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Abstract

The asymptotic behavior of the logarithm of the density of sdmmartingales (in the sense of Kahane theory (Chinese
Ann. Math. Ser. B 8 (1) (1987) 1-12)) is described in detail even in absence of statistical self-similarity. Poisson intensities
of the form Lebesgue p on R x ]Rjr are involved in the construction of these martingales. We prove that there are three
possible behaviors according to the fact that lim supa_)o(—Iogs)_lf[&l)zd,u(Z) is zero, positive and finite, or infinite.

This problem is closely related to the asymptotic behaviors of covering numbers in Poisson covering of the line and Dvoretzky
covering of the circleTo cite thisarticle: J. Barral, A. Fan, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Résumé

Densités de certaines T-martingal es poissonniennes et nombres de recouvrements aléatoires. Le comportement asymp-
totiqgue du logarithme de la densité de certaimesartingales (au sens de la théorie de Kahane (Chinese Ann. Math. Ser. B
8 (1) (1987) 1-12)) est décrit de fagon précise méme en I'absence d’auto-similarité en loi. La construction de ces martingales
fait intervenir des intensités de Poisson de la forme LebegguesurR x Ri. Nous montrons gu’il y a trois comportements
possibles selon que= limsup,_, o(—log e)~1 f[&l) £du(€) est nul, strictement positif et fini ou infini. Cette question est inti-
mement liée au comportements asymptotiques des nombres de recouvrements dans le recouvrement de Poisson pour la droite

le recouvrement de Dvoretzky pour le cerdbeur citer cet article: J. Barral, A. Fan, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Constructionsof T-martingales

Let T be a locally compact metric space a(@, 7, P) be a probability space. Le{t{Qg}, {]—'g})o<8<1 be a
T-martingale in the sense that the filtratigf. }o<. <1 is nonincreasingQ, : T x £2 — R areT @ F-measurable,
and
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E(Qs’(t”fs) =Q0:(1) (eT, 0<e' <e<).

We suppose thaP. (1) and Q. (¢') have the same probability distribution.

Such martingales appeared as densities of random measures considered by Mandelbrot and Kahane in [1:
9,10] and in subsequent works. All these works consider the vague diiof Q.0 ase — 0, whereo is
a Radon measure oh. One of the main problems is to determine the local dimensiomef defined by
d(Qo, 1) = liminf,_q 'OgQI‘;W. Under some conditions of statistical self-similarity 6, the multifractal
analysis ofQo concerning the level sets dfl Qo, r) was performed [8,12,2,5] anfl Qo, r) was linked, via the
knowledge on the distribution ado, to the asymptotic density

lo t
Dy (1) =liminf 292
r—0 Elog Q. (1)
Without self-similarity of Qo there is no answer to the problem of multifractality@é. We propose to directly
study the natural asymptotic densiy, (7). In this Note, we focus on two constructions.

Poissonian products of functionsThey were introduced and studied in [5,3,6], also in [7] for a special case. Let
v =X\ ® u, wherex is the Lebesgue measure Brandu is a locally finite Borel measure qu, 1].

Let (By)r>1 be a partition oR x (0, 1] into Borel sets such that@ v(By) < oo. Letyp, denote the restriction
of v on By and choose a sequen¢® (k,n)),>1 of Bi-valued random variables with common distribution
v(Bk)—lv\Bk. Also choose a sequencdy )1 of Poisson random variables with parameteB; ). Assume that all
the previous random variables are mutually independent. Thiészk>l{M(k, 1),...,M(k, N)} is a Poisson
point process with intensity. Let ¢ be a Holder continuous positive function defined [Gn1]. Let W be a
nonnegative integrable random variable &#dk, n)) ,>1 be a sequence of independent copie¥ofwhich are
assumed to be independentbfWe will write Wy , for Wk, n) if M(k,n) = (s,£) € S.

Forg e R, lety(g) = -1+ E(W?) fold)(s)q ds. Define theR-martingale

0y =exp(—y(Wv(D:)) [] Weed(tt—9) (eR 0<e<,

(5,0)eSND, (1)
whereD, (1) ={(s,£) e R xRy, £e[e, 1), se(t —L,1)}.

Log-infinitely divisible cascades.A special statistically self-similar cascade was introduced in [1].(kixs) €
R? and 7 a nonnegative Borel measure Bnwhich satisfiesfulgluzn(du) < oo andn((—1,1)°)) < oo. The
measurer is the Lévy measure of a real valued infinitely divisible random variablghich has its characteristic
functionE(€6X) = gfrm.s€) with
2
. N i . .
Orm.s(E) =imE — 552 + /(e‘é“ — 1 —i& sinu)m (du).
R

With m, s andr one can associate [13] a random functi®n, s on B(R x (0, 1]) (more precisely on Borel sets of
finite v measure) such that if(B) < co, E(&éPrms(B)y — gprmsEV(B) (ve ¢ R), and if A1, ..., A, are pairwise
disjoint Borel subsets oB then P(A1),..., P(A,) are mutually independent. Lét(g) = ﬁlt|>1eq"”(d”)- If
1(g) < oo then define)(¢) = ¢r.m.s(—ig). Assume that (1) < co and choosé&m, s) such thatp, , (—i) = 0.

Then define th&®-martingale
QS(Z) — ePrr,m,s (DS (t))

In the sequel we assume that 0 (without Gaussian component) aﬂg‘gl || (du) < oo (giving a control on
the variations ofP; ,,,.0(D¢(?)) in €).
One recovers a special case of the first construction gvithl by takings to be the probability law of logy .
In this Note we announce some results obtained.
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2. Asymptotic behavior of log Q. ()

For both previous constructions, we hdg Q. () = (¥'(0) — v (1))v(D, (r)) whenever) is defined near 0.
We assume that(D,(t)) — oo ase — 0 and consider the following level sets. FbE R define

. 10gQ: (1) = , log Q. (1) =
F,= R: | f——~ = Fg = R: | —_— = Fg=F,NFp.
=t {te 8 v(Do) ’3}’ ’ {’e o Do) ’3}’ pEpTI0R
Let
&:Iimsupv(DS(t)) and &= inf IimsupsupU(Db_("”’)(t)\Db_"(t)).
¢—0 —lo0ge b22 p—soo m>1 logb™

Forg € R such thaty (¢) is defined, leb (¢) = ¥ (q) — g¥(1). Let J be the interior of the intervdly : 6(g) < oo}
(we have(0,1) C J). Fora > 0 andq € J define

Aa(q) =1+a(0(q) — q0'(q)).

Theorem 2.1 (Casex = 0). Assumdimsup, _, g /4([e, 1)) < 0o. Supposé& = 0. With probability one, for aly € J
such thatA; (¢) > 0, we havedim Fy/(4) = dim F g, =dim Fpr(y) = 1.

Theorem 2.2 (Case O< a < o0). Assume thalimsup,_,qeu([e, 1)) < 0o. Supposé® < a < oco. If J =R, with
probability one, for allg € R such thatA,;(g) > 0, we havedim Fy(,) = Aa(gq) and for all ¢ € R such that
Ag(gq) <0 we haveFy ) = @. If, moreovera is defined by a limi{not just a limsup, the previous results hold
for F 4, and Fy () instead ofFy ).

Theorem 2.3 (Casex = +00). Assumédim,_,o¢ u([g, 1)) = +o00 and0 € J. Then, with probability one, we have
lim,—0log Q¢ () /v(Ds) = 6'(0) (V1 € R).

3. Dvoretzky covering numbers

We consider the circl&d® = R/Z = [0, 1), a decreasing sequenf },>1 (1 > ¢, | 0) such thad "> ; ¢, = oo
and a sequence of i.i.d. random variables,},>1 of the uniform Lebesgue distribution. Denote By =
w, + (0, ¢,) the open interval of lengtli,, with left end pointw,. Define, forn > 1, thenth covering number
ofr €T by

n
No(t)=Card1<j<n: I3t} =) Lot — wp).
k=1

Let L, =) ;_; ¢. For anyp > 0, we define the (random) sets

iminf 22 7 M) _
E/?:{te’ﬂ‘: liminf Z :,3}, Fé’:{te’ﬂ‘: lim sup Z —g1.  FP=FPnFL.
n n—00 n
Define
=1t Do p—i+m) p—n1 £
&D=”mSUDZFl ! &P = inf limsupsup =~ SR
n—oo —100¥, b>2 nsoo m>1 logb™

and

do(B) =14 a(p —1—-plogp), « p=0.
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Theorem 3.1 (Casex” = 0). Assumdimsup, ., . n¢, < co. Supposé&?” = 0. With probability one, for aljg > 0
such thaid;p (8) > O we havedim F =dimF} =dimFg = 1.

Theorem 3.2 (Case O< a” < 00). Assumdimsup,_, ., n¢, < co. Suppos® < a” < co. With probability one,
forall g > Osuch thatd;n (B) > 0, we havedim Fg = d;p (B), and Fg = ¢ for all B > 0 such thatd;» (8) < 0. If,
moreoverx? is defined by a limitnot just a limsup, the previous results hold foiD and FﬁD instead ofFﬁD.

Theorem 3.3 (Casea? = +o0). Assumelim, .o n¢, = co. Then, with probability onelim,,_, o 22 N"(’) =1
(Vi €T).

4, Comments

Theorems 3.1-3.3 are proved in [4]. They complete and improve [7] which deals with thé,casg and
obtain the dimension oFé) for a fixed B almost surely. The covering numbaf, (¢) is closely related to the
Poisson covering number Casin D, (¢)) whenu = Zn>18@n. It is easy to see that iW =1 and¢ = a we
have logQ. (1) = Card S N D¢(¢))loga + (1 — a)v(D(¢)). Actually the method used in [4] can be adapted to
study logQ. () for the general constructions presented in Section 1. One of our main tools is to define almost
surely simultaneously (ig) the limit measures oﬁ%k (see [3,6]). These limit measures are carried by the
sets in question. This yields a lower bound of the Hausdorff dimensions. The upper bounds are estimated througt
the definition of Hausdorff measures by using natural coverings. This involves uniform estimates similar to those
obtained in the lower bound estimation.
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