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Abstract

Let (W,H,µ) be an abstract Wiener space, assume that dν = Ldµ is a second probability measures on(W,B(W)) such
thatL = 1

c exp−f , with f ∈ D2,1 lower bounded andH -convex. LetT = IW + ∇ϕ, ϕ ∈ D2,1, be the solution of the Mong
problem transportingµ to ν and realizing theH -Wasserstein distance betweenµ andν. We prove thatϕ ∈ D2,2 hence the
Gaussian JacobianΛ = det2(I +∇2ϕ)exp{Lϕ−1/2|∇ϕ|2H } is well-defined andT is the strong solution of the Monge–Ampè
equationΛL ◦ T = 1 a.s. onW . To cite this article: D. Feyel, A.S. Üstünel, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

La solution forte de l’équation de Monge–Ampère sur l’espace de Wiener pour les densités log-concaves. Soit
(W,H,µ) un espace de Wiener abstrait, on suppose que dν = Ldµ est une autre probabilité sur(W,B(W)) oùL = 1

c exp−f ,
avecf ∈ D2,1, inférieurement bornée etH -convexe. SoitT = IW + ∇ϕ, ϕ ∈ D2,1, la solution du problème de Monge q
transporteµ sur ν et qui realise la distance de Wasserstein entreµ et ν par rapport à la métrique de Cameron–Martin. No
montrons qu’en faitϕ ∈ D2,2. Par conséquent le jacobien gaussienΛ = det2(I + ∇2ϕ)exp{Lϕ − 1/2|∇ϕ|2

H
} est bien défini et

T est la solution forte de l’equation de Monge–AmpèreΛL ◦ T = 1 p.s.Pour citer cet article : D. Feyel, A.S. Üstünel, C. R.
Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Soit (W,H,µ) un espace de Wiener abstrait :W est un Fréchet séparable localement convexe,µ est une mesur
gaussienne dont le support estW et H est l’espace de Cameron–Martin dont le produit scalaire et la norme
notés respectivement(·, ·)H et | · |H . On notera par∇ la fermeture par rapport àµ de la dérivée dans la directio

E-mail addresses:feyel@maths.univ-evry.fr (D. Feyel), ustunel@enst.fr (A.S. Üstünel).
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.04.013
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de H . En particulier, pour un espace hilbertienM, D2,k(M) est l’espace de classes d’équivalences de fonct
mesurables, à valeurs dansM, dont les dérivées d’ordrek ∈ N sont de carré intégrables par rapport à la no
du produit tensoriel Hilbert–SchmidtM ⊗ H⊗k , oùH⊗k est l’espace desk-tenseurs Hilbert–Schmidt ; siM = R

alors nous noteronsD2,k au lieu deD2,k(R) (cf. [7,12,13]). On notera parδ l’adjoint de ∇ par rapport àµ, qui
est une application continue deD2,1(M ⊗ H⊗k+1) dansD2,1(M ⊗ H⊗k). Rappelons queδ ◦ ∇ est l’opérateur
d’Ornstein–Uhlenbeck, il sera notéL.

Soit ν une autre probabilité, notons parΣ(µ,ν) l’ensemble des probabilités surW × W de marginalesµ et ν.
On noteJ la fonctionnelle définie surΣ(µ,ν) par J (β) = ∫

W×W |x − y|2H dβ(x, y). Dans le cas oùW est de
dimension finie, le problème de Monge–Kantorovitch consiste à trouver une mesureγ ∈ Σ(µ,ν) telle que la
distance de Wasserstein

d2
H(µ,ν) = inf

{
J (β): β ∈ Σ(µ,ν)

}
soit atteinte enγ . Ce problème a été résolu dans [2] en dimension finie (cf. aussi [6] pour un survol rapide)
l’avons résolu dans [9,10] (cf. aussi [11]) quand la dimension deH est infinie. Expliquons plus précisément le c
particulier qui sera utilisé dans cette Note : siν est de la forme dν = Ldµ, alors il existe une fonctionϕ, appelée le
potentiel de transport, appartenant àD2,1, telle queT :W → W définie parT = IW +∇ϕ satisfasseT µ = ν et telle
queγ = (IW × T )µ soit l’unique mesure dansΣ(µ,ν) satisfaisantJ (γ ) = d2

H(µ,ν). De plusϕ est 1-convexe
une variable aléatoiref :W → R ∪ {∞} est diter-convexe,r ∈ R, si h → r

2|h|2H + f (w + h) est convexe surH à
valeurs dansL0(µ) [8] ; si r = 0, on l’appelleH -convexe. Avec les hypothèses ci-dessusT admet un inverse p.s
notéS, de la formeS = IW + η. De plus si∇ est fermable par rapport àν alorsη :W → H est de la formeη = ∇ψ

où ψ ∈ L2(ν) estν-differentiable dans la direction deH . Dans le cas qui nous intéresse, il est important de sa
si ϕ est un élément deD2,2 au lieu deD2,1, pour pouvoir calculer le jacobien

Λ = det2(IH + ∇2ϕ)exp

{
−Lϕ − 1

2
|∇ϕ|2H

}
,

où det2(IH + ∇2ϕ) est le déterminant modifié de Carleman–Fredholm (cf. [5,14]).

1. Main results

Here is the first notable result of this Note:

Theorem 1.1. Assume thatν is of the formdν = 1
c

e−f dµ, wherec is the normalization constant,f ∈ D2,1 is
H -convex, lower bounded, i.e.,f � −α a.s., for someα > 0. Then the transport potentialϕ belongs to the secon
order Sobolev spaceD2,2.

For the proof we need the following lemma whose proof, in a much more general situation, can be found
Appendix B:

Lemma 1.2. Assume thatN :W → W is a map of the formN = IW + u, whereu ∈ D2,1(H) such that the image
measureNµ is absolutely continuous with respect toµ. For any smooth, cylindrical mapξ :W → H , we have

δξ ◦ N = δ(ξ ◦ N) + (ξ ◦ N,u)H + trace(∇ξ ◦ N · ∇u).

Proof of Theorem 1.1. Let (en, n � 1) be a CONB ofH , denote byVn the sigma algebra onW generated by
{δe1, . . . , δen} and letLn = E[P1/nL|Vn], where the conditional expectation is with respect to the Wiener mea
µ andP1/n denotes the Ornstein–Uhlenbeck semigroup e−tL at t = 1/n. From [8],Ln is of the form1

c
e−fn , where

fn is anH -convex function of the formf̃n(δe1, . . . , δen) such thatf̃n is a smooth, convex function onRn. From the
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results of Caffarelli [3,4], the transport potentialsϕn andψn associated to the measures(µ, νn), where dνn = Ln dµ,
areC2-functions. Moreover∇ϕn andTn = IW + ∇ϕn are 1-Lipschitz maps, i.e.,|∇ϕn(x + h) − ∇ϕn(x)|H � |h|H
and|Tn(x + h) − Tn(x)|H � |h|H for anyx ∈ W, h ∈ H . Consequentlyφn ∈ D2,2. Besides, the Lipschitz proper
combined with the Poincaré inequality, cf. [13] or the Appendix of [14], implies that

sup
n

E
[
expε|∇ϕn|2H

]
< ∞, (1)

for someε > 0. Sinceδ ◦ ∇ = L and since the dual transport potential isC2, we have, using Lemma 1.2

Lψn ◦ Tn = δ(∇ψn ◦ Tn) + (∇ψn ◦ Tn,∇ϕn)H + trace
(∇2ψn ◦ Tn · ∇2ϕn

)
. (2)

Note thatLn is strictly positive, henceIH +∇2ϕn(x) is invertible forµ-almost allx ∈ W . Besides, it is easy to se
that

trace
(∇2ψn ◦ Tn · ∇2ϕn

) = − trace
(
(IH + ∇2ϕn)

−1 · (∇2ϕn)
2).

Inserting this relation in (2) and taking the expectation of both sides w.r.toµ gives

E
[
trace

(
(IH + ∇2ϕn)

−1 · (∇2ϕn)
2)] = −E

[
(∇ψn ◦ Tn,∇ϕn)H

] − E[Lψn ◦ Tn]
= E

[|∇ϕn|2H
] − E[Lψn Ln]. (3)

In the equality (3), we have used the fact that∇ψn ◦ Tn = −∇ϕn and thatTn dµ = Ln dµ. Since(Ln,n � 1) is
bounded inL∞(µ) by someK, we have

E[Lψn Ln] = E
[
(∇ψn,∇Ln)H

] = −E
[
(∇ψn,∇fn)H Ln

]
� K‖∇ψn‖L2(µ,H)‖f ‖2,1,

where‖f ‖2,1 = {E[|∇f |2H + |f |2]}1/2 is the norm ofD2,1. Note that, from the finite dimensional Jacobi theore
we haveLn ◦ Tn Λn = 1 a.s., whereΛn = det2(IH + ∇2ϕn)exp(−Lϕn − (1/2)|∇ϕn|2H). HenceSn(dµ) = Λn dµ,
whereSn = IW + ∇ψn is the inverse ofTn. Moreover, from the Young inequality

E
[|∇ψn|2H

] = E
[|∇ϕn ◦ Sn|2H

]
= E

[|∇ϕn|2HΛn

]

� 1

ε
E[Λn logΛn] + E

[
expε|∇ϕn|2H

]
,

which is uniformly bounded w.r.ton by (1) and by the fact thatE[Λn logΛn] = E[− logLn] = logc + E[fn] �
logc + ‖f ‖2,1. Consequently

sup
n

E
[
trace

(
(IH + ∇2ϕn)

−1 · (∇2ϕn)
2)] < ∞. (4)

Recalling that the operator norm‖IH + ∇2ϕn‖op � 1, we finally get

sup
n

E
[‖∇2ϕn‖2

2

] = sup
n

E
[
trace(∇2ϕn)

2]

� sup
n

E
[∥∥(IH + ∇2ϕn)

−1/2∇2ϕn

∥∥2
2

]

= sup
n

E
[
trace

(
(IH + ∇2ϕn)

−1(∇2ϕn)
2)] < ∞,

where‖ · ‖2 denotes the Hilbert–Schmidt norm. This result implies that the sequence(ϕn, n � 1) is bounded in
D2,2, since it converges toϕ in D2,1, cf. [10],ϕ should be an element ofD2,2. �
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The following corollary follows from Theorem 1.1 and the Fatou lemma:

Corollary 1.3. LetΛ be the function defined by

Λ = det2(IH + ∇2ϕ)exp

[
−Lϕ − 1

2
|∇ϕ|2H

]
.

ThenT is a subsolution of the Monge–Ampère equation in the sense that

Λ � 1

L ◦ T

almost surely.

Now we can prove the main result of this Note:

Theorem 1.4. T is the strong solution of the Monge–Ampère equation, in other words

Λ = 1

L ◦ T

almost surely.

Proof. Let (φ′
n, n � 1) be the sequence such thatφ′

n is constructed from the finite convex combinations of the
sequence(ϕk, k � n) in such a way that(φ′

n, n � 1) converges toϕ in D2,2. Let Λ(φ′
n) be the Jacobian

Λ(φ′
n) = det2(IH + ∇2φ′

n)exp

[
−Lφ′

n − 1

2
|∇φ′

n|2H
]
.

Since the functionA → − logdet2(IH + A) is convex on the space of symmetric Hilbert–Schmidt operators lo
bounded by−IH , cf. [1], we have

− logΛ(φ′
n) �

∑
i

−ti logΛ(ϕni ), (5)

whereΛ(ϕni ) is the Gaussian Jacobian ofTni = IW + ∇ϕni , and ti � 0, with
∑

i ti = 1. Recall thatΛ(ϕn) =
1/Ln ◦ Tn, Tn = IW + ∇ϕn, (ϕn, n � 1) converges toϕ in D2,1 and(Ln, n � 1) is uniformly integrable. Then
a standard argument (cf. [14]) using the Lusin theorem implies that(1/Ln ◦ Tn, n � 1) converges to 1/L ◦ T in
probability. Hence the right-hand side of the inequality (5) converges to logL ◦ T and the left-hand side converg
to − logΛ in probability. This implies that

− logΛ � logL ◦ T ,

i.e.,Λ � (L ◦ T )−1 a.s. Since the reverse inequality is already proven in Corollary 1.3, the proof is complete�
Let us give an immediate corollary:

Corollary 1.5. We have the following expression for the Wasserstein distance:

1

2
d2
H(µ,ν) = −E[f ◦ T ] − logc + E

[
logdet2(IH + ∇2ϕ)

] = E[L logL] + E
[
logdet2(IH + ∇2ϕ)

]
. (6)
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