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Abstract

We provide an explicit Plancherel formula for theadic group Gl(n). We determine explicitly the Bernstein decomposition
of Plancherel measure, including all numerical contsta\We also prove a transfer-of-measure formula fof#3LTo cite this
article: A.-M. Aubert, R. Plymen, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Résumé

Formule de Plancherel explicite pour le groupep-adique GL(n). Nous obtenons une formule de Plancherel explicite
pour le groupep-adique Gl(n). Nous déterminons explicitement la décompositile Bernstein de la mesure de Plancherel,
y compris les diverses constantes numériques. Nous prouvons aussi une formule de transfert(ppuPdBt citer cet
article: A.-M. Aubert, R. Plymen, C. R. Acad. Sci. Paris, Ser. | 338 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Soit F un corps local non archimédien de corps résiduel de cargdieakoitzr une uniformisante dé&. Soit
G = GL(n) et soientn un entier divisant eto une représentation irréductible supercuspidale unitaire de:gL
Nous désignons par I'ordre du groupe cyclique formé par les caractéres non ramifile GL(m) tels que
o®n>~o etparf(oc¥ x o) le conducteur de paires @&’ x o dans la terminologie de [3]. Salf le sous-groupe
de Levi standard d&, isomorphe a GUym) x - - - x GL(lym), ou(l4, ..., lx) est une pdition donnée de =n/m.
Pouri =1,...,k, soitg; = (; — 1)/2 et notonsr; = St(o, [;) 'unique quotient irréductible de la représentation
induite deG définie par le segment de Zelevinsky~Sio, ..., | |5 ¢} (voir [13] ou [7]). La représentation; est
une représentation de la série discréte dg/@L), [13, 9.3]. Nous notong; un caractére non ramifié d&*, et
nous posong; = x; (@), z; = ¢/ .
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Nous notong2(G) la variété de Bernstein : un point d&G) est une classe de conjugaison séud’'un couple
(M’,0"), ouM’ est un sous-groupe de Levi deet o’ une représentation irréductible supercuspidald/deSoit
£ une composante d€ (G). Nous notons If(G), le sous-ensemble du dual tempéré(&) de G formé des
représentations tempérées dont le caractére infinitésimal apparfieritaadécomposition de Bernstein (voir [2])
induit la partition suivante de f(G) :

Ir'(G) =|_|Im'(G)e.
et cette derniére définit une décompositios |_| ve; de la mesure de Plancherel, ou
dv(@) = c(GIM) 2 y(GIM) - pgim (@) - d(@) - do =y (GIM) - j(@) - d(w) - do,

d(w) étant le degré formel de et j (w) défini par [12, IV.3].
Nous calculons explicitement la fonctipens;|, de Harish-Chandra, pour le grouge a I'aide de la formule de
Langlands—Shabhidi[11] et de la formule du produit de Harish-Chandra [12, V.2.1].

Théoréme 0.1.Supposons que la classe de conjugaisofGle(m)¢, c®¢) définisse un point de la composante de
Bernsteins2. On a alors, pouiw = 1711 ® - -+ ® X7k -

2

1
12557 1 ) do

-1 _
-2z, °q (g+Dr

dvg (@) = y (G| M) - g=isi<isklilif(@"xo) ‘
iz
ou le produit est pris sur tous lés j, g qui vérifient les inégalités suivantes <i < j <k, |gi—g;j| < g < gi+¢g;j-

Nous passons ensuite au cas d’'une composante de Berf2stei? (GL(n)) arbitraire. D’aprés Zelevinsky, tout
couple(M, ), formé d’un sous-groupe de LeM de G et d’'une représentation de la série discréte d&f, se
décompose de maniére unique@h, 7) = (M1 x --- x M;, 11 ® - - - Q@ 71;), oU, d’une part, les éléments du support
cuspidal der; sont équivalents, au sens ou ils se déduisent I'un de I'autre par torsion non ramifiée, d’autre part,
pouri # j, aucun élément du support cuspidalden’est équivalent & un élément du support cuspidat déNous
notons2 = 21 x - - - x £2; la factorisation correspondante fe La mesure de Plancherel respecte (a multiplication
par une constante pres) cette factorisation :

Ve =Cconst-vgo, ---vg

;-

Les mesures de Planchergl,, ..., ve, sont données par le Théoréme 0.1.

1. Introduction

We shall follow very closely the notation and terminology in Waldspurger [12] FLbé a nonarchimedean local
field with ring of integers ¢ and residue field of order. Let G = GL(n) = GL(n, F) and let_ = GL(n, oF). Let
H be a closed subgroup @f. We use thestandardnormalization of Haar measures, following [12, I.1, p. 240].
Then Haar measurgy on H is chosen so thaty(H NK) = 1. If Z = Ag is the centre ofG then we have
uz(ZNK)=1.If H= G then Haar measune = u¢ is normalized so that the volume kfis 1.

Denote by® the set of pairs©, P = MU) whereP is a semi-standard parabolic subgrougadndO c £2(M)
is an orbit under the action of IXi(M). (Here&(M) is the set of equivalence classes of the discrete series of the
Levi subgroupM, and ImX (M) is the group of the unitary unramified charactergof

Two elementgO, P = MU) and(O’, P’ = M'U’) areassociatedf there existss € W¢ such that - M = M’,
sO = O'. We fix a set® /assocof representatives i® for the classes of association. R@, P = MU) € ©, we
setW(G|M)={seWC: s-M=M}/WM, and

Stab O, M) = {s € W(G|M): sO =0O}.
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Let C(G) denote the Harish-Chandra Schwartz spacesoénd let I,?w denote the normalized induced
representation frome. Let f € C(G), w € E2(M). We will write

7=1S0, w(f)= / Fm(g)dg, 6S(f) = tracer(f).

Theorem 1.1(The Plancherel Formula [12, VIII.1.1]jor eachf € C(G) and eachg € G we have

£ =" c(GIM 2. y(GIM)~L - |Stako, M)| - / p6im (@) d(@)0 (1(g) f) do,
@]

where the sum is over all the paif®, P = MU) € ® /assoc.

The map
(O, P=MU) - I'(G), owrIfw
determines &ijection
| |©©.P=mv)/stabo, M) - Ir'(G).

The tempered dual ItG) acquires, by transport of structure, the structurdisjoint union of countably many
compact orbifolds

Accordingto [12, V.2.1], the functiop g is a rational function o®. We havew gy (w) = 0 andugy (sw) =
neim(w) for eachs € WO, w € O. This invariance property implies thatg|, descendgo a function on the
orbifold O/StaliO, M). We can viewu gy either as arnvariantfunction on the orbitO or as a function on the
orbifold O/Stal(O, M).

The normalized Haar measude on the compact toru® descends to theanonical measuren the orbifold
O/StallO, M). With respect to this canonical measure, the Plancluenesityis given by

c(GIM)™2-y(GIM) ™Y pgim(@) -d(@) = y(GIM) - j(w) ™t d(w), 1)

whered (w) is the formal degree ab and j (w) is defined as in [12, IV.3]. It is precisely this expression which we
will compute explicitly.

The Bernstein variety2 (G) is defined as follows: a point if2 (G) is the G-conjugacy class of a paiM’, o)
formed by a Levi subgroup/’ of G and an irreducible supercuspidal representationf M’. Let Ir'(G) , denote
the set of those tempered representations whose infinitesimal characters belenyu® have, as in [9], the
following partition of Irt(G):

Ir'(G) =|_|Im'(G)e.

Theorem 1.2 (The Bernstein Decomposition [9])fhe Plancherel measure admits a canonical Bernstein
decomposition

v=[ve.

wheres2 is a component in the Bernstein varig®(G). The domain of eachy, is a finite union of orbifolds of the
form O/StallO, M).
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2. Calculation of the Harish-Chandra p.-function

Let m be an integer dividing. We sete = n/m and take forM the Levi subgroup GUim) x --- x GL(lxm),
where(l1, ..., 1) is a partition ofe. Let o be an irreducible unitary supercuspidal representation qi#3LLet
f(oV x o) denote the conductor for the pail’ x o in the sense of [3].

Definition 2.1. Thetorsion number of the representation is the order of the cyclic group of all those unramified
characterg for whichc @ n=o.

Let St(o, ¢) denote the unique irreducible quotient of the induced representation defined by the Zelevinsky
segment|det| 8o, ...,|det|8c}, whereg = (e — 1)/2.

Theorem 2.2.Letwr = St(o, ¢). Then

dim) _mt @O xortr-amty2 @ — 1 |GL(em.q)|
d(o)e rele g —1 |GL(m, q)l¢’

Fori=1,...,k,letm; = St(o, ;). Thensr; is in the discrete series of Gl.m). Let x; be an unramified character
of F*. We will write ¢; = xi(), zi = ¢/ . Let T* denote the standard compact torus of dimengipand let
Ps, (X) denote the Poincaré polynomial of the Coxeter grSypso that
|GL(m, q)]
g g —m
Using the Harish-Chandra product formula (see [12, V.2.1]) and the Langlands—Shahidi formula in [11] (see also
[10]), we prove the following result, in which the calculationiofy extends a classical result of Macdonald [8].

PSm (q_l) =

Theorem 2.3.Letw = x1m1 ® - - - ® xx7x SO thatw is in the discrete series dif. As a function on the compact
torus T* with coordinateszy, ..., zx) the Plancherel density is given by the form(d, with

Ps, (g7
Ps, (g7Y) x - x Ps, (7Y’

-1
Hl<i<j<k PSni+nj (q )

c(GIM) = ENE=T ERYEY
Ps, (@) - [Tiza(Ps, (g7 1)*

y(GIM) =

l_ZjZi_lqgr 2

1 _ ’
-2zjz;q (g+Dr

J(@) L =c(GIM) 2 y(GIM) 2 gy (@) = g Zrsi<is il f 7o) H‘ :

where the product is taken over thasg, g for which the following inequalities hold <i < j <k, |[gi — g/] <
g < g +gj,andd(w) =d(m1) - - -d (i), where thed (rr;) are given by Theorerd.2

3. The Bernstein decomposition of Plancherel measure

We now pass to the general case of a compozmt 2(GL(r)). We can think of a componen?® in the
Bernstein variety2 (GL(n)) as a vectotoy, .. ., o;) of irreducible supercuspidal regsentations of smaller general
linear groups Gluni), ..., GL(m,): the entries of this vector are dat@ined up to tensoring with unramified
quasicharacters and permutation. If the vectabis. .., 01, ..., 0, ..., 0;) With o; repeated; times, 1< j <t,
andos, ..., o; pairwise distinct (after unramified twist) then we will make the following definition.

Definition 3.1. The natural numbers, . .., ¢; are theexponentsf £2.
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Each representatian of GL(m;) has a torsion numbey.

We may choose each representatipof GL(m;) to be unitary: in which case has a formal degre§ = d(o;).
We will denote byf;; = f (o, x o;) the conductor of the pair,’ x o;.

In this way, the Bernstein componef2tc 2(GL(n)) yields up the followingundamental invariants

the cardinalityy of the residue field of,

the sizesn1, mo, ..., m; of the small general linear groups,
the exponentsy, e, ..., ¢,

the torsion numbers, ro, ..., ry,

the formal degreedy, do, . .., d;,

the conductors for pairgi1, fi2, ..., fi-

Our Plancherel formulas are built from precisely these numerical invariants.
Consider, once again, the componéhtc £2(GL(n)) with exponentss, ..., ¢. It determines components
£21, ..., 82; with separate exponents, ..., e;. The componen®; C £2(GL(m je;)) contains the conjugacy class

of the cuspidal paitGL(m )¢/, oj@ej). With 2; so defined, we will write
2 =821 XX §2;.

Each componen®; admits a single exponent, and so plagssn the context of Theorem 2.3.

Theorem 3.2.If 2 = 21 x --- x £2; then we have
v =const-vg, -+ v,

wherevg,, ..., ve, are given by Theorerd.3.

4. Transfer-of-measure formula

We recall the situation at the begingi of Section 2. We have an integer dividing n, e = n/m, o is an
irreducible unitary supercuspidal representation of£sLwith torsion number, andK is a local field such that
the cardinality of its residue field igx = ¢".

LetG =GL(n, F), Go=GL(e, K). Let M ~ GL(l1m) x --- x GL(lxm), Mo~ GL(l1) x - -- x GL(), where
(I1, ..., Ily) is a partition ofe. Let 2 C £2(G) be defined as follows?2 is the Bernstein component {R(G) which
contains the conjugacy class of the cuspidal p@ic(m)¢, o®¢). Thens2 has the single exponeat

Let 220 C £2(Go) be defined as follows2g is the Bernstein componentin(Go) which contains the conjugacy
class of the cuspidal paiff’, 1), whereT is the diagonal subgroup @fo. The componen®y parametrizes those
irreducible smooth representations of @LK ) which admit nonzero lwahori fixed vectors. Theg has the single
exponent, and we have IfGL(n, F)g = Irr'GL(e, K) o,, See [9].

The theory of types of [5] produces a canonical extengioof F such that is equal to the residue index &f
with respect toF'. Indeed, let(J, 1) be a maximal simple type in Glz) contained ino, and let2l andE = F[S]
respectively denote the corresponding hereditary orddrinM (m, F) and the corresponding field extension of
F (see [5, (5.5.10(iii))]). We have=m/e(E|F), wheree(E| F) denotes the ramification index éf with respect
to F. Let B denote the centraliser & in A. We set®B := 2N B. ThenB is a maximal hereditary order i,
and letkK be an unramified extension &f which normalises it and is maximal with respect to that property, as in
[5, (5.5.14)]. Thenrr is equal to the residue index &f with respect toF. Thusg” is equal to the ordejg of the
residue field ofK . Also the numbeg” is the one which occurs for the Hecke algebtéGL(m), 1) associated to
(J,A)in[5, (5.6.6)].
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Let v (resp.vg) denote Plancherel measure on the tempered duél @esp.Go). Let ve, ve, denote the
corresponding Bernstein components. The supporkofresp.vg,) is a compact Hausdorff space. This compact
space is aextended quotiensee [9].

A transfer-measure-formula appears in [4]. Their proof uses the techniques of Hecke algebras. Our method is
different. We use our explicit Plancherel formulas, and also an extension of some of the results in [3].

Let (J9, 19) denote a simple type attached to the Bernstein compaBesee [5,6]. Let’ denote an lwahori
subgroup ofGo.

Theorem 4.1.The support obg, is homeomorphic to the supportef, and we have

ne(J9) rk
W 'dvﬂ(w) :MGO(I) . W

wherew = x1m1 ® - - - ® xx7tx andwg denotes the corresponding representationft

. dUQO (wo) s

Detailed proofs of the results announced in this Note may be found in [1].
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