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Abstract

In this Note we consider bifurcations of a class of infinite dimensional reversible dynamical systems. These systems posses:
a family of equilibrium solutions near the origin. We also assume that the linearized operator at the. pitigis an essential
spectrum filling the entire real line, in addition to a simple eigenvalue at 0. Moreover, for parametersvalQdbere is a pair
of imaginary eigenvalues which meet in 0 foe= 0, and which disappear fer> 0. We give assumptions ab; and on the
non-linear term which describe this situation. These assumptions are sufficient to prove the existence of a family of solutions
homoclinic to the equilibrium solutions near the origin. The result of this Note applies when we look for solitary waves in
superposed layers of perfect fluids, the bottom one being infinitely deegte this article: M. Barrandon, C. R. Acad. Sci.
Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Solutions homoclines de systémes réversibles en présence d’'un spectre essefitieEtudie les bifurcations d’'une classe
de systemes dynamiques eésibles de dimensiomiinie. Ces systémes possedent unmeille de solutions stationnaires pres
de l'origine. On suppose que I'opérateur linéarisé a I'originea un spectre essentiel sur I'axe réel et une valeur propre simple
en 0. Une paire de valeurs propres imaginaires pour les valeurs du parame@rese rencontrent a I'origine pour= 0 et
disparaissent pour > 0. On donne ici des hypothéses dur et sur le terme non linéaire qui précisent la situation. Avec ces
hypothéses on montre I'existence d'une famille de solutions homeschnx solutions d’équilibre @s de I'origine. Ce résultat
s’applique a la recherche d’ondes soliggirdans des couches superposées de fluides parfaits, la couche inférieure étant de
profondeur infiniePour citer cet article: M. Barrandon, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version francaise abrégée

On étudie les bifurcations d’une classe de systémes dynamiques réversibles de dimension infinie dans un espa

de Banach

du

a:LSU—i—NS(U), Ux)eDcCH, Q)
ce systeme posséde une solution d’équilibre a I'origine et 'opérateur linéarisé a I'atigaan spectre essentiel
sur I'axe réel et une valeur propre simple en 0, correspan@diexistence d’'une famille & un paramétre d’'équi-
libres réversibles. On suppose également fre une paire de valeurs propres imaginaires posrO qui se
rencontrent en O pour= 0 et disparaissent dans le spectre essentiel peud. On notesS la symétrie de réversi-
bilité (S anticommute aveé.. et N;). On suppose finalement I'existence d’'un changement d’échelle en variables
et en coordonnées qui dilate d’un facteye le spectre dé.., donnant un nouvel opérateur linéatg poure > 0,
et un nouvel opérateur non linéaiké . L'Eq. (1) devient

(;—Z:@U +N(U), U(x)eD. (2)

On donne des hypotheses sty et A, sous lesquelles on montre I'existence d’'une famille a un parametre de
solutions stationnaires de (2) et I'existence d’une fanaiesolutions homoclines a ces solutions stationnaires. La
théorie des vagues fournit des exemples de systémes dynamiques qui vérifient ces hypothéses (voir [5]). En effe
si on considére deux couches de fluides parfaits superposées, la couche supérieure étant bornée par une surfe
rigide (voir [1,8]) ou possédant une surface libre avec fone tension de surface, la couche inférieure étant de
profondeur infinie, alors la recherche d’ondes progressives conduit a un systéme dynamique réversible ayant le
mémes propriétés que (2) (voir [3]).

La principale hypothése (voir H1 dans la Section 3) décrit la résolvantk g@urk réel non nul et|k| < 6.
SoitV € H alors
;k(V) nzk(V)

TN g+ A Ok + eSek(V), 3

ou & est un vecteur propre (symeétrique) associé a la valeur propre 0, le végtestrdandD pourk # 0, mais
n’est pas continu ek = 0. La fonctionA vérifie A(e, k) = 1+ alk| + O(ek?) aveca > 0. Pourk # 0, les formes
Iinéairesg;‘jk, N, sontdansi* et S x € L(H, D). La nature de la singularité dn= 0 fait intervenir les espaces

H etD comme indigué dans H1. On suppose également l'identité (&) os & Cette hypothése n’est pas
restrictive car elle est automatiquement vérifiée a un facteur pres, on obtient alors (7) pourvu que ce facteur soif
non nul. On donne ensuite des précisions sur la régulari@pérateurs introduits dans H1 avec les hypothéses
H2 et H3. En particulier, on définit dans H3 I'opérataurs 7 (1) = F~1(—ikiby) et on suppose qu'il est régulier
dans des espaces de fonctions a décroecespolynomiale a I'infiniL’hypothése H4 décrit la résolvante pour des
grandes valeurs dgk|, on suppose que celle-ci se comporte ¢h.1

On précise dans H5 la régularité du terme non linéaire et on suppos¥.Gu&) = 0 pour touty réel, ce qui
implique queU (x) = u&p est une solution stationnaire de (2) pour towt R. On suppose finalement la continuité
enk = 0 des deux termes suivant§®(3, N (uéo + Y ) ju=0.0k) et Dy N; (u&o).0k. En particulier la valeur ea =0
de& (8, N (uéo + Y)u=0.0x) est notée & et est supposée non nulle (voir H6 et H7).

On obtient alors le résultat suivant (voir la 8en 2 pour les définitions des espaces et de la fonatigrqui
montre I'existence d’une famille de solutions résibles homoclines aux solutions stationnaitgs) = u&p pour
lu| petit. On remarque que la décroissance de ces solutions guangtoo est polynomiale.

(ik— L) v =

Théoréme 0.1. On suppose qué&,. satisfaitH1-H3 et H4 et que N, satisfaitH5, H6 et H7. Alors pour tout
0<a <1, il existesg > 0 etug > 0 tels que, pour toud < ¢ < gg et pour toutO < |u| < uoe (Si DyNe (uo) .0k
estindépendant dealors 0 < |u| < ug), 'EQ. (2) posséde une solution réversitile , qui vérifie

Up,u(x) = (u + up (x)) €0 + Us u(x),
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ou uy est 'homocline de Benjamin—Ono et ou le terlﬁeu € le""(R)éo o B (ﬁ) (donc décroit commé/x? &
linfini) est d’ordreO(e + |ule ™), ouO(e + |u|) si Dy N:(uéo).0x est indépendant de

1. Introduction

In this work we consider bifurcations of a class of infinite dimensional reversible dynamical systems of the
following form in a Banach spadé

d—Z:LEU—f—Ng(U), U(x)eDcCH, (4)
possessing an equilibrium solution at the origin, such that the linearized operator at thd_grigia an essential
spectrum filling the entire real line, irddition to a simple eigenvalue at 0, corresponding to the existence of a
one parameter family of reversible equilibra. We also assume that for parameter #atu@shere is a pair of
imaginary eigenvales which meet in 0 for = 0 and which disappear fer> 0. We denote by§ the symmetry of
reversibility (§ anti-commutes witl., andN,). We finally assume that fer> 0, there is a rescaling in coordinates
and variables which dilates thaiginal spectrum by a factor/z and gives the new linear operatfg, the new
non-linear term is denoted by, and (4) now reads

Z—Z:ﬁEU +N.(U), Ux)eD. (5)
In this Note we give sufficient assumptions dn and \V; to prove the existence of a one parameter family of
stationary solutions, and the existence of a family of reversible solutions homoclinic to these stationary solutions.
Such dynamical systems can be derived in the theory of water-waves [3,5]. Indeed, looking for traveling waves in
two superposed layers of perfect fluids, the upper one being bounded by a rigid top [1,8] or having a free surface
with a sufficiently large surface tension, the bottom one being infinitely deep, leads to a dynamical system having
the same properties as (5) (see [3]).

2. Definitions

Before giving the assumptions on the resolvent ofperae must introduce some spaces. We introduce the
Banach spaceH C H andD ¢ D whereH is dense inHl andD is dense inD and such that’, : D — H and
D+ H. Actually, £, turns out to be Fredholm ifil. Introducmg]HI is necessary for describing the smoothness
in k near 0 of some importaritdependent operators occurring in the detailed form of the resolifent £,) 1
explicitly given in the forthcoming hypothesis H1. Notice that we chose to work in a sfiazbere L, is not
Fredholm. This is due to the fact that non-trivial solutiégnslecaying asx| — oo does not lead to solutions such
thatU (x) lies in H. In the theory of water-wave$] corresponds to a space in which the functions describing the
infinitely deep layer of fluid have an exponential decay ratefatity in the vertical varable, whereas we look for
solutions inf, with an polynomial decay rate at infinity (see [3,6]).

We also need a Banach spdme]]) c D c H, which is used in the description of the regularity of the resolvent
operatorik — £;)~L. This ~operator, considered £XH, D) is a smooth function of in R\{0} and the singularity
in k =0 is controlled |n£(H D) (see H1). At Iast]H[ andD must be chosen so thaf, : D — H.

To describe the singularity ih= 0 of the resolventik — £.)~*, we introduce for a Banach spaEethe space
of functions

Ch R,E)={f:R—E; feC’(R\{0}), f continuousin 0and™ has limits in & Vn < p}.
We also define the following spaces depending otif\lm LRE)= “m(R E) N {|l f™ g < ce” forn < p}.

We now introduce the Banach spaces which describe the dependenetthre solutions of (5). Let & o < 1,
then we define the Holder spasg(E) ={f € C*(R,E); ”f”Z,]E < 00}, where
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+8) —
1A% 5 =sup(l+ [xI?)| f) |z +  sup  (1+]x|7) IIf (x )a fOle:
xeR xeR, 0<[8]<1 H

We also neecBl“(R) defined byBlo‘(}R) ={f e B;(R); g df € B3 (R)}, with the corresponding norm denoted

by ||f||
In the foIIowmg the Hilbert transforrit((f) of a functionf is defined byH(f)(x) = p.v. [ L&) ds.

3. Assumptions on the linear term

We now state the main assumption on the linear operator. This assumption gives the structure of the resolven
operator ofL, near the origin and describes the spectrumi oind its singularity irk = 0.

H1 (resolvent for smalt|k|). There exists > 0 such that fok € R\{0}, ¢|k| < § andV e H

‘i::,k(v) nzk(V)
oA 0 = Ok eSer(V), (6)

with the following properties

(ik— L)tV =

(i) the mapk — A e C3 (R, R) is even and satisfies = 1+ alk| + O(¢k?) with a > 0,

(ii) the vectorgp € D is symmetric(S&y = &) and satisfie€ &0 = 0 and kerL, has dimension 1,
(iii) the vectorg; € D for k # 0, the magk — 6 is CO(R\{0}, D), k6, is bounded ifD and S6; = —6_,
(iv) for k #0,&, andn? , € H* and the mayk — k&7, is C°(R, H*). Moreover

{ ak_§*+‘9|k|xs +§sk’
Moy =ns+Bii

with £ € 1, %, x3 € [*, ¢ o= B o= 0,k > ¢ andk > p, € CLR, H*) NCE, (R, ") and

£X (6r) = isgn(k), (7)

(V) Sex € L(H, D) for k #0 andk - S € C3 (R, L(H, D)),
(vi) there existspj € H* such thatpj(SV) = pO(V) o) = 1, p§(6k) = p5(Sex(V)) =0 and pg(L:Y) :
D — R can be extended in a continuous mﬁp—> R.

Note that (7) is not a strong assumption since it is satisfied up to a multiplicative factor, then (7) holds as soon
as this factor is not zero.

To precise the behavior @}, in the neighborhood of 0 we need to introduce a new Banach space. This space
is also important in the construction of the solutionshaf equation because this construction strongly depends on
the structure of the vectey,. We introduce a Banach spaBé(ﬁ) such thalB“(ﬁ) D By (ﬁ) with the associated
norm |||z, and its main properties are indicated in the following hypotheses H2 and H3. We assume that for
Ue B“(]D)) and anyx € R thenU (x) € D. Actually this space is a little larger thﬁg‘(]])) and this freedom is
needed in our water waves examptie to the link between the decay.nasx — +oo and the decay in the
vertical coordinate in the infinitely deep fluid layer. One of the main assumptid@f @) is the following

H2. The linear formg;* and pj L. are continuous fronB“ (ﬁ) to By (R).

Next hypothesis explains the link betweEﬁ(ﬁ) and the vectofy.
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H3 (“regularity” of ik6y). For anyu le""(}R) we define the map
u> T W) = F L (—ikioy), (8)
and we assume that e £(B3* (R), B*(D)).

Remark 1. A consequence of hypothesis H1 and H2i$7 (1)) = H(%).
We finally give the behavior of the resolvent operator whigh > §/2.

H4 (resolvent operator for large|k|). Let V € H, then
(ik — L)™'V =G(e, ) (V), 9

wherek — G (e, k) is continuously differentiable i (H, D) for ¢|k| > §/2 with the following estimates i ()
and inL(H, D) (elk| > §8/2),forn=0,1,2,3

|97 G (e )| gy < e/ 1K1, (10)
[9¢ G (e, k) ||c<ﬂ,ﬁ>> < ce/lk|". (11)

The above gssumptions mean that thsolvent operator behaves likgklin £(H) and that we obtain a bound of
the norm inD in multiplying by k.

4. Assumptions on the non-linear term
We give in this section the assumptions on the non-linear term.
H5 (regularity of the non-linear terin We assume that

(i) Ne(uéo) =0, Vu €R,
(i) N e CK(D, H), and more precisely

N; e CK(B*(D), B (D)),
with k£ > 3 andN:(U) = No(U, U) + O(e) for |U |5 < M and whereV; is quadratic. We finally assume that
DN, (0)=0and

D"N,(0)=0@E""2), m=23.

Note that H5(i) implies the existence of the stationary solutidns) = u&p. We now search reversible solutions
of (5) of the formU = (u + w)éo + €Y, p§(Y) =0 (sinceU is reversible we deduce that is even and that
SY (x) = Y (—x)). Then we must compute the non-linear term for such a vé¢tdtfrom Hypothesis H5 there is a
smooth functionR, such that

Ne(uo+eY) =eRe(u,Y). (12)
From H5 the magR, : B (R) x B*(D) — BS(H) is C, k > 3 and satisfies
Re(u,Y)=uD;Y + Re(u,Y),
with D, € L(ﬁ, ﬁ) and(u,Y) — uD.Y € L(B5 (R) x B"(ﬁ), Bg‘(ﬁ[)). Moreover the following estimate holds for
1o
lullg + 1Yl <M

~ 1
IR < elYls(lullyg + 1Y 1l5)-
3# :
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Notice that the main term ok, isuD.Y. The linear mapD, introduced here plays an important role. Actually a
very important coefficient turns out to @zs;wsek), which is the coefficient of the lowest order non-linear term
in the equation for the Fourier transforin In order to obtain a local non-linear term in the equationfore need

to assume the following.

H6. Assume that the map— & (D.06) is continuous ik = 0 and
£X(Debi) =2co+ eye(k), co#0, (13)
wherek — y; (k) € Cf, (R, R) for e|k| <.

We add an assumption on the continuitykin= 0 in i of the coefficientDy N, (u&p).0r, whereas is not
continuous i in k = 0.

H7. We assume that— DyN; (uo).0x is in C3, (R, H) for |u| < ug ands|k| < 5.

5. Result

Before giving the result of this section, we define the functigtr) = —2/aco(1 + (x /a)?), which is the even
solution decaying as/k? at infinity of the Benjamin—Ono equation (see [4,7,2])

v+aH®) + acov2 =0.

With the hypotheses made in the previous sections the following result holds:

Theorem 5.1.Assume that, satisfiesH1-H3and H4 and that\, satisfiesH5, H6 and H7. Then for any0 <
a < 1, there existeg > 0 andug > 0 such that, for any < ¢ < gg and any0 < |u| < uge (if DyN;(u&p) .0k is
independent of thenO < |u| < uo), Eq.(5) has a reversible solutioty/, , which satisfies

Up,u () = (u + up (x)) €0 + Us u(x),

whereu,, is the Benjamin—Ono homoclinic and where the tefv’m, € le’“(R)so ® B*(D) (hence decaying as
1/x2 at infinity) is O(e + |u|e~1). Moreover, it Dy N: (u&o).6y is independent of, thenU, , = O(e + |ul).

In this theorem we state the existence of a family of solutions homoclinic to the stationary solaiions u&o
for Ju| small enough. Notice that the decay rate wher +oo of these solutions is polynomial.
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