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Abstract

We consider a single-type supercritical or near-critical size-dependent branching grégpssuch that the offspring mean
converges to a limitz > 1 with a rate of convergence of ord&§* as the population siz¥,, grows tooco and the variance may

change at the rawf, wherex > 0 and—1 < g < 1. The offspring mean depends on an unknown pararigtéat we estimate
on the non-extinction set by using the conditional least sguarethod. We prove the strong castsncy of the estimator @k
asn — oo under some general conditions on the asymptotic behavitiveoprocess. We also give ésymptotic distribution
for a certain class of size-dependent branching procegsegethisarticle: N. Lalam, C. Jacob, C. R. Acad. Sci. Paris, Ser. |
339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Estimation de la descendance moyenne d’un processus de branchement taille-dépendant supercritique ou presque-
critique. On considére un processus de branchement taille-dépendant ufiitypesupercritique ou presque-critique tel que
sa descendance moyenne converge vers une limitel & une vitesse de I'ordre dé% lorsque I'effectif de la populationV;,

tend vers l'infini et tel que sa variance évolue a la viteﬁgean > 0et—1< B < 1. Ladescendance moyenne dépend d'un
paramétre inconngg que I'on estime sur I'ensemble de non-extinction du processus a l'aide de la méthode des moindres carrés
conditionnels. On démontre la consistance forte de I'estimatet deandrn — oo sous des hypothéses générales concernant

le comportement asymptotique du processus. On donne aussi sa distribution asymptotique pour une certaine classe de proces:
taille-dépendantdour citer cet article: N. Lalam, C. Jacob, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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1. Introduction

We are concerned with the estimation of the offspring mean of a supercritical or near-critical size-dependent
single-type branching process in discrete time. For aeguo¥ inference for branching processes, see [1]. The size
N,+1 of the population at generatiary 1 is defined by

Ny
Npy1= Z Yoy1is (1)
i=1
whereY, 1 is the offspring size at generatiant 1 of thei-th individual from generation. The initial sizeNg
is given and we assume that, conditionallyfip= o (No, ..., N,), the{Y,+1,:}; are independently and identically
distributed (i.i.d.) with O< pyo + pnv1 < 1, forall N > 1, where{py;; j € N} is the offspring distribution, when
the population size equal€, and with the offspring meam (N) and variances2(N) when the population size
equalsN satisfying:

Al:forall N >1,m(N)=m+ f(N); |f(N)| < KN™* K <oo,a>0,m >1;

A2:forall N > 1,02(N) <02NP:0<o2 <00, -1< B <1,

A3:whenm =1, forall N > 1,m(N) > 1, the functionN — m(N) decreases to I — o2(N)/(N?(m(N) —
1)) is ultimately decreasing and satisfi§S o2(x)/(x?(m(x) — 1)) dx < co.

The size-dependent branching pess is called supercritical when> 1 and near-critical whem = 1.

We assume that(-) depends on a finite dimensidrand identifiable paramet®p that we estimate and on a
nuisance part depending on a paramegethat may be of infinite dimension. Denot&gN) by mgq, v, (N).

The estimatoéh,,w,U will minimize over6 the conditional least squares basedion i + 1 successive obser-
vations:

n
Sy w® = > (Ni—mo.(N—)Nee1) N3, (2)
k=h+1
wheremy_, (-) is the offspring mean in which is unknown,y has a given value that may dependmmandy € R.
One of the advantage of conditional least squares methodology is that it does not require the knowledge of the exac
law of {Y.;}i.» unlike methods based on the likelihood. The asymptotic properti&%,gfy,u},, will be studied on
the set of non-extinction,, = {lim,_ s N, # 0 a.s} by increasing: to oo, with eitherk or n — h fixed.

From Eq. (1),{N,}, follows the stochastic nonlinear regressive modgl; = m(N,)N, + n,+1, Where the
noisen,+1 = vaz”l[YnH,,» —m(N,)] is a martingale difference satisfyiri@;(n3+1|Fn) < oZN,}J”B. Estimation in
this setting has been studied by Lai [5] and Skouras {8]tbeir methods require coitihns that are difficult to
check in practice. In order to get the consistency, we will rather rely on a minimum contrast method [9] and the
rate of convergence will be obtained thanks to a central limit theorem [7].

2. Strong consistency of {éh,n,y,,,},, in the general model (A1, A2, A3)

Let (6g, vo) € O x R%, where® is a compact set iR, d; € N, d» € N whenv is of finite dimension otl; = N
whenv is of infinite dimension.

Let B = {0 = (61, ...,04) € ©: Y41, |6k — o] > 8}, wheres > 0.

Let v(N) = NY, where ¢ € R and define the two semi-normige(-)||,.0o = SUP, y1<k<n [ (Nk—1)| and

2(1—y)— 2(1—y)—y, 1 .
N2 = Y4 W2 Nee ) NS [0, NESTP771 for some function ().

Theorem 2.1. Assume the following conditions on the non-extinctiorzget
as.
(1) Bl:forall § > 0,lim,_, ., infoc ge | (mgo,0 (-) — mo v (DV()ln # O;
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B2: imM, -0 SURc B¢ | (mgg,v () — mo v (NV()ln,00 < 00 @.s.BlandB2 imply thatdp is uniformly asymptoti-
cally identifiable i mmeO »(+) at the exact rate(- ) forthe semi-normg|| - |ln}n;

(2) B3: 1M,y 00 [| (M5, (-) — M (DU [ln S0, 1.€. (mgg.00(-) — Mgy (-))v(-) is asymptotically negligibte

(3)B4: () (X —psa ,3(11 Y77y increases a.s. too, asn — 0o;

ii) there existsho such thaty 2, ,, NAA W rINftav=tsk  N20)- V) < oo a.s.(takehg = h
(ii) k=ho+1 Ni—1 k-1 I=h+1
when# is fixed;
4) B5: for all § > 0, for all N, sup.ge(mg, »(N) — mg ,(N)) is attained for somes3* (respectively,
99535 0, > N
infoe g (g0 (N) — mg ,(N)) is attained for somenh.
Then,{éh,n,yyv}n is strongly consistent.

Proof. The proof (detailed in [6]) relies on a sufficient condition concerning the minimum contrast method [9] and
on the martingale difference property{@¥; — mgg, vy (Nk—1)Ni—1}k [2]. O

Remark 1. Letag =1 and forn > 1, a,, = m" in the supercritical case,, = a,—1m(a,—1) in the near-critical case
and letW, = N,a;*. Under A1, A2 and A3, there exists an integrable random varigbgich that

im W, 2 W, P(W>0)>0 seo={W>0as}= { lim N, & oo]. 3)
n—o0 n— 00

In the near-critical casdy =" 1 (see Klebaner [4] for the proof in the supercritical case and Kersting [3] in the
near-critical one). Thanks to Toeplitz lemma, relationship (3) implies that we can rgplace); by {ax—1}« in
assumption B4.

Remark 2. Wheny = 1+ g andh is fixed, B4(ii) is always satisfied (see page 158 of [2]).

3. Strong consistency and rate of convergencein a subclass of model (A1, A2, A3)

We study the properties 6@ n,y,v — 6o properly normalized under the more accurate model

(Al A2, A3) which is a particular case of (A1, A2, A3), wherel: for all N > 1, moy(N)=m+0ON~* +
ro.»(N), wherem ande are assumed known angl, (N) = O(N~%) with @ > «;

A2: whenm > 1, for all N > 1,02(N) = azNﬁ — r+(N), and whenn = 1, for N large enoughg?(N) =

02NP —r (N),r(N)>0,rp .(N)=0o(NP),0< 0?2 <ocoand—1< B8 < 1.

LetB, = \/ZZ=h+1 akli-lﬁ+2(l—a)—2y, D, = ZZ:h_,_l af(_ll—a)—y and@,/l’n’y =B, Dn_l-

Let the assumptions i

C1: (i) lImy— oo SUR |re, v (N)|N* < 00;

(i) B5, i.e. for all > 0, for all N, SUR,cpe (may,»(N) — mg,,(N)) is attained for som@,, " (respectively
infoe g (a0 (N) — mg ,(N)) is attained for somey");

C2: () {1 atly @77}, increases too, asn — oo;

(i) there existsig such thad 2%, 414 alPrmyItprat sk aP T ") < oo

C3: (i) for all N, 6 +— 1y, (N) is twice continuously dlfferentlable |n a neighborhoodégfand there exist
M' <00, M" < oo such that sup|r's,, (N)|N* < M’ and sup ", (N)|IN* < M", forall N;

(i) for all N, sup, 9., (N) is attained for soméy " (resp. inf 5., (N) is attained for someil");

C4: when h s fixed, lim, o B, = 00;

C5:if v # vo, My oo[Y f— h41 a;f_l yoas O[]Bn_1 =0;




666 N. Lalam, C. Jacob / C. R. Acad. Sci. Paris, Ser. | 339 (2004) 663-666

Cé6:forallx € R, limpy— 00 iMy— 00 SUPy 4 1<k <n E(ngl{R,f>Bk2,nx2}|Fk—l) 2 0, whereRy = [Yk,1—mgg,vo(Nk—1)]
~Ya 1(—p+2m) 3[-p—2(1—e)+2y]

x m'gg,v (Nk—1) W, 1 ag_, andBy , = Bua;_4 (Lindeberg condition type).
According to the linear Taylor series expansion applied to the first derivative of the contrast (2):
h n, y(eh n,y,v —0o) = Ph,n,y,v[Qh,n,y,v]_la (4)

where Phn y,v = [Zk h+1Z,—1 [Ykl — Mgy, v(Ng— l)]m Ao, v(Ni— l)Nk 1 B_ th y,v = [m O,V (Nk—1) +
me, v (Nxk—1)m"q, »(Nk—1) — Nka_lm 0,1,U(Nk—1)]Nk_l Dt andg, € ]mm(eh,n,y,m 60), MaxBh.n,y.v, 60)[; the
symbol’ designates the derivative with respectto

Theorem 3.1. UnderC1and C2 0N e, My 00 Oh .0 = 6. Assume in additio€3to C6 on ex, then

2
. . t
im Phn,v<P, E[expitP)]= E[exp(——02W1+ﬁ+2(l_“)_2”>:|,
n—oo 77 2

“m thn,y,v ‘1':3- WZ(l—d)_)’.

n—o00

The best rate of convergence is attainedyfee 1+ 8, and for this value of, underg + 2o < 1, in the supercritical
1-—20 1-—20

case,®,,; , =0(, > ),andinthe near-critical casep, .  >a, > /n—h.Underp+2u=1a,, =
vn—h.

Proof. Strong consistency is a consequence of TheorelmaBd Remark 1. We establish that the asymptotic
distribution of{ P} ,,.,, v}, is @ mixture of Gaussian laws by using the asymptotic behavior of the process (3) and a
central limit theorem for random sums (Rahimov [7]). The proof of the a.s. lim{igaf, , »}, relies on (3) and a
strong law of large numbers (Hall and Heyde [2]). Details are given in [6].

Remark 3. Following the same reasoning, Theorem 3.1 also holds when estimating the unknown limit parameter
m in the supercritical modehk(N) = m 4+ O(N~%). The only amendment to make is to replac@espectivelyk)

by 0 (respectively) in conditions C1-C6 and in the statement of the theorem. Sin¢é) is not asymptotically
identifiable, we cannot estimate simultaneouslando (see [6]).
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