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Abstract

This is a short survey about our Gromov—Witten invariimtory for noncompact geometrically bounded symplectic
manifolds.To citethisarticle: G. Lu, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé
Invariants de Gromov—Witten des variétés symplectiquesnon compactes. Nous présentons dans cette Note la théorie des
invariants des variétés symplectiques non compactes, géométriquement beonéeser cet article: G. Lu, C. R. Acad. Sci.

Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

It has been expected that the Gromov-Witten invagahould also be defined for noncompact symplectic
manifolds (see, e.g., the remark on the page 337 ofyH{dntsevich). We here develop the virtual moduli cycle
techniques introduced in [4—7] to generalize work oftf8&rbitrary noncompact geometrically bounded symplectic
manifolds. A Riemannian metric on a manifoldM is said to begeometrically bounded if its sectional curvature
is bounded above and injectivity radii@V, 1) > 0. Denote byGR (M) the set of all such Riemannian metrics
onM. Let 7 (M, w) be the space of alb-compatible almost complex structures on a symplectic man{fcw).

A symplectic manifold M, w) without boundary is said to btgeometrically bounded if there exists/ € J (M, w),
uw € GR(M) and positive constantgyg and 8o such thatw (X, JX) > ao||X||i and o (X, Y)| < Boll X111V 1l
forall X,Y € TM (cf. [1,2,10]). We shall also say that such/ais (w, )-geometrically bounded. Denote by
J(M,w, 1) the set of all(w, u)-geometrically bounded almost complex structures7ioM, w). It is a path-
connected subset {fi (M, w). Denote by Symg)(M, w) the connected component containingidf Sympy (M, )
with respect to theC*°-strong topology. FoilK = C,R and Q we shall consider thé&-coefficient deRham
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cohomologyH *(M, K) and deRham cohomology* (M, K) with compact supportt *(M, Q) (resp.H} (M, Q))
consists of all deRham cohomology classeddit(M, R) (resp.H} (M, R)) which take rational values over all
integral cycles.

2. Gromov-Witten invariants

Let(M, w, J, u) be a geometrically bounded symplectic manifold of dimensiogm2e H2(M, Z) and integers
g >0,m >0 with 2g +m > 3. Let M, ,, be the set of all isomorphism classes of stable curves mitharked
points and of genus of, xk € Hy (Mg ,,, Q) and{e;}1<icm € H*(M, Q) U HY (M, Q) satisfy

> dege; + codim(c) = 2c1(M)(A) + 23— n)(g — 1) + 2m. (1)
i=1

Let /\7lg,m(M, J, A) denote the set of equivalence classes ofrapointed stable/-maps of genug and of class
A € Hx(M,Z) in M. It was observed by Gromov in his celebrated paper [2] that the ‘size’ of the clbsed
holomorphic curve can be controlled in this class of symplectic manifolds. So for any compact Eubskt
the images of all maps m/lgm(M J, A K) :={[fle Mg m(M,J, A)| f(¥)N K # ¢} may be contained in
c(ao, Po, w)w(A)-neighborhood oK in M for some constant(«g, So, 1) > 0. It follows that/\/lg,m(M J,A; K)
is compact.

Suppose thafo; }1<i<m C HY (M, Q) U H*(M, Q) has at least one element, sa), belonging toH} (M, Q).
We may choose their closed representative foahsi = 1,...,m, and a compact subsélp in M such that
sup A\j; o)) C Ko. From/\7lg,m(M, J, A; Ko) we can use the methods developed in [5—7] to construct a family
of cobordant virtual moduli cycles

CH(Ko) = Z 0 r1|{”’ My(Ko) > W)Vt e BIES(R™s).

Letev([f,X.Z) = f(z),i=1,....,m, and I, ,([f, £.Z]) = [X’, Z] be obtained by collapsing components
of (¥, 2) with genus 0 and at most two special points. Using the map EV= 1, x ([ evi): BM

Mg m x M™, we define the GW-invariants as

A,g.m

m
J
ng(\ngm e o,y ) = / "*59/\045k

EV¢,m oC(Ko)

1 m
=Y T / (Evg,moﬁ,)*<x*@/\a;<>, ()

i=1

if (1) is satisfied, an@W(wg" J)(K a1, ..., ay) = 0 otherwise. They are well-defined. That is, the left of (2) does
not depend on all relatedhoices (see §4 2-84.6 of [9]). As expectedittare multilinear andupersymmetric on
a1, ...,q,, and also independent of choices.bE J(M, w, u). Moreover, they only depend on the connected
component ofu in GR(M) with respect to theC*> strong topology. (In fact it was proved in [9] that they are
invariant under theveak deformation of (M, w, J, i).) For anyyr € Sympg(M, w) the following holds

J S, J
QWL”’g‘/’mM’ )(K;al,...,am)=QWiffg’fm)(K;al,.--,am)- 3)



G.Lu/C.R Acad. Si. Paris, Ser. | 338 (2004) 885-888 887

Let Fi :/\7lg,m — /\7lg,m_1 be a map, forgetting the last marked point. It is a Lefschetz fibration and the
integration along the fibre induces a m@p,): from 2*(M, ) to Q*‘Z(Mg,m_l). It also induces a ‘shriek’
map (F,): from H*(Mg,m—l§ Q) to H*+2(Mg,m§ Q).

Theorem 2.1 (Reduction formulas)f (g, m) # (0, 3), (1, 1), then for any k € H*(/\7lg,m_1; Q), 1€ HX(M; Q),
ag,...,ay, € H*(M; Q) with degw,, = 2 one has

GWE I (Fa () o, am) = am(A) - GV (s, o),

A,g,m
G s e, a1, D) = GWEST (Fn)e(0); )
A,g.m s ¥y oo, —1, = A,g.m m)x(K); 01, ..., 0p-1).

Here 1 € HO(M, Q) denotes the unit element H*(M, Q), which is Poincaré dual to the fundamental class [M] in
the second singular homology HJ) (M, Q).

Let integersg; > 0 andm; > O satisfy: 2, + m; > 3,i =1,2. Setg = g1 + g2 andm = m1 + mo
and fix a decompositio®® = Q1 U Q2 of {1,...,m} with |Q;| = m;. Then one gets a canonical embedding
90 Megpmi+1 X Mgy mp+1 — Mg m. LEtY : Mg_1 mi2 — M, be the natural embedding obtained by gluing
together the last two marked points. In the case HihoM) < co we take a basi§s;} of H*(M) and a dual basis
{w;} of them inHX(M), i.e.,(w}j, Bi) = [}, Bi Aw; =8ij. Letn = [, w; A w; ande;; = (—1)989i-de92; pij

Theorem 2.2 (Composition laws).Assume that dmH*(M) < oo. Let « € H*(/\7lg_1,m+2, Q), and «; €
H*(M,Q),i=1,...,m. Supposethat some o, € HX(M, Q). Then

L, J L, J
GWEID ()i an, . am) = D i - GW]) ion, o, B B))-
ij

Moreover, let k; € Ho(Mg, m;» Q),i = 1,2, and ay, o, € HX(M, Q) for somes € Q1 and ¢ € Q2. Then

GWCHD (90 (k1 X K2); 1, . .., ) = €(Q) (—1) 02 Licoy oG

A,g.m
L, J N
XY Y oW (ke {etiticos. Bi) - GVt LGz B {tidicoy)-
A=A1+Ay k.l

Here ¢(Q) isthe sign of the permutation Q = 01U Q2 of {1, ..., m}.

For proofs of (3) and Theorems 2.1, 2.2 the readers may refer to [QY lfv) is a closed symplectic manifold
they are reduced to the ordinary ones.
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