach is to considerΓ V [Id] as the inverse o
the Fisher matrix which is an accuracy measure for regular statistical models [5]. We will study the behav
this identification through changes of variables and products to show its remarkable stability.

2. The Cramer–Rao Inequality (C.R.I.) and the Fundamental Identification (F.I.)

We suppose that(Pθ )θ∈Θ satisfies the conditions of regular models ([7], p. 65):

(a) The measuresPθ are absolutely continuous with respect to theσ -finite measureµ and dPθ
dµ = f (·, θ) > 0.

(b) θ → f (x, θ) is continuous forµ-almost allx.
(c) We setg(x, θ)= √

f (x, θ). The functionθ → g(·, θ) is differentiable inL2(µ) with derivativeφ :E ×Θ →
R
d ; thus the positive semidefinite matrixJ (θ)= 4

∫
φ(x, θ)φ(x, θ)t dµ(x) is defined as the Fisher informatio

matrix of our model.
(d) θ → φ(·, θ) is continuous inL2(µ).

The following result is called the Cramer–Rao Inequality (C.R.I.) and gives a bound of estimation f
quadratic risk.

Theorem 2.1 ([7], p. 73). Let ψ :Rd → R
m be differentiable and(Pθ )θ∈Θ be a regular model with∀θ ∈

Θ det(J (θ)) �= 0. If T (X) is an unbiased estimator ofψ(θ) such thatE[T (X)2 | V = θ ] is locally bounded in
θ then

E
[(
T (X)−ψ(θ))(T (X)−ψ(θ))t | V = θ] �ψ ′(θ)J−1(θ)ψ ′(θ)t .

We suppose up to the end thatJ is regular. Let us look at the error structure(1) we want to determine. I
the components of identity are inDV , according to the functional calculus, we have forF ∈ Lip1(Θ) = {F ∈
C1(Θ) and Lipschitz}, Γ V [F ] = (∇F)tΓ V [Id](∇F). The C.R.I. leads us to state the following fundamen
identification:

Γ V [Id] = J−1. (F.I.)

As well as the statistical identification of a probability space presupposes theσ -additivity of the measure, we wan
to determine an error structure deriving from experiment in whichEV is a closed form. Thus, we suppose from n
on the existence of a dense vector subspace ofL2(ρ) denoted byDV and of an operateurΓ V fulfilling conditions
(1) and(2) such that Lip1(Θ)⊂ D

V and, according to the F.I., for allF in Lip1(Θ) Γ V [F ] = F ′J−1(F ′)t . This
hypothesis dictates conditions onρ andJ−1 and is linked to the notion of closability of operators ([6], p. 4
Moreover, asDV may not be uniquely defined, we take it minimal for inclusion, this implies the density of Lip1(Θ)

in D
V for the norm‖ · ‖EV .

We want now to test the robustness of the F.I. by comparing its properties with the well-known behaviou
Fisher information in the classical framework of parametric estimation.

3. Changes of variables: the injective case

We are going to show the stability of the F.I. for regular changes of variables.
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Definition 3.1. We suppose thatψ :Θ → R
d is injective of classC1 ∩ Lip. This change of variables is said to b

regular if det(ψ ′(x)) �= 0 for all x.

There are two ways to equipψ(Θ) with an error structure. A first one, sinceψ is injective, is to estimate
ψ(θ) using the regular model(Pψ−1(a))a∈ψ(Θ): if we denote byJψ(V ) the Fisher matrix of this mode

according to the F.I., we can defineΓ ψ(V ) on Lip1(ψ(Θ)) byΓ ψ(V )[F ] = (∇F)t (Jψ(V ))−1(∇F) whereJψ(V ) =
[ψ ′(ψ−1)−1]t [J (ψ−1)] [ψ ′(ψ−1)−1]. Sinceψ is regular andEV closed we can show that the formEψ(V ) is
closable and we noteDψ(V ) the domain of its smallest closed extension. Thus,Sψ(V ) is defined as the error structu
onψ(Θ) associated to the direct estimation ofψ(θ). A second way, as for probability spaces, is to take the im
of an error structure by a mapping ([4], p. 186) this gives another error structure onψ(Θ):

Definition 3.2. Let S = (W,W,m,D,Γ ) be an error structure andY :W → R
d ∈ D

d such thatY (W) is an open
set ofRd . Let us definẽDY = {f ∈ L2(Y∗m) | f (Y ) ∈ D} and forf ∈ D̃Y , Γ̃Y [f ](x)= Em[Γ [f (Y )] | Y = x].

If we denote byDY the closure of Lip1(Y (W)) in (D̃Y ,‖ · ‖ẼY ) and byΓY the restriction of̃ΓY to DY then
ψ∗S = (Y (W),B(Y (W)), Y∗m,DY ,ΓY ) is an error structure called the image structure ofS by Y .

Then we have the following expected property, the two errors structures coincide:

Proposition 3.3. The fundamental identification is preserved by the transformationψ . In other terms:

ψ∗SV = Sψ(V ).

Proof. Using Definition 3.3, we have forF ∈ Lip1(ψ(Θ)), Γ Vψ [F ](a)= Eρ[∇(F (ψ))t J−1 ∇(F (ψ)) | ψ = a].
Sinceψ is injectiveΓ Vψ [F ](a)= (∇aF )t [ψ ′(ψ−1(a))][J−1(ψ−1(a))][ψ ′(ψ−1(a))]t∇aF . ComputingJψ(V ) we

deduce the coincidence of error operators on Lip1(ψ(Θ)) and we conclude thanks to the density of Lip1(ψ(Θ))

and the closedness of the two error structures.✷
Remark 1. (i) The condition of regularity ofψ can be omitted introducing a notion of infinite information.

(ii) The last proposition may be linked to the sufficiency principle sincePθ depends onθ only throughψ in the
injective case.

4. The non-injective case

We are now in a special situation: we have put in correspondence an error structure and a parametr
thanks to the Fisher information. But on one side non-injective changes of variables are allowed and on t
side they meet difficulties. We take benefit of this remark to propose a new asymptotic bound for the est
of a parameter in this case which is directly linked with the notion of error structure. Here we supposeψ
is a function in Lip1(Θ) not necessarily injective but such thatψ(Θ) is an open set ofRd (in order to apply
Definition 3.2 withY = ψ). In this section,(X1, . . . ,Xn) will be, givenV = θ , a n-sample ofPθ . To estimate
ψ(θ) the reparameterisation introduced in the previous section is meaningless. Nevertheless it is natural to
all n, the model generated by the observation of(X1, . . . ,Xn) givenψ(V )= a. Now let us illustrate the relevanc
of the F.I. showing thatΓ Vψ is the corner stone of asymptotic results in our new problem of estimation.

To simplify, let us consider that(Pθ ) allows a unequivocal definition of the maximum likelihood estima
∀n ∈ N, ∀(x1, . . . , xn) ∈ (E)n, the equation

∑n
i=1

∂
∂θ

logf (xi, θ) = 0 has a unique solution denoted byθ̂n(x1,

. . . , xn) which is a maximum for the functionθ → ∏n
i=1f (xi, θ). In this section we assume thatΘ is a convex



N. Bouleau, C. Chorro / C. R. Acad. Sci. Paris, Ser. I 338 (2004) 305–310 309

finite

mptotic
bounded subset ofR (this is not very restrictive for the applications and could be easily extended to any
dimension). We callr the Hellinger’s distance and recall thatr(Pθ ,Pθ ′)= ∫

(
√
f (x, θ)− √

f (x, θ ′) )2 dµ(x).
We are now able to prove the following result which provides a consistent estimator with convenient asy

properties:

Proposition 4.1.(a) If both conditions:

0< inf
Θ
J (θ)� sup

Θ

J (θ) <∞ and ∀θ, ∀δ > 0, inf
u∈Uθ, |u|>δ r(Pθ ,Pθ+u) > 0

are fulfilled whereUθ = {u ∈ R | θ + u ∈Θ}, then∀a ∈ψ(Θ),

(a1) ∀ε > 0,

E
[
1|ψ(θ̂n(X1,...,Xn))−a|>ε |ψ(V )= a] −→

n→∞ 0.

(a2) Givenψ(V )= a,
√
n
(
ψ

(
θ̂n(X1, . . . ,Xn)

) − a)−→
L(P)

Ga,

whereGa is a random variable having the densityg(x, a)= Eρ[1ψ ′ �=0(1/
√

2πψ ′2/J )e−x2J /(2ψ ′2) |ψ = a]
with respect to Lebesgue measure onR and consequentlyΓ Vψ [Id](a) for variance.

(b) Suppose that(Pθ )θ∈Θ can be extended to a regular model on an open setΘ ′ such thatΘ ⊂Θ ′. Let the two
conditions

0< inf
Θ ′ J (θ)� sup

Θ ′
J (θ) <∞ and ∀δ > 0 inf

θ∈Θ ′ inf
u∈Uθ, |u|>δ r(Pθ ,Pθ+u) > 0

be satisfied, then∀a ∈ ψ(Θ),
E
[
n
(
ψ

(
θ̂n(X1, . . . ,Xn)

) − a)2 |ψ(V )= a] −→
n→∞Γ

V
ψ [Id](a).

Proof. (a1) Using [7], p. 185, the conditions (a) imply∀θ ∈Θ, ∀ε > 0,

E[1|θ̂n(X1,...,Xn)−θ |>ε | V = θ ] −→
n→∞ 0.

By Fubini’s theorem

E
[
1|ψ(θ̂n(X1,...,Xn))−a|>ε |ψ(V )= a]

is equal to

Eρ

[∫
1|ψ(θ̂n(x1,...,xn))−a|>εf (x1, ·) · · ·f (xn, ·)dµ(x1) · · ·dµ(xn) |ψ = a

]
,

and we can conclude by dominated convergence theorem reminding thatψ is a Lipschitz function.
The proof of (a2) and (b) is similar thanks to [7], p. 185.✷

5. Product structure

The product of two error structures is defined as follows ([4], p. 200)

Definition 5.1. If Si = (Wi,Wi ,mi,Di , Γi) (i = 1,2) are two error structures, the product structureS1 ⊗ S2 is
defined as the structure(W1 ×W2,W1 ⊗W2,m1 ⊗m2,D,Γ ) whithΓ [f ](x, y)= Γ1[f (·, y)](x)+Γ2[f (x, ·)](y)
and whereD is defined naturally (cf. [4]).
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Here we want to evaluate the parameterθ = (θ1, θ2) whereθ1 andθ2 are supposed to be independent, i.e.,V1
andV2 are independent random variables. If we estimate the components ofθ with two independent regular mode
we obtain the following proposition that expresses a summation of errors via the product structure notion:

Proposition 5.2.(1) SV = SV1 ⊗ SV2.
(2) If ψ1 andψ2 are regular changes of variables then(ψ1,ψ2)∗S(V1,V2) =ψ1∗SV1 ⊗ψ2∗SV2.

Remark 2.We can notice that this property is intuitively linked with the additive property of the Fisher inform
for independent experiments. As we can make the product of many countably error structures ([4], p. 203
able to obtain, working component per component, an empirical error calculus associated to the estim
θ = (θi)i∈N.

6. Conclusion

Through statistical experiments, we have seen that the fundamental identification gives an error s
intrinsically linked to the observed physical phenomenon. The remarkable robustness of this identifi
regarding injective changes of variables and products, yields a particularly fitting tool for finite dimen
estimation.

The existence of such an error structure built from the parametric model allows to propagate the a
through calculations performed with the parameter thanks to a coherent specific differential calculus (prop
of Γ ). Moreover error calculus provides a natural framework concerning the study of non-injective ma
A possible extension will be to generalize such an experimental protocol whenJ is singular and also to explor
more precisely the connections between Dirichlet forms and asymptotic statistics. Finally, we wonder whe
semi-parametric and non-parametric estimation theories [9] could lay the foundation of an infinite dime
identification in order to getΓ on the Wiener space, using a direct functional reasoning instead of a compon
component argument as above.
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