
, the ob-
g variables
properties.

ntiles
s, contraire-
,
r

C. R. Acad. Sci. Paris, Ser. I 339 (2004) 287–292

Statistics/Probability Theory

Extreme quantiles estimation for actuarial applications

Emmanuel Delafosse, Armelle Guillou

Université Paris VI, L.S.T.A., boîte 158, 175, rue du Chevaleret, 75013 Paris, France

Received 11 March 2004; accepted after revision 7 June 2004

Available online 23 July 2004

Presented by Paul Deheuvels

Abstract

This paper is devoted to the estimation of tail index and extreme quantiles in actuarial applications. In this domain
servations are often censored. Nevertheless, conversely to the classical randomly right-censored model, the censorin
are always observed. Therefore, under this assumption, we introduce new estimators and we study their asymptotic
Their behaviour are illustrated in a small simulation study.To cite this article: E. Delafosse, A. Guillou, C. R. Acad. Sci. Paris,
Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Estimation des quantiles extrêmes en actuariat. Ce papier concerne l’estimation des indices de queues et des qua
extrêmes dans des applications actuarielles. Dans ce domaine, les observations sont souvent censurées. Néanmoin
ment au modèle classique de censure aléatoire à droite, les données censurantes sonttoujours observées. Sous cette condition
nous introduisons de nouveaux estimateurs et nousétudions leurs propriétés asymptotiques. Leur comportement est illustré su
la base de simulations.Pour citer cet article : E. Delafosse, A. Guillou, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Nous considérons des variables aléatoires indépendantes et identiquement distribuées (i.i.d.)X1, . . . ,Xn, de
fonction de répartitionF de type Pareto, c’est-à-dire telle qu’il existe une constante strictement positiveγ1, appelée
indice des valeurs extrêmes, vérifiant

1− F(x) = x−1/γ1�1(x),

E-mail address:guillou@ccr.jussieu.fr (A. Guillou).
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.06.005
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où�1 est une fonction à variations lentes à l’infini. Nous supposons que ces données sont censurées par de
aléatoires i.i.d.Y1, . . . , Yn de fonction de répartitionG, également de type Pareto. Contrairement au modè
censure aléatoire classique, ou seuls les couples(Zi = Xi ∧ Yi, δi = 1Xi�Yi

), sont observés, dans les applicatio
actuarielles les variablesYi le sont aussi. Par conséquent, nous proposons dans cette note, de tenir compte
information additionnelle, dans le but de construire un estimateur deγ1, qui nous servira par la suite à obtenir
estimateur de quantiles extrêmes.

En s’inspirant du cas non censuré, où des estimateurs d’indice peuvent être interprétés comme des estima
de la pente d’un « Pareto quantile plot », nous proposons l’estimateur suivant deγ1 :

H
(c)
Z,Y,k,n =

1
k

∑k
j=1 logZn−j+1,n − logZn−k,n

−1
k

∑k
j=1 log(1− F̂n(Zn−j+1,n)) + log(1− F̂n(Zn−k,n))

, k = 1, . . . , n − 1,

où Z1,n, . . . ,Zn,n désigne la statistique d’ordre et, en notantGn et Hn les fonctions de répartition empiriques d
Yi et desZi respectivement,̂Fn(x) = 1− 1−Hn(x)

1−Gn(x)
.

Par extrapolation le long de la droite du « Pareto quantile plot », nous en déduisons un estimateur des quan
extrêmes.

Puis, par le biais de simulations, nous comparons le comportement de notre nouvel estimateurH
(c)
Z,Y,k,n à celui

obtenu par l’approche POT («Peaks-Over-Threshold ») basée sur les excès, adapté au préalable à la censure co
dans Davison et Smith [2]. Compte tenu des bonnes performances de ce nouvel estimateur deγ1, nous nous
concentrons sur celui-ci et établissons sa normalité asymptotique ainsi que le comportement limite de l’es
des quantiles extrêmes associé.

1. Introduction and statement of results

Let X1, . . . ,Xn be a sequence of nonnegative i.i.d. random variables with distribution functionF . Along with
theX-sequence, letY1, . . . , Yn be a sample of i.i.d. censoring random variables with arbitrary distribution fun
G and also being independent of theX’s. In the randomly right-censored model, we only observe the varia
Zi = Xi ∧ Yi together withδi = 1Xi�Yi

, i ∈ N, the indicator of no-censoring.
Nevertheless, on many occasions in insurance, the censoring valuesY are also known. Indeed, in insuranc

the reported payments cannot be larger than the maximum payment value of the contract. When the
payment equals the maximum payment, this real payment can indeed be equal to the maximum or can be
Therefore, we propose here to take into account this additional information, and consequently, we introduce new
estimators in the case(Z, δ,Y ) are observed and we study their asymptotic properties.

Being motivated by actuarial applications we confine ourselves to the case where sample maximaX

samples are in the domain of attraction of the Fréchet law. That means that we suppose that there exists
positive constantγ1 for which

1− F(x) = x−1/γ1�1(x),

where�1 is a slowly varying function at infinity satisfying

�1(λx)

�1(x)
→ 1 asx → ∞, for allλ > 0.

The present model is well-known to be equivalent to the modelUF (x) = xγ1�1,U (x), where UF (x) =
inf{y: F(y) � 1− 1/x}, x > 1, and�1,U (x) again a slowly varying function at infinity.

Moreover, in order for the censoring to be not too heavy, it appears natural to assume that the censorin
utionG is also heavy tailed

1− G(x) = x−1/γ2�2(x),
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for someγ2 > 0 and�2 a slowly varying function. Under the assumption thatX andY are independent, we have

1− H(x) = x−(1/γ1+1/γ2)�H (x) or equivalently UH (x) = xγ1γ2/(γ1+γ2)�U (x), (1)

with �H and�U also slowly varying functions at infinity.
From (1), it is clear that the classical Hill estimatorHZ,k,n (see Hill [4]) defined as

HZ,k,n = 1

k

k∑
j=1

logZn−j+1,n − logZn−k,n, k = 1, . . . , n − 1, (2)

is not consistent forγ1 but forγ1γ2/(γ1 + γ2).
Therefore, we have to modify this estimator in the censoring context. Recall that one of the interpretation o

the Hill estimator is the fact that it can be viewed as a trivial slope estimator in the Pareto quantile plot, d
in the case of no-censoring, as the plot with coordinates(log n+1

j
, logXn−j+1,n), which is an approximation o

(− log(1 − Fn(Xn−j+1,n)), logXn−j+1,n), whereFn is the classical empirical distribution function. Therefo
taking into account the fact thatY are observed, we propose to replace 1− Fn (which is unknown in our case) b
1 − F̂n(x) := 1−Hn(x)

1−Gn(x)
, whereHn andGn are also the empirical distribution functions associated to theZ andY

samples. Then, the trivial slope estimator can be expressed as

H
(c)
Z,Y,k,n =

1
k

∑k
j=1 logZn−j+1,n − logZn−k,n

−1
k

∑k
j=1 log(1− F̂n(Zn−j+1,n)) + log(1− F̂n(Zn−k,n))

. (3)

In many applications, however, this estimation is only an intermediate goal. Indeed, what we would
do, is, for instance, to estimate an extreme quantile. With this aim, the classical approach consists to ex
the Pareto quantile plot along the fitted line, which leads to the following extreme quantile estimator forxF,p =
UF (1/p),p < 1/n:

x̂
(c)
p,Y,k,n = Zn−k,n

(
1− Hn(Zn−k,n)

p(1− Gn(Zn−k,n))

)H
(c)
Z,Y,k,n

. (4)

This estimator is similar to the one proposed by Weissman (see Weissman [6]) in the case of no-censoring
Another approach, for the estimation ofγ1, consists to use themaximum likelihood methodbased on POT’s

and on the results given by Balkema and de Haan [1] and Pickands [5], stating that the limit distribution
exceedances over a thresholdt when t → ∞ is given by a generalized Pareto distribution (GPD). In the cas
censoring, we can easily adapt the likelihood as follows (whereNt denotes the number of excesses overt)

Nt∏
j=1

[
fGPD(Ej )

]δj
[
1− FGPD(Ej )

]1−δj ,

whereEj = Zj − t if Zj > t and 1− FGPD(x) = (1 + γ1x
σ

)−1/γ1 (see Davison and Smith [2] for further detail

Then the maximization of this expression leads to a POT estimator forγ1 which we further denote bŷγ (c)
t,ML.

The aim of the next section is to compare, in a small simulation study, the behaviour of the two est
H

(c)
Z,Y,k,n and γ̂

(c)
Zn−k,n,ML. Then, we state our main theoretical results. The proofs have been deposited w

Service des Comptes rendus, and maybe consulted by request.

2. Simulation study

To illustrate the behaviour of the new estimators ofγ1, we report the results of a small simulation study. T
distributions which we included are:
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Fig. 1. (a) Medians and (b) empirical MSE’s of the estimatorsH
(c)
Z,Y,k,n (full line) and γ̂

(c)
Zn−k,n,ML (dashed line) as a function ofk obtained

from 100 simulated samples of length 500 from a Burr(1,4, 1
2) distribution censored by a Burr(10,1, 1

2) distribution.

(a) (b)

Fig. 2. (a) Medians and (b) empirical MSE’s of the estimatorsH
(c)
Z,Y,k,n

(full line) and γ̂
(c)
Zn−k,n,ML

(dashed line) as a function ofk obtained

from 100 simulated samples of length 500 from a Fréchet(1) distribution censored by a Burr(10, 1
2 ,1) distribution.

– a Burr(1,4, 1
2) distribution censored by a Burr(10,1, 1

2) distribution (Fig. 1),
– a Fréchet(1) distribution censored by a Burr(10, 1

2,1) distribution (Fig. 2).

Note that a Burr(β, τ,λ) distribution is defined byF(x) = 1− [β/(β + xτ )]λ, in which case the extreme valu
indexγ1 is equal to 1/(λτ) and a Fréchet(1) distribution is defined asF(x) = exp(−x−1) with an extreme value
index 1.

From each of the above distributions, 100 random samples of lengthn = 500 were generated and for ea
sample, we compare the estimatorH

(c)
Z,Y,k,n (full line) with the estimator̂γ (c)

Zn−k,n,ML (dashed line). Figs. 1 and 2(
represent the medians as a function ofk and Figs. 1 and 2(b) the empirical mean squared errors (MSE).
horizontal line indicates always the true value of the parameter.

We can observe the good behaviour of the estimatorH
(c)
Z,Y,k,n in these two examples, but also in all the oth

simulations that we tried. Consequently, we focus, in the next section, on this estimator, for which we esta
asymptotic normality. From this result, we then deduce the asymptotic behaviour ofx̂

(c)
p,Y,k,n.
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3. Asymptotic results

Since the model (1) cannot be studied in its full generality, we impose the following classical condition on t
slowly varying function�U :

Assumption (R�U (bU,ρU )). There exists a real constantρ � 0 and a rate functionb satisfyingb(x) → 0 as
x → ∞, such that for allλ � 1, asx → ∞,

log
�U (λx)

�U (x)
∼ bU (x)

λ∫
1

xρU −1dx.

Under this assumption, which holds for most common heavy-tailed distributions, we establish the asy
normality of all our estimators. Before stating these theorems, we would like to mention that in Hall [3
assumption was specified further for a subclass of Pareto-type distributions, often referred to as the Hall c
this class,�1 and�2 are determined in such a way that for some constantsCi andDi ∈ R, ρi < 0, i = 1,2,

�i(x) = Ci

[
1+ Dix

ρi/γi
(
1+ o(1)

)]
, asx → ∞,

which implies

�U(x) = (C1C2)
γ1γ2/(γ1+γ2)

[
1+ γ1γ2

γ1 + γ2
D(C1C2x)(max(γ1ρ2,γ2ρ1))/(γ1+γ2)

(
1+ o(1)

)]
,

for a suitable constantD. Note that, under such a model,b(x) = Cxρ with ρ = max(γ1ρ2,γ2ρ1)
γ1+γ2

.

Well-known examples in the Hall class are the Studentt , the Fréchet and the Burr distributions, among othe
The asymptotic normality result of our estimatorH

(c)
Z,Y,k,n now reads as follows:

Theorem 3.1. Suppose assumption(R�(ρ, b)) holds for all the slowly varying functions� considered. Wheneve
k → ∞, max(1

k
, ( k

n
)γ2/(γ1+γ2)) log logn → 0 and

√
k bU (n+1

k+1) → 0 asn → ∞, we have

√
k
(
H

(c)
Z,Y,k,n − γ1

) −→d N

(
0, γ 2

1

(
γ1 + γ2

γ2

)2)
.

Remark that the asymptotic variance is always larger than that of the original Hill estimator which equals
case of no-censoring, toγ 2

1 . This case now appears as a limit case takingγ2 → ∞. Remark that the smallerγ2 (i.e.
the heavier the censoring) the higher the price to pay in variance.

The estimatorH(c)
Z,Y,k,n figures in the power of the expression of the quantile estimator defined in (4)

hence the finite sample distribution ofx̂
(c)
p,Y,k,n will rather be lognormal than normal for small samples. Hence

always work below with loĝx(c)
p,Y,k,n. The asymptotic behaviour of the quantile estimator logx̂

(c)
p,Y,k,n is stated in

the following theorem under the assumptions of Theorem 3.1 and

p = pn such that
k

np
→ ∞. (5)

In the sequel, we use the notationak,n = k
np(1−Gn(Zn−k,n))

. Note that under the assumption (5),ak,n → ∞.

Theorem 3.2. Suppose that the assumptions of Theorem3.1hold. Then, if(5) is satisfied, we have
√

k

logak,n

(
log x̂

(c)
p,Y,k,n − logxF,p

) −→d N

(
0, γ 2

1

(
γ1 + γ2

γ2

)2)
.
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