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Abstract

We prove that on a compactn-dimensional spin manifold admitting a non-trivial harmonic 1-form of constant length, e
eigenvalueλ of the Dirac operator satisfies the inequalityλ2 � n−1

4(n−2)
infM Scal. In the limiting case the universal cover of t

manifold is isometric toR × N whereN is a manifold admitting Killing spinors.To cite this article: A. Moroianu, L. Ornea,
C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Estimations de valeurs propres pour l’opérateur de Dirac et 1-formes harmoniques de longueur constante. Nous
démontrons que toute valeur propreλ de l’opérateur de Dirac d’une variété spinorielle compacte, de dimensionn, qui admet
une 1-forme harmonique non-triviale de longueur constante vérifie l’inégalitéλ2 � n−1

4(n−2)
infM Scal. Dans le cas limite l

revêtement universel de la variété est isométrique àR × N où N est une variété admettant des spineurs de Killing.Pour citer
cet article : A. Moroianu, L. Ornea, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Let (Mn,g) be a compact spin manifold of (real) dimensionn. For positive scalar curvature Scal:= Scal(M,g),
every eigenvalueλ of the Dirac operatorD satisfy the well-known Friedrich inequality [4]:

λ2 � n

4(n − 1)
inf
M

Scal. (1)

There exist manifolds on which the inequality is indeed sharp: the limiting case is equivalent to the existe
Killing spinor, i.e. a spinorΨ satisfying the equation
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n
X · Ψ = 0. (2)

On the other hand, Hijazi noticed that a manifold admitting a parallelk-form, k �= 0, n, carries no Killing
spinors [5]. Consequently, Friedrich’s inequality cannot be sharp on manifolds with geometric structures
support parallel forms. Various authors have obtained sharp improvements of (1) on Kähler and quaternion
manifolds (see [6–8]).

Another recent improvement of Friedrich inequality in this latter direction was found by Alexan
Grantcharov and Ivanov. They proved in [1] that the existence of a parallel 1-form onMn, n � 3, implies the
inequality

λ2 � n − 1

4(n − 2)
inf
M

Scal. (3)

The universal covering space of the manifolds appearing in the limiting case was also described.
In this Note we generalize the above result showing that (3) can be derived only from the existence of aharmonic

1-formwith constant length:

Theorem 1.1. Inequality(3) holds on any compact spin manifold(Mn,g), n � 3, admitting a non-trivial harmonic
1-form θ of constant length. The limiting case is obtained if and only ifθ is parallel and the eigenspinorΨ
corresponding to the smallest eigenvalue of the Dirac operator satisfies the following Killing type equation:

∇XΨ + λ

n − 1

(
X · Ψ − 〈X,θ〉θ · Ψ ) = 0, (4)

after rescalingθ to unit length.

The condition for the norm of the 1-form to be constant is essential, in the sense that the topological co
alone – the existence of a non-trivial harmonic 1-form – does not allow any improvement of Friedrich’s ineq

Indeed, motivated by a conjecture appearing in an earlier version of this Note, Bär and Dahl [3] have cons
on any compact spin manifoldMn and for every positive real numberε, a metricgε on M with the property

that Scalgε � n(n − 1) and such that the first eigenvalue of the Dirac operator satisfiesλ2
1(Dε) � n2

4 + ε. This
construction clearly shows that no improvement of Friedrich’s inequality can be obtained under purely topo
restrictions.

2. The main inequality

Let θ be a 1-form of unit length on a spin manifold(Mn,g) and letΨ be an arbitrary spinor field onM. We
identify 1-forms with vector fields by means of the scalar product that we denote with〈 , 〉.

Consider the following “twistor-like” operatorT :T M ⊗ ΣM → ΣM

TXΨ = ∇XΨ + 1

n − 1
X · DΨ − 1

n − 1
〈X,θ〉θ · DΨ − 〈X,θ〉∇θΨ,

where the dot denotes Clifford multiplication. A simple calculation yields

|T Ψ |2 = |∇Ψ |2 − 1

n − 1
|DΨ |2 − |∇θΨ |2 + 2

n − 1
〈DΨ,θ · ∇θΨ 〉. (5)

From now on we will suppose thatθ is harmonic,M is compact with volume element dµ and has positive scala
curvature Scal, andΨ is an eigenspinor of the Dirac operatorD of M corresponding to the least eigenvalue
absolute value), sayλ. We let{ei}, i = 1, . . . , n, denote a local orthonormal frame onM.
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The harmonicity ofθ implies the following useful relation:

D(θ · Ψ ) = −θ · DΨ − 2∇θΨ. (6)

Indeed, one may write:

D(θ · Ψ ) =
∑

ei · ∇ei (θ · Ψ ) =
∑

ei · (∇ei θ) · Ψ + ei · θ · ∇ei Ψ

= (dθ + δθ) · Ψ + ei · θ · ∇ei Ψ = −θ ·
∑

ei · ∇ei Ψ − 2〈ei, θ〉∇ei Ψ

= −θ · DΨ − 2∇θΨ.

Taking the square norm in (6) yields∣∣D(θ · Ψ )
∣∣2 = |θ · DΨ |2 + 4|∇θΨ |2 − 4〈DΨ,θ · ∇θΨ 〉. (7)

By integration overM in (5), using (7) to express the last term in the right-hand side of (5), and the Lichner
formulaD2 = ∇∗∇ + 1

4 Scal, we get
∫
M

|T Ψ |2 dµ =
∫
M

{
n − 2

n − 1
|DΨ |2 − 1

4
Scal|Ψ |2 − n − 3

n − 1
|∇θΨ |2

− 1

2(n − 1)

(∣∣D(θ · Ψ )
∣∣2 − |θ · DΨ |2)

}
dµ. (8)

The term in the last bracket of the integrand is clearly positive since, from the choice ofλ to be minimal, we have
from the classical Rayleigh inequality

λ2 �
∫
M

|DΦ|2 dµ∫
M

|Φ|2 dµ

for everyΦ. In particular, forΦ = θ · Ψ this reads∫
M

∣∣D(θ · Ψ )
∣∣2 dµ � λ2

∫
M

|θ · Ψ |2 dµ = λ2
∫
M

|Ψ |2 dµ =
∫
M

|DΨ |2 dµ =
∫
M

|θ · DΨ |2 dµ.

Thus (8) gives∫
M

(
n − 2

n − 1
λ2 − 1

4
Scal

)
|Ψ |2 dµ =

∫
M

|T Ψ |2 + n − 3

n − 1
|∇θΨ |2 + 1

2(n − 1)

(∣∣D(θ · Ψ )
∣∣2 − |θ · DΨ |2)dµ � 0,

which immediately implies the first statement of Theorem 1.1.

3. The limiting case

Suppose now that equality is reached in (3) for the eigenvalueλ with corresponding eigenspinorΨ . Then
T Ψ = 0. Contracting withei :∑

ei · ∇ei Ψ + λ

n − 1

∑
ei · ei · Ψ − λ

n − 1

∑
ei · 〈ei, θ〉θ · Ψ − ei · 〈ei, θ〉∇θΨ = 0,

gives θ · ∇θΨ = 0, so ∇θΨ = 0 (for n > 3 this follows directly from the vanishing of the integr∫
M

n−3
n−1|∇θΨ |2 dµ). ThusΨ satisfies the Killing type equation

∇XΨ = aX · Ψ − a〈X,θ〉θ · Ψ, a = − λ
. (9)
n − 1
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In order to show thatθ is parallel, we first compute the spin curvature operatorRY,X = [∇Y ,∇X] − ∇[Y,X] acting
onΨ . We have successively:

1

a
∇Y ∇XΨ = ∇Y X · Ψ + aX · (Y − 〈Y, θ〉θ) · Ψ − 〈∇Y X, θ〉θ · Ψ

− 〈X,θ〉∇Y θ · Ψ − 〈X,∇Y θ〉θ · Ψ − a〈X,θ〉θ · (Y − 〈Y, θ〉θ) · Ψ,

1

a
RY,X · Ψ = a(X · Y − Y · X) · Ψ − a

(〈Y, θ〉X · θ − 〈X,θ〉Y · θ) · Ψ + (〈Y,∇Xθ〉 − 〈X,∇Y θ〉)θ · Ψ
+ (〈Y, θ〉∇Xθ − 〈X,θ〉∇Y θ

) · Ψ + a
(〈Y, θ〉θ · X − 〈X,θ〉θ · Y ) · Ψ

= a(X · Y − Y · X) · Ψ + 2a
(〈Y, θ〉θ · X − 〈X,θ〉θ · Y ) · Ψ

+ (〈Y,∇Xθ〉 − 〈X,∇Y 〉)θ · Ψ + (〈Y, θ〉∇Xθ − 〈X,θ〉∇Y θ
) · Ψ.

Using again the harmonicity ofθ we easily derive:

1

2a
Ric(X) · Ψ = 1

a

∑
ei ·Rei ,XΨ

= 2(n − 2)a
(
X − 〈X,θ〉θ) · Ψ + 2θ · ∇Xθ · Ψ − 2〈X,∇θ θ〉Ψ. (10)

But ∇θ θ = 0 becauseθ is unitary and closed. Indeed, for any vector fieldY :

〈Y,∇θ θ〉 = dθ(θ,Y ) − 〈θ,Y 〉 = 0.

Hence, takingX = θ in (10), we obtain Ric(θ) = 0. Then, asθ is harmonic, the Bochner formula assures thatθ is
parallel. This completes the proof of Theorem 1.1.

Since the 1-formθ has to be parallel in the limiting case, we can apply Theorem 3.1 in [1] to determin
universal cover ofM. In fact, as proved in loc. cit., this is isometric to a Riemannian productR × N , whereN is
a spin manifold carrying a real Killing spinor, hence can be described by Bär’s classification [2]. Finally,M turns
out to be a suspension of an isometry ofN/Γ (a finite quotient ofN ) over the circle.
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