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Abstract

We introduce a new representation for maximal monotone operators. We relate it to previous representations given b
Fitzpatrick and Martínez-Legaz and Théra. We show its usefulness for the study of compositions and sums of maximal m
operators.To cite this article: J.-P. Penot, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une représentation des opérateurs maximaux monotones par des fonctions convexes et son impact sur les règles de
calcul. Nous introduisons une représentation nouvelle pour les opérateurs maximaux monotones à l’aide de fonctions
Nous la relions à des représentations dues à Krauss, Fitzpatrick, Martínez-Legaz et Théra. Nous montrons son utilité pour
obtenir des règles de composition et de somme.Pour citer cet article : J.-P. Penot, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Etant donné un espace de Banach réflexifX, de dualX∗, les analogies entre les propriétés des élément
l’ensembleM(X) (resp.Mmax(X)) des opérateurs monotones (resp. maximaux monotones) deX dansX∗ avec
les propriétés de l’ensembleΓ (Z) des fonctions convexes s.c.i. propres sur un espace de BanachZ ont conduit
plusieurs chercheurs à proposer des représentations deMmax(X) par un sous-ensemble deΓ (Z). Le but de cette
note est de montrer qu’il existe une telle représentation avecZ := X × X∗, qui est simple et qui permet d’obten
des résultats cruciaux concernantMmax(X) à partir de règles classiques de l’analyse convexe.

La représentation et ses propriétés
Etant donné un opérateurM :X ⇒ X∗ (identifié avec son grapheM ⊂ Z := X × X∗), nous lui associons s

fonction indicatriceιM , donnée parιM(z) = 0 pourz ∈ M, ιM(z) = +∞ for z ∈ Z\M et les fonctions

cM := c + ιM, gM := co(cM), pM := c∗∗
M ,
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où c :Z → R est le couplage donné parc(x, x∗) := 〈x∗, x〉 et gM est l’enveloppe convexe decM . Ici, pour des
fonctionsf :Z∗ → R, g :Z → �R, nous définissons les transposées et les conjuguées par

f ᵀ(x, x∗) := f (x∗, x), gᵀ(x∗, x) = g(x, x∗),
f ∗(x, x∗) := sup

(w,w∗)∈X×X∗

{〈w∗, x〉 + 〈x∗,w〉 − f (w∗,w)
}
,

g∗(x∗, x) := sup
(w,w∗)∈X×X∗

{〈w∗, x〉 + 〈x∗,w〉 − g(w,w∗)
}
.

La représentationM 	→ pM jouit de propriétés plaisantes commepM−1 = (pM)ᵀ, pS � pT pour S ⊂ T ,
pλM(x, x∗) = λpM(x,λ−1x∗) pour (x, x∗) ∈ X × X∗. Elle est liée à la représentation de FitzpatrickM 	→ fM

par les relationsfM = p∗
M , pM = f ∗

M . Comme on peut souvent passer decM à pM par une convexification et un
fermeture, elle s’avère plus directe. Elle est caractérisée par la propriété suivante.

Lemme 0.1. Pour toute multiapplicationM: X ⇒ X∗ et toute fonction convexe s.c.i. propreq majorée parc sur
(le graphe de) M on aq � pM .

De plus, elle fournit une caractérisation des opérateurs monotones et maximaux monotones.

Proposition 0.2. Pour toute multiapplicationM : X ⇒ X∗ les assertions suivantes sont équivalentes:

(a) M est monotone :M ∈ M(X) ;
(b) la fonctionpM := c∗∗

M satisfaitpM � p∗
M (avec égalité surM) ;

(c) la fonctionpM := c∗∗
M prend ses valeurs dansR ∪ {+∞} et vérifie

pM(x, x∗) + pM(y, y∗) � 〈x∗, y〉 + 〈y∗, x〉 ∀(x, x∗), (y, y∗) ∈ X × X∗; (1)

(d) la fonctionhM surX × X donnée parhM(x, y) := −(pM(x, ·))∗(y) vérifiehM � −h
ᵀ
M ;

(e) la fonctionpM := c∗∗
M vérifiepM � c etpM | M = c | M.

On prolonge ainsi un résultat de Fitzpatrick [6] :

Théorème 0.3. SiM ∈ Mmax(X) alorsp
ᵀ
M � p∗

M � cᵀ et l’on a M = (pM − c)−1(0) = ((p∗
M)ᵀ − c)−1(0).

Une réciproque est donnée dans [5] ; nous la complétons quelque peu :

Théorème 0.4. Soit g :X × X∗ → R ∪ {+∞} une fonction convexe propre telle queg � c et soitk donnée par
k(·, y) := h(·, y)∗∗ avech(x, ·) := −g(x, ·)∗. Alors les assertions suivantes sont équivalentes:

(a) g∗ � cᵀ ;
(b) k(x, x) � 0 pour toutx ∈ X ;
(c) M := {z ∈ Z: g∗∗(z) = c(z)} est un opérateur maximal monotone.

Liens avec d’autres représentations
Comparons notre représentation avec celle de KraussM 	→ KM donnée parKM(·, y) = HM(·, y)∗∗, où

HM(·, y) est l’enveloppe convexe dex 	→ −cM(x, ·)∗(y).

Proposition 0.5. Soit M ∈ M(X) et soienthM et kM données parhM(x, y) := −(pM(x, ·))∗(y), kM(x, y) =
(hM(·, y))∗∗(x). AlorsHM � hM , kM = KM . De plus,pM(x, x∗) = (−KM(x, ·))∗(x∗) = (−kM(x, ·))∗(x∗).
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Etant donnéM ∈ M(X) on peut se demander s’il existeq ∈ Γ (X) vérifiantq∗ = qᵀ et f
ᵀ
M � q � pM . Une

réponse positive est apportée par le théorème qui suit. L’unicité d’une telle fonction n’est pas assurée.

Théorème 0.6. Pour tout M ∈ Mmax(X) il existe q ∈ Γ (X) vérifiant q∗ = qᵀ et f
ᵀ
M � q � pM . De plus,

M = (q − c)−1(0).

Des règles de calcul pour les opérateurs monotones
Les deux règles de calcul pour les opérateurs maximaux monotones qui suivent peuvent être dédu

généralisation suivante de règles d’analyse convexe qui a un intérêt propre.

Proposition 0.7. SoientA :X → Y , B :U → V des applications linéaires continues entre des espaces de Ba
et soitG ∈ Γ (Y × U). SiR+pY (domG) − R(A) = Y , alors pourF :X × V → R ∪ {+∞} donné parF(x, v) :=
inf{G(Ax,u): u ∈ U,Bu = v} on a

F ∗(x∗, v∗) = min
{
G∗(y∗,BTv∗): y∗ ∈ Y ∗,AT(y∗) = x∗}.

Corollaire 0.8. SoitA :X → Y une application linéaire continue entre des espaces de Banach et soitN :Y ⇒ Y ∗
maximal monotone. SiR+(co(domN) − R(A)) = Y alorsM := ATNA ∈Mmax(X).

Corollaire 0.9. SoientS,T ∈ Mmax(X) tels queR+(co(domS) − co(domT )) = X. AlorsS + T ∈Mmax(X).

1. Introduction

The links and analogies between closed proper convex functions and maximal monotone operators are n
(see [1–3,11,14]) and striking. Among them are: (a) almost convexity of the domains of maximal mo
operators, (b) local boundedness on the interiors of theirdomains, (c) the Brøndsted–Rockafellar theorem,
qualification conditions for calculus rules of sums and compositions, (e) single-valuedness results, (f) regula
processes. . . They prompted several researchers [4–11,13] to look for a precise connection. Here we
representation which enables one to deduce results about operations such as sums of operators and compos
with a linear map from the classical rules of convex analysis.

The works of Simons and his co-authors (see [11,12]) and the recent book [14] by Zalinescu exploit that ve
in a thorough way. However, they use a “big convexification” of the graphS ⊂ X × X∗ of the operator. Here w
remain in the product spaceZ := X × X∗ which is the natural framework but we avoid the rather sophistic
theory of saddle functions used by Krauss in several papers [7–9].

2. A representation of operators by convex functions

Given a reflexive Banach spaceX, for Z := X × X∗, Z∗ = X∗ × X, f :Z∗ → �R, g :Z → �R, we set

f ᵀ(x, x∗) := f (x∗, x), gᵀ(x∗, x) = g(x, x∗),
f ∗(x, x∗) := sup

(w,w∗)∈X×X∗

{〈w∗, x〉 + 〈x∗,w〉 − f (w∗,w)
}
,

g∗(x∗, x) := sup
(w,w∗)∈X×X∗

{〈w∗, x〉 + 〈x∗,w〉 − g(w,w∗)
}
.

Given an operatorM :X ⇒ X∗ (identified with its graphM ⊂ Z := X × X∗), we associate to it its indicato
functionιM , given byιM(z) = 0 for z ∈ M, ιM(z) = +∞ for z ∈ Z\M and the functions

cM := c + ιM, gM := cocM, pM := c∗∗
M ,
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wherec :Z → R is the coupling function andgM is the convex hull ofcM . We note that the functionpM is directly
related to the Fitzpatrick’s functionfM associated withM which is given byfM := c∗

M , so that one hasfM = p∗
M ,

pM = f ∗
M . ThuspM is also related to the representation of [10] through conjugacy. The following examples

that it may be simpler to computepM thanfM = p∗
M .

Example 1. Let M be a linear subspace ofX × X∗ such that〈x∗, x〉 � 0 for each(x, x∗) ∈ M. ThenpM = c �M
where �M is the closure ofM; whenM is the graphe of an invertible symmetric operator the conjugatep∗

M of pM

is given byp∗
M(y∗, y) = (1/4)〈M−1(y∗ + My),y∗ + My〉. In particular, ifI is the identity mapping on a Hilbe

spaceX, thenpI (x, x∗) = ‖x‖2 if x = x∗ andpI (x, x∗) = +∞ if x = x∗ while p∗
I (y∗, y) = (1/4)‖y∗ + y‖2.

Example 2. Let M :R2 → R
2 be the rotation given byM(x,y) = (−y, x). ThenpM = cM .

Example 3. Let M := ∂s, wheres is a l.s.c. sublinear function. ThenpM(x, x∗) = s(x) + s∗(x∗).

Nice properties follow from the simplicity of the representation: among them we note:pM−1 = (pM)ᵀ, pS � pT

for S ⊂ T , pλM(x, x∗) = λpM(x,λ−1x∗) for (x, x∗) ∈ X × X∗.
The predominant role ofpM is illuminated by the following simple statement.

Lemma 2.1. For any multimappingM :X ⇒ X∗ and any closed convex functionq majorized byc on the graph of
M one hasq � pM .

In the caseM is a monotone operator, the following proposition shows thatp is proper and satisfies anoth
domination property. It gathers useful characterizations of monotonicity. The equivalence (a)⇔(h) follows from
[6, Proposition 2.2, Theorem 2.4] (see also [10,Theorem 2], [11, Lemma 9.1], [14, Lemma 3.11.1]).

Proposition 2.2. For a nonempty subsetM of Z := X × X∗ the following assertions are equivalent:

(a) M is monotone;
(b) the functioncM satisfiescM(x, x∗) � c∗

M(x∗, x) for any(x, x∗) ∈ X × X∗;
(c) the functionpM := c∗∗

M satisfiespM � p∗
M (with equality onM);

(d) the functionpM := c∗∗
M takes its values inR ∪ {+∞} and satisfies

pM(x, x∗) + pM(y, y∗) � 〈x∗, y〉 + 〈y∗, x〉 ∀(x, x∗), (y, y∗) ∈ X × X∗; (2)

(e) the functionhM onX × X given byhM(x, y) := −(pM(x, ·))∗(y) satisfieshM � −h
ᵀ
M ;

(f) the functionpM := c∗∗
M satisfiespM � c andpM | M = c | M;

(g) there exists a closed convex functionp onX × X∗ such thatp � c andp | M = c | M;
(h) there exists a convex functiong onX × X∗ such thatg � c andg | M = c | M.

Part of the following result is due to Fitzpatrick [6].

Theorem 2.3. If M is maximal monotone, thenpᵀ
M � p∗

M � cᵀ. Moreover one has

M = {
z ∈ Z: pM(z) = c(z)

} = {
z ∈ Z: (p∗

M)ᵀ(z) = c(z)
}
.

A converse of Theorem 2.3 is given in [5]; we slightly complete it.
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Theorem 2.4. Let g :X × X∗ → R ∪ {+∞} be a proper convex function such thatg � c and letk be given by
k(·, y) := h(·, y)∗∗ with h(x, ·) := −g(x, ·)∗. Then the following assertions are equivalent:

(a) g∗ � cᵀ;
(b) k(x, x) � 0 for eachx ∈ X;
(c) M := {z ∈ Z: g∗∗(z) = c(z)} is a maximal monotone operator.

Example 4. Let g(x, x∗) := ϕ(x) + ϕ∗(x∗), whereϕ is a closed proper convex function onX. Then, as easily
seen,g is closed proper convex onX × X∗, g � c andg∗ = gᵀ � cᵀ. Thusg∗∗ = g and∂ϕ = {(x, x∗): g(x, x∗) =
〈x∗, x〉} is a maximal monotone operator.

3. Other representations

The links with the Krauss’ representation are more subtle than the links with the Fitzpatrick’s function.

Lemma 3.1. Given a functionh :X × X → R ∪ {+∞} such thath � −hᵀ and −h(x, ·) is closed convex fo
eachx ∈ X, the functionk given byk(·, y) = (h(·, y))∗∗ satisfieskᵀ � −h. If moreover the functiong : (x, x∗) 	→
(−h(x, ·))∗(x∗) is such thatg = g∗∗, then one hash(x, ·) = −(−k(x, ·))∗∗.

In particular, if M is monotone, then, forhM and kM given byhM(x, y) := −(pM(x, ·))∗(y), kM(x, y) =
(hM(·, y))∗∗(x) one has for any(x, y) ∈ X × X,kM(y, x) � −hM(x, y) = (−kM(x, ·))∗∗(y).

Let us compare the representation we gave with the one of Krauss. The Krauss’ saddle functionKM is given by
KM(·, y) = HM(·, y)∗∗ whereHM(·, y) is the convexification ofx 	→ −cM(x, ·)∗(y).

Proposition 3.2. LethM andkM be as in the preceding lemma. ThenHM � hM and for any(y, y∗) ∈ X × X∗ one
hasfM(y∗, y) = HM(·, y)∗(y∗) = KM(·, y)∗(y∗) = hM(·, y)∗(y∗) = kM(·, y)∗(y∗), kM = KM . The functionpM

is related to the Krauss’ functionKM via pM(x, x∗) = (−KM(x, ·))∗(x∗) = (−kM(x, ·))∗(x∗).

Given a monotone operatorM, one may wonder whether it is possible to get a closed convex functionq such
thatq∗ = qᵀ andp

ᵀ
M � q � pM . A positive answer is provided in the next statement.

Theorem 3.3. For any maximal monotone operatorM there exists a closed convex functionq such thatq∗ = qᵀ
andf

ᵀ
M � q � pM . MoreoverM = {(x, x∗): q(x, x∗) = 〈x∗, x〉}.

This result is a consequence of the following proposition inspired by [8], Theorem 4. Let us note that here
uniqueness ofq is not ensured. However, as claimed by the second assertion, the coincidence set ofq andc is
independent of the choice ofq whenM is maximal monotone; this assertion stems from the fact that this set is
the coincidence set ofpM with c and of(p∗

M)ᵀ with c (see Theorem 2.4).

Proposition 3.4. Let p :X × X∗ → R ∪ {+∞} be a closed proper convex function such thatp � f ᵀ for f := p∗.
Then there exists a closed proper convex functionq :X × X∗ → R ∪ {+∞} such thatq∗ = qᵀ andp � q � f ᵀ.

In order to point out the links of what precedes with the main result of [8] let us seth(x, y) := −q(x, ·)∗(y),
k(x, y) = (h(·, y))∗∗(x), so that(−h(y, ·))∗ = q(y, ·) = q∗(·, y) = k(·, y)∗, hence

k(·, y) = (−h(y, ·))∗∗ = −h(y, ·), (3)

a useful skew symmetry property. It is simpler than the ones obtained in Lemma 3.1.
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Although the preceding result is nonconstructive, thereare important examples in which a natural choice oq

does exist, as the following examples show. Moreover, we will see in the next section that, under some qua
conditions, calculus rules provide means to find such functions.

Example 5. As noted above, given a closed proper convex functionϕ onX, the functionq defined byq(x, x∗) :=
ϕ(x) + ϕ∗(x∗) satisfiesq∗ = qᵀ andp

ᵀ
M � q � pM for M := ∂ϕ.

Example 6. SupposeX := U × V and � is a saddle function onU × V such that for eachu ∈ U and each
v ∈ V the functions�(·, v) and−�(u, ·) are closed proper convex. Then, the functionq on (U × V ) × (U∗ × V ∗)
given byq(u, v,u∗, v∗) := �(·, v)∗(u∗) + (−�(u, ·))∗(v∗) satisfiesq∗ = qᵀ andf

ᵀ
M � q � pM for M := ∂�, where

(u, v,u∗, v∗) ∈ ∂� iff u∗ ∈ ∂�(·, v)(u) and−v∗ ∈ ∂(−�(u, ·))(v).

4. Calculus rules for monotone operators

The following two known calculus rules for monotone operators can be deduced from a generalizati
classical rule of convex analysis.

Proposition 4.1. Let A :X → Y , B :U → V be continuous linear maps between Banach spaces an
G :Y × U → R ∪ {+∞} be a l.s.c. proper convex function. IfR+pY (domG) − R(A) = Y , then, forF :X × V →
R ∪ {+∞} given byF(x, v) := inf{G(Ax,u): u ∈ U,Bu = v} one has

F ∗(x∗, v∗) = min
{
G∗(y∗,BTv∗): y∗ ∈ Y ∗,AT(y∗) = x∗}.

Corollary 4.2. Let A :X → Y be a continuous linear map between two Banach spaces and letN :Y ⇒ Y ∗ be a
maximal monotone operator. Suppose thatR+(co(domN)−R(A)) = Y . ThenM := ATNA is maximal monotone

Corollary 4.3. Let S,T :X ⇒ X∗ be maximal monotone operators such thatR+(co(domS) − co(domT )) = X.
ThenS + T is maximal monotone.
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