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Abstract

Let L be a second order elliptic operator B with a constant diffusion matrix and a dissipative (in a weak sense) drift
be L{(’)C with somep > d. We assume that possesses a Lyapunov function, but no local boundedndssafssumed. It is
known that then there exists a unique probability meagusatisfying the equatioh* i« = 0 and that the closure df in Ll
generates a Markov semigrodif }; >0 with the resolven{G, }, . o. We prove that, for any Lipschitzian functighe Ll(u)
and allz, » > 0, the functionsl; f and G, f are Lipschitzian and syp [VT; f(x)| < sup, |V f(x)| and sup [VG, f(x)| <
%sugc |V f(x)]. In addition, we show that for every bounded Lipschitzian funcgiothe functionG, g is the unique bounded
solution of the equatiohf — Lf = g in the Sobolev cIasHli’Cz(Rd). To citethisarticle: V.I. Bogachev et al., C. R. Acad. Sci.
Paris, Ser. | 339 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé
Estimations globales de gradient pour les opérateursde diffusion. Soit L un opérateur elliptique si&? tel que son terme
du premier ordré € L{(’)C, p > d, soit dissipatif (mais pas nécessairement localement borné) et qu'il existe une fonction de Lia-

pounoff. Il est connu qu'il eiste une probuilité unique telle queL* . = 0 au sens faible et la fermeture HedansL(x) est
le générateur d’un semigroupe markovigh};>o de résolvantdG, }, 0. Nous montrons que pour chaque fonction lipschit-

ziennef € Ll(u) et toust, 1. > 0 les fonctionsT; f et G, f sont lipschitziennes et on a suUp|V7; f (x)| < sup, |V f(x)] et
sup, [VGy f(x)] < %sugc |V f(x)|. De plus, nous montrons que pour chaque fonction bornée lipschitzidarfenctionG; g

est la solution unique bornée de I'équatioh— Lf = g dans la classe de Sobolﬁéf(Rd). Pour citer cet article: V.. Bo-
gachevetal., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Soit L un opérateur elliptique stk“ de la forme

Lf = Z aijaxiaxjf‘i‘zbiax,'f’

i,j<d id

ol A = (a/) est une matrice constante symétrique positive et(b’) : R? — R¢ est une application mesurable

telle quelb| € Lf(’)c(Rd) avecp > d. Nous considérons I'équation

M —Lf=g, 1>0,
et obtenons une condition qui fournit I'inégalité

sugV £ (x)| <A sugVe(x)|

pour chaque fonction bornée lipschitzienneCette inégalité est connue (par exge) elle a été établie dans [8,9]
méme en dimension infinie) sous les hypothéses suivarités ) — b(y), x — y) < —ow|x — y|%, ollw > 0, eth

est lipschitzienne (ou continue t(x)||x|2 € L2(u)). Ces conditions sont assez réstrictives pour applications en
analyse stochastique. Supposons que I'applicatisoit dissipative au sens plus faible : pour chagueR? on

a (b(x +h) — b(x), h) <0 p.p. Suppposons aussi qu'il existe une fonctioe: 0 de la class€? (une fonction

de Liapounoff) telle que lim|-0 V(x) = oo et limjy|—o0 LV (x) = —o0. Par exemple, sip(x),x) < c <0 en
dehors d'une boule, on peut prendféx) = (x, x)™ avecm suffisamment grand. D’aprés [5], il existe une mesure
de probabilitéu telle queL* = 0 au sens suivant :

/L(pduzo Yo € CSO(Rd).
R4

La mesureu possede une densité continue positivie la classéilg’cl(IR{d). De plus, il existe un unique semigroupe
fortement continu markovie(¥;); >0 dansL1(u) tel queu soit invariante poutT;);>o, C'est-a-dire que

/nfdu=/fdu Vf e LY,
Rd

R4

et le générateuf. de ce semigroupe est une extention(de C3° (R%)). Soit G,, la résolvante correspondante.
Notons D(L) le domaine del dansL(x). Etant donné. > 0, pour chaque € L1(u) il existe une fonction
unique f € L telle querf — Lf =g. Sig e L?(u), onaf € L3(w) et f € H22(R?), et notre équation s'écrit
commerf — Lf =g p.p.

Théoréme 0.1. Pour chaque fonction lipschitziennée L (u) et tousr, A > 0 les fonctionsT; f et G; f sont
lipschitziennes et on a

1
suthth(x)| <supgvVi)|,  sugvVGLf(x)| < - sugv £ (x)l.

De plus, étant donnée une fonction bornée lipschitzignna fonctionG, g est la solution unique bornée de
'équationif — Lf = g dans la classe de Soboléié’cz(IR{d).
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1. Introduction and main result

Let L be an elliptic operator oR¢ of the form

Lu= Y a0 u+» bou, (1)
i,j<d i<d
whereA = (a'/) is a constant strictly positive definite symmetric matrix @nd (b') is a measurable vector field
which satisfy the following hypotheses:
(Ha) |b| € L} (R?) with somep > d, p > 2;
(Hb) b isdissipative.e., for everyh € R?, there exists a measure zeroSgtc R such thatb(x +h) —b(x), h) <
0 for allx € RY\ N;
(Hc) there exists dyapunov functionV for L, i.e., a nonnegativ€’?-function vV such thatV (x) — +oo and
LV (x) > —o0 as|x| — oo.

Hypotheses (Ha) and (Hc) imply (see [1] and)[Biat there exists a unique probability measuren R? such
that .« has a strictly positive continuous weakly differentiable dengityVo| Lf;C(Rd), andL*u = 0 in the
following weak sensef Ludu = 0 for all u € C°(R?). The closureL of L with domainC$*(R?) in L(u)
generates a Markov semigro{ifi }, >0 for which p is invariant. LetD(L) denote the domain df in L1(x) and
let {G,},.-0 denote the corresponding resolvent, i@,,= (A — L)~1. The restrictions of; andG, to L?(w) are
contractions orL2(u). In particular, ifv € D(L) is such thakw — Lv = g € L%(u), thenv € L2(1). Moreover, it
follows by [5, Theorem 2.8] (for boundeglthis follows also from [11, Lemma 2.1]) that one hag Hlf;cz(Rd)

andLv = Lv a.e., so that one has a.e.
Av—Lv=g. 2)

In fact, due to our assumptions on the coefficientd aine has even € ngf(IR{d) (see [7]). The main result of
this Note is the following theorem.

Theorem 1.1. Let A and b satisfy(Ha), (Hb) and (Hc). Then, for any Lipschitzian functiofi € L1(1) and all
t, >0, T, f andG, f have Lipschitzian versions such that

sug VT f(x)| <supgVf(x)| and sudVGAf(x)|<%sude(x)|. (3)
X, X X X

In addition, for every bounded Lipschitzian functigron R¢ and anyx > 0, the functionG,g is the unique
bounded solution of E¢2) in the Sobolev clasi 2 (RY).

Such estimates have been establishg probabilistic methods in [9] (even in the infinite dimensional case)
under the assumption théi(x) — b(y), x — y) < —a|x — y|? (strong dissipativitywith somea > 0, b is m-dis-
sipative and one had + |02 (1 + |x|*) € L1(n); see also [8] for the case where the last assumption is replaced
by the one thab is globally Lipschitzian. Note that strong dissipativity implies (Hc) witiix) = |x|2. In fact a
weaker assumptiotb(x), x) < ¢ < 0 outside a ball, implies that one can takéx) = |x|™ for m big enough.

Let L be the elliptic operator with the same second order pakt, dmit with driftish = 2AVo/o — b. Then by
the integration by parts formula

/WLgodu:/wiwdu for all w,goeCSO(Rd).

In addition, for anyA > 0, the ranges of — L and X — L on CgO(Rd) are dense irL1(px). The operatori
also generates a Markov semigroup oH( i) with respect to whichu is invariant. The corresponding resolvent
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is denoted bﬁk. For the proofs we refer to [4, Proposition 2.9][@2, Proposition 1.10(b)] (see also [5, Theo-
rem 3.1]).

Lemma 1.2. Suppose thab is infinitely differentiable, Lipschitzian, and strongly dissipative, so for same0,
one has(b(x + h) — b(x), h) < —a(h, h) for all x,h € RY. Let > 0 and letv € L?(u) satisfy the inequality
(A — L)v < 0in the u-weak sense, i.ef,v(x — L)p du < 0 for all nonnegativey € Cgo(]Rd). Thenv < 0.

Proof. Letting V(x) = (x, x) and denoting the matrix trace by tr, we obtain
LV (x) =2tr A +2(b(x), x) < 2trA — 2a(x, x) + 2(b(0), x) < 2tr A + a2 [b(O) |° — ar(x, x).

According to [1],. has all moments, hendg| € L?(1). As shown in [2], this implie$Ve/o| € L?(u). Let g €
ch(Rd) be such that & ¢p < 1 and¢o(x) = 1 wheneveltx| < 1. Let;k(x) Co(x/k), ke N. Then 0< ¢, < 1,

|V¢k| is bounded uniformly irk, ¢ -1 pointwise andV ¢y |, Lk, L — 0in L2(w) ask — oco.
Letne C“(Rd) n > 0 andu := G,7. Thenu is bounded nonnegative, by the Markovian property, and smooth,

by the elliptic regularity, sincé is smooth. It is known thatVu| € L2(w). This follows by [12, Theorem 1.5(c)]
or by [11, Lemma 2.1]), but can be verified directly as follows. Fogal Cg° (R4) one hasf u(iu — Lu){ du =

[ zundu. SinceulLu = —Lu — (AVu, Vu), it follows that

/u2<k— %L);du,—l—/(AVu,Vu); d,u:/ung‘ du.

Choosingz, as defined above, we gétu| € L2(uw).
Let nowgy := xu. Thengy € C3°(RY), ¢ > 0 and

(A — L)gr = &kn +u Lt + 2(AVE, Vu) — - in L2(n) ask — oo

by the dominated convergence theorem, sincebounded anéVu| € L2(). Hence

/vn du = kli_)mm/ v(h — L)grdu <0,

which yields that < 0, sincen is an arbitrary smooth function with compact support

In the following lemma we also consider the case of smooth, Lipschitzian, strongly dissipaliies lemma
follows, of course, from [8,9], where probabilistic arguments are given, but for the reader’s convenience we include
an alternative analytic proof.

Lemma 1.3. Letb be the same as in the previous lemma. Then, fonany and any smooth bounded Lipschitzian
function f, one has pointwise

IVGLfI < GV f].
In particular, sup, [VG, f (x)| < A‘lsugC [V f(x)].
Proof. Letu = G, f. As explained in the proof of the previous lemmas C*°(R?) and|Vu| € L?(n). Observe

that(, — L)G,|Vf| = (. — L)G,|V f| = |V f|, becausegV f| is bounded Lipschitzian an@, |V f| € ng’f(Rd).
Hence it suffices to show that:= |Vu| is au-weak sub-solution of the equatigh — L)v = |V f], i.e.,

/vw —Le)ydu < / IV fledu 4
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for every nonnegative e CS"(R"), because then Lemma 1.2 implies the assertiongs 0 andv, := (|Vu|? +
e)1/2_ Itis readily verified thav, satisfies the equatiotv, — Lv, — w,ve = f., Where

we := (DbVu, Vu)v;2 <0,
fei= Aev;l + (Vu, Vf)v;l — vs_l[tr(DzuADzu) — v;z(Vu, DzuADquu)].

Let& = v;lvbt and S := D?u. Noting that|&| < 1 and the matrixSAS is symmetric and nonnegative definite,
we obtain(¢, V f) < |Vf] and t(SAS) — (&, SASE) > 0. Therefore(r — L)v, < Aev;l + |V f] pointwise, in
particular, in theu-weak sense. Letting— 0 we obtain (4). O

2. Proof of Theorem 1.1

We recall that if a sequence of functions BA is uniformly Lipschitzian with constant and bounded at a
point, then it contains a subsequence that converges uniformly on every ball to a function that is Lipschitzian with
the same constant. Therefore, approximatinqn L(x) by a sequence of bounded smooth functigiaswvith
sup, |V f;(x)] < sup, |V f(x)], it suffices to prove our estimates for smooth boungletforeover, due to Euler’s
formulaT; f =lim, (ﬁGt/n)"f, it suffices to establish the resolvent estimate. First we construct a suitable sequence
of smooth strongly dissipative Lipschitzian vector fielgssuch thab, — b in LP(U) on every ballU ask — oco.
Leto;(x) = j~%o(x/j), whereo is a smooth compactly supported probability density. fet=b * ;. Theng;
is smooth and dissipative affy — b, j — oo, in L?(U) on every ballU. For everyx > 0, the mappind — of;
is a homeomorphism @&¢ and the inverse mapping — aﬂj)‘l is Lipschitzian with constant~1 (see [6]). Let
us consider the Yosida approximations

Fo(B))i=a (I —ap)) ™ —1)=BjoU —app)™".

It is known (see [6, Chapter II]) thaf, (8;)(x)| < |8;(x)], the mappings, (8;) converge locally uniformly to
B; asa — 0, and one haéF, (8;)(x) — Fx(B;)(y). x —y) <O0.

Thus, the sequendg := F1/x(b * oy) — %I, k € N, is the desired one. For evekye N, let L; be the elliptic
operator defined by (1) with the same constant matriand driftb; in place ofb. Let ux = ox dx be the corre-
sponding invariant probability measure and(léf) denote the associated resolvent familyIoriu). Sinceby is
smooth, Lipschitzian and strongly dissipative,= G&k)f is smooth, bounded, Lipschitzian and

sugvk ()| < %sudf(x)| and  supVue(x)| < %sude(x)|

by Lemma 1.3. Moreover, for every ball ¢ R¢, the functionsy; are uniformly bounded in the Sobolev space
H22(U), since the mapping$y| are bounded irL?(U) uniformly in k and f is bounded. Thus, the sequence
{vr} contains a subsequence, again denotevpl, that converges locally uniformly to a bounded Lipschitzian
functionv € Hlﬁ’cz(Rd) such that

3

sugv()| <A7tsugf(x)| and  supvu(x)| < A7tsupgvifx)
and, in addition, the restrictions af to any ballU converge tov|y weakly in H%2(U). Now we show that
v = G, f. Note thato; — ¢ uniformly on balls according to [1,3]. Hence, givere CgO(Rd) with support in a

ball U, we have

/[Av —Lv— flpodx = klim /[Avk — Livy — flpordx =0
—00
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by weak convergence af; to v in H%2(U) combined with convergence éf to b in L? (U, R%). Therefore, by
the integration by parts formula

/v(w—iw)du=/f¢du

for all ¢ € C5°(R?). The functionG, f is bounded and satisfies the same relation, so it remains to recall that if a
bounded functiom satisfies/ u (¢ — i(p) du=0forallge Cgo(Rd), thenu =0 a.e., sincéi — i)(Cgo(Rd))
is dense inL1(u). The same reasoning proves also the last claim.

Remark 1. Apart from weaker assumptions @n the main novelty of the result is uniqueness in the class of
bounded solutions of the claﬂ;ﬁf(Rd) that are not supposed in advance to be in the domain of genédraide
emphasize that the assumption of existence of a Lyapunov function has been only used in the uniqueness statemel
Our reasoning without that assumption (i.e., only with (Ha) and (Hb)) shows that given a bounded Lipschitzian
functiong, there exists some bounded solutioa Hlﬁ’cz(Rd) of the equation(:. — L)v = g satisfying (3). Indeed,

we obtain uniformly bounded and uniformly Lipschitzian functians= G&k) satisfying the equationsv; —

Livr = g. Then we find a subsequence{in } that converges weakly iff22(U) for every ballU. The limit is a
desired solution. We do not know whether such a solution is unique in this case. Note alsé th&tdfally Holder
continuous, then, by the classical theory (see, e.g., [10]), the second derivafive loically Holder continuous.
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