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Abstract

The goal of this paper is to present some numerical results for the one-dimensional denoising problem by using the
multiscale representations. We introduce modified thresholding strategies in this new context which give significant si
improvements for one-dimensional denoising problems.To cite this article: B. Matei, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Débruitage en utilisant les représentations multiéchelles non-linéaire. Le but de cet article est de présenter quelq
résultats numériques pour le problème de débruitage monodimensionnel en utilisant les représentations multiéch
linéaires. On propose des strategies modifiées de seuillage qui améliorent d’une manière significative les résultats
pour le problème 1D de débruitage.Pour citer cet article : B. Matei, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Les décompositions en ondelettes ont trouvé des applications très pertinentes dans le domaine de l’e
statistique. Dans le cadre le plus simple d’un modèle monodimensionnel de bruit blanc, on observe

dy(t) = f (t)dt + σ dW(t). (1)

La procédure de seuillage en ondelette introduite par Donoho et al. [7] consiste à calculer les coefficients
yλ := ∫

ψ̃λ dy(t), et à définir l’estimateur def suivant

f̃ :=
∑

|λ|�J (σ )

∑

|yλ|>t(σ )

yλψλ. (2)

Dans le cas de signaux discrèts, on fait disparaitre la limitation|λ| � J (σ) et on a ainsi une procédure de seuilla
Une variante est le seuillage doux (soft thresholding) qui consiste à prendrẽyλ := sgn(yλ)(|yλ| − t (σ ))+. La
valeur préconisée pour le seuilt (σ ) dépend du niveau du bruit suivantt (σ ) := κσ [log(σ )]1/2. Les procédures d
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seuillages présentent l’avantage de ne pas necessiter d’hypothèse a-priori sur la régularité du signal à déb
peut montrer qu’elles fournissent des vitesses de convergence optimale pourE(‖f − f̃ ‖p

Lp) lorsqueσ → 0 pour
des classes de fonctions très variées modélisant le signal.

De façon intuitive, le seuillage s’apparente à une procédure de lissage adaptatif dans laquelle on é
fenètre de lissage dans les régions homogènes pour enlever plus de bruit, et on diminue cette fenêtre au
des discontinuités pour ne pas perdre leur localisation. En pratique, des effets d’oscillations peuvent
au voisinage des singularités du signal, et des améliorations substantielles peuvent être obtenues par la
du débruitage invariant par translation (oucycle spinning) introduite par Coifman et Donoho [6]. L’idée de c
algorithme est très naturelle : on applique un seuillage classique sur des versions translatées du sign
et on prend la moyenne sur tous les résultats obtenus. Plus précisément, siτk est l’opérateur de translatio
périodiqueτhx(n) = x((n+k)modN), oùN est la dimension du signal discrèt, on se donne un ensemble de
translationK = {0, . . . ,M} et on définit l’estimateur̃f := [#(K)]−1∑

k∈K τ−kSσ τky, oùSσ représente l’opératio
de débruitage par seuillage des coefficients d’ondelettes que nous avons décrite précedemment. Cette s
généralise de manière immédiate en dimension deux, et constitue à l’heure actuelle l’une des méthode
performantes pour le débruitage des images. Le but ici est de présenter des résultats numériques de déb
utilisant les représentation multi-échelles non-linéaires.

Nous comparons les représentation linéaires et non-linéaire au travers des performances de l’algor
débruitage invariant par translation. Notre critère sera la normeL2, exprimée par le PSNR (Peak Signal to No
Ratio). En pratique, il est important de noter que le niveau de seuil préconisé par la théorie de [7] peut c
à des résultats sous-optimaux pour des signaux et images donnés (ce seuil est souvent trop élevé), et q
optimal (i.e. celui qui minimise l’erreurL2) peut varier suivant le type d’ondelette qu’on utilise. Afin de comp
les possibilités des deux types de représentations, nous avons délibérément pris le parti de choisir à cha
seuil optimal (fourni par un « oracle ») pour chaque représentation et chaque signal donné. On compare
méthodes au mieux de leurs possibilités.

1. The thresholding algorithms

The wavelet decompositions ([2] and [3]) have important applications for the denoising problem. In th
of 1D white noise, we observe the noisy data (1). The thresholding procedure introduced by Donoho e
computes the estimated coefficients asyλ := ∫

ψ̃λ dy(t), and defines the estimation off as following (2).
For discrete signals we eliminate the limitation|λ| � J (σ) and we get a thresholding procedure. A version

this procedure is the (soft thresholding) strategyỹλ := sgn(yλ)(|yλ| − t (σ ))+. The threshold valuet (σ ) depends
on the noise levelt (σ ) := κσ [log(σ )]1/2. These thresholding procedures do not need a priori any hypothes
the regularity of the signal and give optimal rate of decay ofE(‖f − f̃ ‖p

Lp ) whenσ → 0, for various smoothnes
classes.

Intuitively, the thresholding procedure is a smoothness adaptive strategy which uses large wind
homogeneous regions of the signal in order to eliminate the noise and small windows near to discontin
order to keep the localization of the singularities.

In practice, some oscillations still exist near to discontinuities and significant improvements can be obta
using the translation invariant denoising strategy introduced by Coifman and Donoho [6]. The idea of this al
is the following: we use a classic thresholding strategy on the translated versions of the signal, and we ave
results. More precisely, ifτk is the translation operatorτhx(n) = x((n + k)modN), whereN is the dimension o
the signal, we consider the setK = {0, . . . ,M} and we definef̃ := [#(K)]−1∑

k∈K τ−kSσ τky whereSσ represents
the denoising operation using the thresholding procedure described above. In order to eliminate the oscilla
to have a better treatement of singularities we use the nonlinear multiscale representations introduce by H
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2. The multiresolutions framework of Harten

In a nutshell the ideas of Harten can be described as follows: we start from a set of finite discrete da
level J of resolution(vJ

k )k. For all j , the decimation operatorDj−1
j extracts the discrete data(vj−1

k )k at the next

coarser level and the prediction operatorP
j

j−1 yields an approximation of(vj

k )k from (v
j−1
k )k. The decimation is

always a linear operator, and the prediction is allowed to be a nonlinear operator, but they satisfies the f
consistency conditionDj−1

j P
j

j−1 = I . Consequently, we can representvj in terms of(vj−1, ej−1), whereej−1 is

the prediction error. From the consistency relation, it follows that the new representation ofvj is redundant. This
redundancy can be eliminated by representingej−1 in terms of a basis of the null space ofD

j−1
j , which result

in the detail vectordj−1. Therefore we can representsvj by (vj−1, dj−1). By iterating this procedure from fine
level J to the coarser levelj = 0 we obtain the multiscales representation ofvJ into (v0, d0, . . . , dJ−1). Some
of the prediction operators proposed in [8] and [9] are nonlinearly data dependent (since are based onessentially
non-oscillatory (ENO) reconstruction) for the purpose of a better adapted prediction near the jumps or singu
of the data which usually generate spurious oscillations (i.e., Gibbs phenomenon).

To design the multiscales representation of a signal, we define the interscales operators. IfΓ j := {cjk }k∈Z with

c
j

k := [k2−j , (k + 1)2−j ) is a system of disjointed cells, then the cell-averages arev̄
j

k := 1
|cjk |

∫
c
j
k

f (x)dx, where

|cjk | = ∫
c
j
k

dx. This choice of discretization fixes the decimation operator as:v̄
j−1
k := 1

2(v̄
j

2k + v̄
j

2k+1). For the

nonlinear reconstruction operator, to each cellc
j

k , we seek a quadratic polynomialpk , which interpolates the

averages on some stencilSj
k containingcjk . The predicted averages on the fine grid are defined as the avera

the fine grid ofpk . The stencil used for the prediction should correspond to the “smoothest” available (the s
stencil should not include discontinuities). The selected stencil is determined using finite difference: first f
cell cjk we compute the quantityCj

k−1 = |vj
k+1 − v

j
k | + |vj

k+1 − v
j
k−1|. After this, for each cellcjk , we select from

{Sj

k−1,S
j

k ,S
j

k+1} the stencil which gives the minimum finite difference. We call this stencilthe prediction stencil
and we define the prediction polynomialpk , which interpolates the averages on this stencil. In the smooth reg
i.e., when the function is smooth enough, the reconstruction is full accurate. The accuracy of the recons
is lost in the cells crossing the singularities (this nonlinear prediction method is the so-called ENO recons
introduced in [8]). To improve the accuracy within these cells we need a detection mechanism of the cells
the singularities and we must change in these cells the reconstruction. Accordingly, this nonlinear pred
called the essentially non-oscillatory method with subcell resolution (ENO-SR); for more details see [9] an

2.1. Detection mechanism

We formulate the detection mechanism as follows:we decide that the cell ck is singular if the stencils associated
to the neighbors of the cell ck do not intersect. At a singular cell we shall assume that our signal is an id
step edge, i.e.:s(x) := pk−1(x)1{y<yd} + pk+1(x)1{y�yd }. We shall estimate the parameteryd of the step-edge
by fitting and we define the averages on the fine grid as the averages of this step edge. This assumptio
‘a priori’ model on the function to be fit. Remark that the prediction operator will be exact for piecewise polyn
functions. In all our numerical experiments we use the nonlinear techniques described above. For more d
these techniques see [9] and [10]. We have already proved that the nonlinear multiscales representation
the same smoothness characterization results as wavelet basis, see [11]. Our theoretical result on these
representations is

‖v‖Bs
p,q

∼ ∥∥v0
∥∥
)p

+ ∥∥(
2(s−d/p)j

∥∥dj
∥∥
)p

)
j�0

∥∥
)q
. (3)

Note that a such result is not proved for ridgelets and curvelets. In numerical applications such as com
and denoising, we introduce perturbation in the multiscales coefficients by thresholding and quantizatio
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it is important to control the effects of such perturbations in the reconstructed signal. More precisely, ifd = Mv

is the multiscales decomposition of the functionv, andd̃ is the perturbed version with̃v = M−1d̃ the associated
reconstruction, we would like to have

‖v − ṽ‖a � ‖d − d̃‖b (4)

for ‖ · ‖a and‖ · ‖b two prescribed norms. The previous results show that in the case of Besov spaces inequ
holds. Consequently, we have proved, under suitable assumptions, such as continuity dependence on the
[11]), a stability result of the form

‖v − ṽ‖Bs
p,q

�
∥∥v0 − ṽ0

∥∥
)p

+ ∥∥(
2(s−d/p)j

∥∥dj − d̃j
∥∥
)p

)
j�0

∥∥
)q
. (5)

This result cannot be deduced directly from (3) for the nonlinear representations, since the underlying mu
transform is not a change of basis as in the case of linear representations.

2.2. New thresholding strategies and numerical results

We compare the linear and the nonlinear representations in terms of performances of the denoising a
Our comparison criteria is theL2 norm, expressed by thePeak-Signal-to-Noise-Ratio (PSNR). In practice, the
threshold value is given by [7] and leads to non-optimal results (the value is higher).

In order to compare the full possibilities of the linear and nonlinear representations, we have chosen the
threshold by using an “oracle”. We present here only the 1D case, see Fig. 1 for original signals. The firs
“sinestep” represent the pixel evolution in a video sequence while the second signal “doppler” repres

Fig. 1. Original signals “sinestep” and “doppler”.

Fig. 2. Noisy signals “sinestep” (PSNR= 4.92) and “doppler”(PSNR= 8.05) σ2 = 2.
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Fig. 3. Denoised signals by using translation invariant denoising and BW representation for “sinestep” (PSNR= 18.55) and “doppler”
(PSNR= 15.35).

Fig. 4. Denoised signals by using translation invariant denoising and the nonlinear representation for “sinestep” (PSNR= 20.45) and “doppler”
(PSNR= 14.96).

Fig. 5. PSNR versus variance “sinestep” and “doppler”.

measure results. The dimension of the signals isN = 2048= 211, the lower level isj0 = 5 and the number o
translations isM = 16. We consider a Gaussian noise of the varianceσ 2 = 2. The noisy versions are represen
on Fig. 2. Figs. 3 and 4 show the denoising results obtained by using the translation invariant denoising in t
and nonlinear representations. We see the superiority of the nonlinear representation for the signal “sines
“doppler”. This situation is not surprising since the signal “sinestep” corresponds exactly to the “a priori”
used in the prediction. This property leads to the better concentration of multiscales coefficients by us
nonlinear reconstruction than by using the linear reconstruction.
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Fig. 6. Denoised signal by using an adaptative strategy (PSNR= 45.87) and PSNR versus variance.

Fig. 5 shows the evolution of PSNR with respect to the noise variance. The nonlinear prediction is ex
piecewise smooth functions. This remark suggest a natural thresholding strategy: we consider that the m
coefficients in the descendants of the coefficient obtained by a nonlinear prediction to be 0.

Fig. 6-left shows the efficacy of this approach for a piecewise smooth signal “sinestep” with the noise v
σ 2 = 2. Fig. 6-right shows the evolution of PSNR with respect to the noise variance.

3. Conclusion

These numerical results allow one to conclude that the nonlinear prediction techniques lead to sig
improvements in the case of piecewise smooth functions denoising problem by using a modified thres
strategy. Nevertheless the effects of the presence of the noise in the selection stencil procedure and the a
such nonlinear methods are difficult to understand. In order to analyze such procedures, we need to unde
approximation and the stability of the prediction operator. These properties are very diffcult to analyze and
object of active recent research, see [4] for the stability properties and [5,11] for two-dimensional results.
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