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Abstract

Let Γ be a principal congruence subgroup of SLn(Z) and letσ be an irreducible unitary representation of SO(n). Let
NΓ

cus(λ,σ ) be the counting function of the eigenvalues of the Casimir operator acting in the space of cusp forms forΓ which
transform under SO(n) according toσ . In this Note we prove that the counting functionNΓ

cus(λ,σ ) satisfies Weyl’s law. In
particular, this implies that there exist infinitely many cusp forms for the full modular group SLn(Z). To cite this article:
W. Müller, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une formule de Weyl pour le spectre cuspidal de SLn. Soit Γ un sous-groupe de congruence principal de SLn(Z) et
soit σ une représentation irréductible unitaire de SO(n). Soit NΓ

cus(λ,σ ) la fonction de dénombrement des valeurs prop
de l’opérateur de Casimir, agissant sur l’espace des formes automorphes cuspidales pourΓ qui se transforment sous SO(n)
parσ . Dans cette Note, nous prouvons une formule de Weyl pour le comportement asymptotique de la fonction de c
NΓ

cus(λ,σ ). Pour citer cet article : W. Müller, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

SoitG un groupe algébrique réductif connexe défini surQ et soitΓ ⊂ G(Q) un sous-groupe arithmétique deG.
Un problème important dans la théorie des formes automorphes est la question de l’existence et de la co
de formes cuspidales pourΓ .

Dans cette Note, nous étudions le problème d’existence pour le groupeG = SLn, n � 2. SoitΓ un sous-groupe
de congruence de SLn(Z). Soit L2

cus(Γ \ SLn(R)) la fermeture hilbertienne de l’espace engendré par les fo
automorphes cuspidales. Soit(σ,Vσ ) une représentation irréductible unitaire de SO(n). On pose

L2(Γ \ SLn(R), σ
) = (

L2(Γ \ SLn(R)
) ⊗ Vσ

)SO(n)
,

E-mail address: mueller@math.uni-bonn.de (W. Müller).
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et on définitL2
cus(Γ \ SLn(R), σ ) de manière similaire. SoitΩ ∈ Z(sl(n,C)) l’élément de Casimir de SLn(R).

Alors −Ω ⊗ Id induit un opérateur auto-adjoint�σ , agissant sur l’espace de HilbertL2(Γ \ SLn(R), σ ). Cet
opérateur est borné inférieurement et la restriction de�σ au sous-espaceL2

cus(Γ \ SLn(R), σ ) est un opérateur
spectre ponctuel, formé de valeurs propresλ0(σ ) < λ1(σ ) < · · · de multiplicité finie. SoitE(λi(σ )) l’espace propre
associé à la valeur propreλi(σ ). Pourλ � 0 on pose

NΓ
cus(λ,σ ) =

∑
λi(σ )�λ

dimE
(
λi(σ )

)
.

Alors notre résultat principal est le théorème suivant.

Théorème 0.1. Pour n � 2, soit Xn = SLn(R)/SO(n). Soit dn = dimXn. Alors pour tout sous-groupe de
congruence principal Γ de SLn(Z) et pour toute représentation irréductible unitaire σ de SO(n) tels que
σ |ZΓ = Id, on a

NΓ
cus(λ,σ ) ∼ dim(σ )

vol(Γ \ Xn)

(4π)dn/2Γ (dn/2+ 1)
λdn/2

pour λ → ∞.

La démonstration de ce théorème utilise la formule des traces d’Arthur combinée avec la méthode de l’é
de la chaleur.

1. Introduction

Let G be a connected reductive algebraic group overQ and letΓ ⊂ G(Q) be an arithmetic subgroup. A
important problem in the theory of automorphic forms is the question of existence and the construction
forms forΓ .

In this paper we address the problem of existence forG = SLn, n � 2. Let Γ be a congruence subgroup
SLn(Z). LetL2

cus(Γ \SLn(R)) be the closure of the span of cusp forms forΓ . Let (σ,Vσ ) be an irreducible unitary
representation of SO(n). Set

L2(Γ \ SLn(R), σ
) = (

L2(Γ \ SLn(R)
) ⊗ Vσ

)SO(n)
,

and defineL2
cus(Γ \ SLn(R), σ ) similarly. LetΩ ∈ Z(sl(n,C)) be the Casimir element of SLn(R). Then−Ω ⊗ Id

induces a selfadjoint operator�σ in the Hilbert spaceL2(Γ \ SLn(R), σ ) which is bounded from below. Th
restriction of �σ to the subspaceL2

cus(Γ \ SLn(R), σ ) has a pure point spectrum consisting of eigenva
λ0(σ ) < λ1(σ ) < · · · of finite multiplicity. Let E(λi(σ )) be the eigenspace corresponding to the eigenvalueλi(σ ).
Forλ � 0 set

NΓ
cus(λ,σ ) =

∑
λi(σ )�λ

dimE
(
λi(σ )

)
.

Then our main result is the following theorem.

Theorem 1.1. For n � 2 let Xn = SLn(R)/SO(n). Let dn = dimXn. For every principal congruence subgroup Γ

of SLn(Z) and every irreducible unitary representation σ of SO(n) such that σ |ZΓ = Id we have

NΓ
cus(λ,σ ) ∼ dim(σ )

vol(Γ \ Xn)

(4π)dn/2Γ (dn/2+ 1)
λdn/2

as λ → ∞.
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This is Weyl’s law for principal congruence subgroups of SLn(Z). Forn = 2 this was proved by Selberg [13
ForΓ = SL3(Z) andσ the trivial representation, Weyl’s law was proved by Miller [7]. It has been conjecture
Sarnak [12] and also by Müller [9] that Weyl’s law holds for every arithmetic subgroup of a reductive groupG.

2. The adèlic version of Weyl’s law

Let G = GLn regarded as algebraic group overQ and letAG be the split component of the center ofG. LetA be
the ring of adèles ofQ. Denote byξ0 the trivial character ofAG(R)0. Let Π(G(A), ξ0) be the set of all irreducible
unitary representations ofG(A) whose central character is trivial onAG(R)0 and letΠcus(G(A), ξ0) be the subse
of cuspidal automorphic representations inΠ(G(A), ξ0). Let Af be the ring of finite adèles. Given an irreducib
unitary representation ofG(A), write π = π∞ ⊗ πf , whereπ∞ andπf are irreducible unitary representatio
of G(R) andG(Af ), respectively. LetHπ∞ andHπf be the Hilbert spaces of the representationsπ∞ andπf ,
respectively. LetKf be an open compact subgroup ofG(Af ). Denote byHKf

πf
the subspace ofKf -invariant

vectors inHKf . Let G(R)1 be the subgroup of allg ∈ G(R) with |det(g)| = 1. Givenπ ∈ Π(G(A), ξ0), denote
by λπ the Casimir eigenvalue of the restriction ofπ∞ to G(R)1. Forλ � 0 letΠcus(G(A), ξ0)λ be the space of a
π ∈ Πcus(G(A), ξ0) which satisfy|λπ | � λ. SetεKf = 1, if −1 ∈ Kf andεKf = 0 otherwise. Then we have

Theorem 2.1. Let G = GLn and let dn = dimSLn(R)/SO(n). Let Kf be an open compact subgroup of G(Af )

and let (τ,Vτ ) be an irreducible unitary representation of O(n) such that σ(−1) = Id if −1 ∈ Kf . Then
∑

π∈Πcus(G(A),ξ0)λ

dim
(
HKf

πf

)
dim(Hπ∞ ⊗ Vτ )

O(n)

∼ dim(τ )
vol(G(Q)AG(R)0 \ G(A)/Kf )

(4π)dn/2Γ (dn/2+ 1)
(1+ εKf )λ

dn/2 (1)

as λ → ∞.

Let N ∈ N and letN = ∏
p prp , rp � 0, be the prime factor decomposition ofN . PutKp(N) = {k ∈ GLn(Zp) |

k ≡ 1 modprpZp} and K(N) = ∏
p<∞ Kp(N). ThenK(N) is an open compact subgroup ofG(Af ) and as

an SLn(R)-module,L2(G(Q)AG(R)0 \ G(A)/K(N)) is isomorphic to the direct sum of #[(Z/NZ)∗] copies of
L2(Γ (N) \ SLn(R)), whereΓ (N) is the principal congruence subgroup of SLn(Z) of level N . Using this fact,
Theorem 1.1 is an immediate consequence of Theorem 2.1.

The proof of Theorem 2.1 is based on Arthur’s trace formula combined with the heat equation meth
G(A)1 be the subgroup of allg ∈ G(A) satisfying|det(g)| = 1. The noninvariant trace formula of Arthur [1] is a
identity∑

χ∈X

Jχ (f ) =
∑
o∈O

Jo(f ), f ∈ C∞
c

(
G(A)1), (2)

between distributions onG(A)1. The left-hand side is the spectral sideJspec(f ) and the right-hand side th
geometric sideJgeo(f ) of the trace formula.

We construct a special family of test functionsφ̃1
t ∈ C∞

c (G(A)1), t > 0, as follows. Letτ be an irreducible
unitary representation ofO(n). Let Ẽτ → G(R)1/O(n) be the homogeneous vector bundle attached toτ and
let �̃τ be the elliptic operator induced by−Ω ⊗ Id in C∞(Ẽτ ). Let Hτ

t :G(R)1 → End(Vτ ) be the kernel of

the heat operator e−t �̃τ . Sethτ
t = trHτ

t . We extendhτ
t to a smooth function onG(R) by hτ

t (zg) = hτ
t (g), g ∈

G(R)1, z ∈ ZG(R), the center ofG(R). Let Kf be an open compact subgroup ofG(Af ) and letχKf be the
normalized characteristic function ofKf in G(Af ). For t > 0 we define a smooth functionφt on G(A) by
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for all
φt (g) = hτ
t (g∞)χKf (gf ), g = g∞gf . Let ϕ ∈ C∞(R) be such thatϕ(u) = 1, if |u| � 1/2, andϕ(u) = 0,

if |u| � 1. Given g∞ ∈ G(R)1, let r(g∞) be the Riemannian distance of the cosets inG(R)1/O(n) of g∞
and e, respectively. Putϕt(g∞) = ϕ(r2(g∞)/t1/4), g∞ ∈ G(R)1. Extendϕt to a smooth function onG(R)

by ϕt(zg) = ϕt(g), g ∈ G(R)1, z ∈ ZG(R), and then to a smooth function onG(A) by multiplying ϕt by the
characteristic function ofKf . Putφ̃t (g) = ϕt(g)φt (g), g ∈ G(A).

Let φ̃1
t be the restriction of̃φt to G(A)1. Thenφ̃1

t ∈ C∞
c (G(A)1). To prove Theorem 2.1 we insertφ̃1

t in the
trace formula and compare the asymptotic behaviour of the left and right-hand side of the trace formula ast → 0.

3. The spectral side of the Arthur trace formula

In this section we determine the asymptotic behaviour ofJspec(φ̃
1
t ) ast → 0. By a parabolic subgroup ofG we

will always mean a parabolic subgroup which is defined overQ. Let M0 be the Levi component of the standa
minimal parabolic subgroupP0 of G. By a Levi subgroup we will mean a subgroup ofG which containsM0 and
which is the Levi component of a parabolic subgroup ofG. Let L be the set of all Levi subgroups ofG. Given
M ∈ L, let L(M) be the set of Levi subgroups containingM and denote byP(M) the set of parabolic subgroup
with Levi componentM.

LetC1(G(A)1) denote the space of integrable rapidly decreasing functions onG(A)1 [10, §1.3]. By Theorem 0.1
of [11] the spectral sideJspec(f ) of the trace formula is absolutely convergent for allf ∈ C1(G(A)1) and can be
written as a finite linear combination

Jspec(f ) =
∑
M∈L

∑
L∈L(M)

∑
P∈P(M)

∑
s∈WL(aM)reg

aM,sJ
L
M,P (f, s), (3)

of distributionsJL
M,P (f, s), whereWL(aM)reg is a certain set of Weyl group elements. The main ingredien

the distributionJL
M,P (f, s) are generalized logarithmic derivatives of intertwining operatorsMQ|P (λ) :A2(P ) →

A2(Q), P,Q ∈ P(M), λ ∈ a∗
M,C, acting between spaces of square-integrable automorphic forms attacheP

andQ, respectively. For a detailed description ofJL
M,P (f, s) see [11].

Let φ1
t denote the restriction ofφt to G(A)1. Thenφ1

t belongs toC1(G(A)1) and it follows from the proof of
the absolute convergence of the spectral side [11], [10] that∣∣Jspec

(
φ̃1
t

) − Jspec
(
φ1
t

)∣∣ � C e−c
√

t

ast → 0. Thus it suffices to determine the asymptotic behaviour ofJspec(φ
1
t ) ast → 0.

Let ξ0 be the trivial character ofAG(R)0 and let Πdis(G(A), ξ0) be the set of all irreducible unitar
representations ofG(A) which are equivalent to a subrepresentation of the regular representation ofG(A) in
L2(G(Q)AG(R)0 \ G(A)). Givenπ ∈ Πdis(G(A), ξ0), let m(π) denote the multiplicity with whichπ occurs in
L2(G(Q)AG(R)0 \ G(A)). Let τ ∈ Π(O(n)).

Theorem 3.1. We have

Jspec
(
φ1
t

) =
∑

π∈Πdis(G(A),ξ0)

m(π)dim
(
HKf

πf

)
dim

(
Hπ∞ ⊗ Vτ

)O(n) etλπ + O
(
t−(dn−1)/2), (4)

as t → 0+, and the series on the right-hand side is convergent for all t > 0.

The proof of this theorem is based on (3). We evaluate the distributionsJL
M,P atφ1

t . If M = L = G, thens = 1

andJG
G,G(φ1

t ,1) equals the series on the right-hand side of (4). The proof is completed by showing that

proper Levi subgroupsM ∈L, all L ∈L(M), P ∈ P(M) ands ∈ WL(aM)reg we have

JL
M,P

(
φ1
t , s

) = O
(
t−(dn−1)/2) (5)
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as t → 0. This is the key result. The proof of (5) relies on estimations of generalized logarithmic derivati
the intertwining operatorsMQ|P (λ), P,Q ∈ P(M), on λ ∈ ia∗

M . Givenπ ∈ Πdis(M(A), ξ0), let MQ|P (π,λ) be
the restriction of the intertwining operatorMQ|P (λ) to the subspaceA2

π(P ) of automorphic forms of typeπ .
The intertwining operators can be normalized by certain meromorphic functionsrQ|P (π,λ) [3]. Using Arthur’s
theory of (G,M)-families [2], our problem can be reduced to the estimation of derivatives of the norm
intertwining operatorsNQ|P (π,λ) and the normalizing factorsrQ|P (π,λ) on ia∗

M . The derivatives ofNQ|P (π,λ)

can be estimated using Proposition 0.2 of [11]. The normalizing factors are defined in terms of the Rankin–
L-functionsL(s,πi × π̃j ). So the problem is reduced to the estimation of the logarithmic derivatives of Ra
SelbergL-functions on the line Re(s) = 1. Estimates are derived using the analytic properties of the Ran
SelbergL-functions together with standard methods of analytic number theory.

4. The geometric side of the Arthur trace formula

To study the asymptotic behaviour of the geometric sideJgeo(φ̃
1
t ) of the trace formula, we use the fineo-

expansion [4]

Jgeo(f ) =
∑
M∈L

∑
γ∈(M(QS))M,S

aM(S, γ )JM(f, γ ), f ∈ C∞
c

(
G(A)1), (6)

which expresses the distributionJgeo(f ) in terms of weighted orbital integralsJM(γ,f ). HereS is a finite set of
places ofQ, and(M(QS))M,S is a certain set of equivalence classes inM(QS). This reduces our problem to th
investigation of weighted orbital integrals. The key result is that

lim
t→0

tdn/2JM

(
φ̃1
t , γ

) = 0, (7)

unlessM = G andγ = ±1. The contributions to (6) of the terms whereM = G andγ = ±1 are easy to determin
SetεKf = 1, if −1 ∈ Kf andεKf = 0 otherwise. Using the behaviour of the heat kernelhτ

t (±1) ast → 0, it follows
that

Jgeo
(
φ̃1
t

) ∼ dim(τ )
vol(G(Q) \ G(A)1/Kf )

(4π)dn/2
(1+ εKf )t

−dn/2 (8)

ast → 0.

5. Proof of the main theorem

By the trace formula (2) we haveJspec(φ̃
1
t ) = Jgeo(φ̃

1
t ), t > 0. Using (4) and (8), it follows that

∑
π∈Πdis(G(A),ξ0)

m(π)dim
(
HKf

πf

)
dim(Hπ∞ ⊗ Vτ )

O(n) etλπ

∼ dim(τ )
vol(G(Q) \ G(A)1/Kf )

(4π)d/2 (1+ εKf )t
−dn/2 (9)

ast → 0. Using [5] and [8] it follows that in (9) one can replaceΠdis(G(A), ξ0) by Πcus(G(A), ξ0) and the same
asymptotic formula remains true. Then Theorem 2.1 is an immediate consequence of Karamata’s the
p. 446]. As explained above, Theorem 2.1 implies Theorem 1.1.
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