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Abstract

We developped a multivariate version of weighted logrank tests to compare two multivariate time-to-event distributions; our
method is based on the marginal approach, and uses martingale properties. Our results can be extended to the study of seve
risk factors in a multivariate proportional hazard modelcitethisarticle: C. Pingon, C. R. Acad. Sci. Paris, Ser. | 338 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Tests non-paramétriques de compar aison de deux groupes pour des données censur ées multivariées. Nous proposons
une nouvelle version multivariée des tests du logrank pondéré pour la comparaison de deux distributions de survie multivariée .
notre méthode s’inscrit dans le cadre de I'approche dite marginale, et utilise les propriétés des martingales. Nos résultats peuvel
étre généralisés a I'étude de plusieurs facteurs de risque par I'intermédiaire d’une version multivariée des modeles a risque:
proportionnelsPour citer cet article: C. Pingon, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Considérons un échantillon dont les individus sont répartis en deux grdugte®. Chaque sujet, suivi jusqu’a
l'instant z, peut expérimentek événements distinctK(> 1), susceptibles d’étre censurés, mais ne se censurant
pas les uns les autres. Nous supposerons par la suit€ gu2, mais la généralisationi& > 2 critéres d'intérét est
immédiate. Le test d’égalité dans les deux groupes des distributions du délai d’apparition d'un seul événement su
[0, 7] peut s’effectuer en utilisant les tests du logrank pondéré dont on connait la loi asymptotique sous I'hypothése
nulle (voir par exemple [4,7,3]).

Pour le test d’égalité des distributions conjointes des délais d’apparition de plusieurs événenjénts,sbest
nécessaire de prendre en compte les dépendances entre les différents temps d’événement induites par le fait qu’
méme sujet peut expérimenter plusieurs critéres d’intérét. Nous nous sommes intéressés aux méthodes s’inscriva
dans le cadre de I'approche dite marginale [9,10].

Nous proposons une amélioration de ces méthodes en utilisant les propriétés des martingales. Nos résulta
sur les covariances des martingales sont similaires & ceux de Prentice et Cai [8] dans le cas non censuré, mais
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généralisation au cas censuré differe des extensions qu’ils ont proposées. Nos travaux concernent la distributio

de notre statistique de test sous I'hnypothése nulle Fh14 = A1p, A24 = A2p}, ainsi que sous une série

d’alternatives locales H,. Nous proposons également une généralisation de ces tests pour une version multivariée

des modéles a risques proportionnels.

1. Preliminaries

Equality of two survival distributions when there is a single, possibly censored, time-to-failure observed for each
subject can be tested with weighted logrank statistics, whose asymptotic distribution under the null hypothesis is
well known [4,7,3]. However one can be interested in studying more than one type of event for each individual,
for example, a randomized comparative trial can be designed to test effects of a new treatment on the time before
patients develop several kinds of symptoms. To compare treated patients to the placebo group, we have to use the:

multivariate data to test whether the joint distributions of the failure times are equal in both groups.

Let groupsA and B have sizeny andng (na + np = n). Let (Ty;, T2j;) be the times to failure in group
Jj (j =A, B) for theith subject {=1,...,n;); the coupleq(Ty;, T2;;), i =1,...,n;} are assumed to be i.i.d.
with continuous joint survival functioﬂ_‘j (t1, t2) = P{T1j; > 11, Toj; > t2}. Let(Cyj;, C2;;) be the censoring time,
so that we only observeXyj;, X2;;), whereXy;; = (Tyji A Crji), and(8yji, 82;;) wheredy;; = L{Tyj; < Cyji}. The
couples{(C1j;, C2ji), i =1,...,n;} are assumed to be independent of each colfle, 7>;;) and mutually
independent, with joint survival functio@(ry, 12).

Fork=1,2, j=A,B, i=1,...,n;, weintroduce the following processég;; (1) = 1{Xy;; > t}, Ni;i(t) =
UTyji < Crji, Tiji <t}, Myji(t) = Niji (1) — ]é Yiji (s) dAg; (s) where Ay; is the cumulative hazard function of
the kth event in thejth group. ThenYy; = 317, Yiji and ¥y = Yea + Yip (idem for Ny, My;, N and My).
We noter; (1, 12) = Z;zl Y1ji (t1) Y2, (t2) andr(t1, t2) = ra(t1, t2) + rp(t1, t2). The maximum follow-up time is
T < 00, and such a¥ (t) > 0. Letyy; = Fi; G andyy = {payka + psyrs} be the uniform limits of mean; /n
andY/n respectively, wherg; =lim n;/n asn — oo.

We consider Nelson and Aalen estimates [1,5] of cumulative hazard funoﬁgns f’ dl\:k_f %) for j=A,B
./ s
and A (1) = g dN"(“).
The logrank statistic for theth event is:
Y dn, dn
LRk_n—l/Z/W()kA kB(){ kA kB}() 1)
Y Yia Yip

whereW () is a predictable process that uniformly converges in probability;t@) asn — co.

2. Asymptotic distribution under Ho: {A14 = A1p, A24 = A2} 0On[0; 7]

Under H, the marginal survival distributions are supposed equal in both groupgssgy A1p = A1, Azq =
Azp = Ao, whereAy denotes the unknown cumulative hazard functiorkfer 1, 2.

Theorem 2.1. Under Hp, vector (LR1, LR2)" converges in distribution a8 — oo to a multivariate normal
distribution with null expectation and matrix of variance covaria€e= (o) (k =1, 2, k' =1, 2) where

T7T

Gkk/=// ,OA,OBM{,OBﬁkB(S)ik/B(M)vkk/A(ds, due) + para(s) i a (W) vie p(ds, du) }, 2)
9 Vi ($) yer (u)

with, for j = A, B
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ty T/

vkk/j(tk,lk/)=//E{deji(S)de/ji(u)}
0

equal to
ty Lyt

// G (s, u){ f (s, u)ds du + dAg(s)F (s, du) + dAp (u) F(ds, u) + dAx(s) dAg (u) F (s, u) },

whereF (11, 1) = PH{Tij; > t1, Toj; > t2} and f(t1, 12) is the density function.

A consistent estimator afyx ; (., t) is
W n;
Ok (te, tir) =t / / Y Vaji ()Y ji ) E (dMiji () My ji () | Yiji (5) Yie i () = 1),
00 =1
where the conditional expectation can be consistently estimated (see, e.g., [2]), by

nj

E(dMyji () dMy ji )| Yaji () Y ji () = 1) = r (s, M)ZZde/z(S)de'/z(u)
j=Ai=1

introducing the martingale residual;; (t) = Niji (1) — fg Yiji(s) dAx(s).
Consequently:
Proposition 2.2. UnderHo, a consistent estimator of ; (%, ) is

ty i/

vkk/;(tk,tk/)—n_l// 2l u) Z dM1ji(s) dMoji (u). 3

r(s, u) —

On substituting this above formula into (2), we find:

Proposition 2.3. UnderHp, the matrix> = ) (k=1,2, k' =1, 2) with:
//{ Wi (s) Wi (u)
Opk =n"
Yi(s) Y (u)

x [Yi ()Y g ()ra(s, u) + Yea(s)Yea@)rp(s,u)]

Zf:A Sl dMyji (s) My ji (1) }
r(s,u)

is an unbiased estimate of the matdx
From this proposition we deduce the following result for testing Hl14 = A1p, A24 = A2} 0on[0; 7]:

Theorem 2.4. A test statistic to tedtly against an unspecified alternative hypothesis is
= (LR1, LR))Z " (LR1, LRy), (4)

which asymptotically follows a chi-square distribution with two degrees of freedom.
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3. Asymptotic distribution under a sequence of local alternativesHi ,

In the first part, we derived a multivariate test statistic to tegtwithout specifying any particular kind
of alternative hypotheses. We focus now on alternative hypotheses with the following farm: #;(t) =
Jo{1+n=Y20,;(5)} dAk(s) for k = 1,2 andj = A, B, and where functionsy; are bounded oi0; 7] [6]. We
keep former notations, but expressions depending on cumulative hazard funttipasd A, p are different. The
weighted logrank statistic family for eveht(1) is, under H ,:

LRy=n" 1/2/W (s){—de ——deB}(an /W ()2 () {Okn — Ok} () A Ak (),
where, for j = A, B, i = 1,....nj, Myji(t) = Nji(®) — [3 Yeji(){L + nj /2
YLy Myji.

Theorem 3.1. UnderHjs ,,, vector(L R1, L R2)’ converges in distribution to a multivariate normal distribution with
expectation(u1, u2)’, where, fork = 1, 2:

T

Okj(s)}dAk(s) and My; =

k
= / we(5)94 05 A2 (6) {04 () — Ben ()] dAk(S)
0
and with variance covariance matriX = (oy) (k=1,2, k' =1, 2), where
T T

Gkk/=// pApBM{,OBﬁkB(S)ik/B(M)vkk/A(ds, due) + para(s) i a () vie p(ds, du) },
Vi ($) yir (u)

with, for j = A, B
ti Ly

vkk/j(tk,lk/)=//E{deji(S)de/ji(u)}
0

equal to
ki j(ds, du) = G (s, w){ fj (s, u) ds du + dAgj () Fj (s, du) + d Ay j (u) Fj (ds, u) + dAgj (s) dAg ;) Fj (s, u) },

whereF;(t1, tz) = P{Tyji > t1, Ty ji > t2} and f; (11, t2) is the density function.

As under null hypothesis, a consistent estimatow@f; (#, #/) is
e nj
i 1) =5 [ |3 Tig Yo 0 B (@M (9 8M 10 i )i ) = 3,
oo =1
where the conditional expectation is now consistently estimated by

nj
E (M (s) dMy i () | Yijs () Vi ji () = 1) = 775, 1) Y dMji(s) dMye ji (),
i=1
with the martingale residuals
t

Hiji (1) = Nij (1) — / Yiji(s) dAg (s).
0
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Then:

Proposition 3.2. UnderHy ,, a consistent estimator of ; (#, t) is
tx nj
ﬁkk’j(lkvlk’):n;]'//Z diMy i (s) dMz;i (u).
00 /=1

Proposition 3.3. UnderHy ., £ = (6u) (k=1,2, K =1,2):

s =t [ [ BV
Y (s) Y ()

na np
x {YkB(s)kaB(m > dMiai(s) AMpai () + Yeea () Vi @) Y dMygi(s) de/B,(u)}
i=1 i=1
is an unbiased estimate &f.

Then:
Theorem 3.4. Under Hy ,, the test statisticK = (LR1, LRg)f—l(LRl, LRy) asymptotically follows a non-

central chi-square distribution with two degrees of freedom, whose non-centrality parameter is

e= (u1, n2) ¥ Hua, n2)'.
For the test oHp againstHj ,, at levelx, the asymptotic power & statistic is

-1

e
1—-v, | k,|1 ,
([ +2+e} )

where, for a central chi-square distribution with two degrees of freecjtémPr{)(z2 <kyt=1—a, and¥,(x) =
Pr{x2 < x}, wherev = (24 ¢)2/(2 + 2¢).
The power of the test can then be estimated using an estimatoafputed with the expressions we established.

4. What if censoring in group A differsfrom censoringin group B?

We had supposed that the couples of censoring tif@es , C2;;) had the same bivariate distribution in both
groups, but we can relax this assumption, in letting vect6ts;, C2;;)’ have different distributions in group A
and group B. In this case, former expressions have to be modified, to obtain:

Theorem 4.1. Under Hpg, (LR31, LR2)" (defined by(1)) converges in distribution ag — oo to a multivariate
normal distribution, with null gZ(pectation and with variance covariance ma¥ix (o) (k=1,2, kK’ =1, 2)
being consistently estimated By= (644/):

s =t [ [ BV
Yie(s)Yir (u)

x {Ykg(s)?m(u) > dMyai(s) A ai ) + Yea($)Yea ) Y dMgi(s) dﬁk/mu)},
i=1 i=1

wheredMyj; (s) = dNg;i (s) — Yiji (s) dAg(s).
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5. Extension to a multivariate version of the proportional hazard model

We can generalize the results concerning multivariate weighted logrank statistic to accqunt forovariates,
with finite number of values, or defined on an interval. We keep former notations, deleting supséfgtonsider
the well-known Cox model to explain for thi¢h event the link between the hazard functigrand the vector; of
the p covariates of théth subject; =1, ..., n: Ak (t; z;) = Yii (1) Ai0(t) &b wherelxo is an unspecified baseline
hazard function an@; is the vector of unknown parameters quantifying effect of covariates on the instantanate
hazard. The score function for evenunder h: f1 = B2 =0 on[0; 7] is n~Y2Uy () = n Y230, [5Hzi —
Ei(s)}dMyi(s) with My (t) = Nii(1) — [ Yei (9)hko(s) and Ex(1) = (0t 30 YD)z /(n ™1 31_q Vi (1)
converging uniformly irr to ex(¢).

Result (3) about processaé#; is useful to find the asymptotic distribution of vect@r; (z), U5(z))" under
Ho: B1=p82=00n[0; ]

Theorem 5.1. Under Ho, (n~Y2U;(r), n=Y2U}(r))’ converges to a multivariate normal distribution with null
expectation and with variance covariance matdix= (oy) (k = 1,2, k' = 1,2) where oy, is consistently
estimated by

- Ay /Yi Y’i . = =
G =n"1y_ / / { [z — Ex(9)][zi — Ex(w)] % Z My (s) dMy (u)}

i=19% 0 j=1
with dMj; (t) = dNg; (£) — Yii (£) dAg(2).

Then:

Theorem 5.2. A test statistic to tedtlg: g1 = B2=00n[0; t]is:
K = (nY2U1(1), nY2U»(0)) £ (n "YU (0), n 20U (v))
which asymptotically follows a chi-square distribution with degrees of freedom.
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