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Abstract

Let {εn(x)}n�1 be the sequence ofβ-digits of a real numberx ∈ (0,1), with the golden numberβ = (
√

5 + 1)/2 as basis.
For any 0� p � 1/2, any 0< τ � 1 and any real numbera, we consider the level set consisting of numbersx such that∑∞

n=1 (εn(x) − p)/nτ = a. We prove that the Hausdorff dimension of this set is independent ofa andτ , and that it is equa
to logf (p)/logβ wheref (p) = (1− p)1−p/((1− 2p)1−2ppp). To cite this article: A. Fan, H. Zhu, C. R. Acad. Sci. Paris,
Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Ensembles de niveau des β-développements. Soit{εn(x)}n�1 la suite deβ-digits du nombre réelx ∈ (0,1), avec le nombre

d’or β = (
√

5 + 1)/2 comme base. Pour tout 0� p � 1/2, 0< τ � 1 eta ∈ R, nous considérons l’ensemble de niveau qui
constitué desx tels que

∑∞
n=1 (εn(x) − p)/nτ = a. Nous prouvons que la dimension de Hausdorff de cet ensemble est ind

dante dea etτ , et qu’elle est égale à logf (p)/logβ oùf (p) = (1− p)1−p/((1− 2p)1−2ppp). Pour citer cet article : A. Fan,
H. Zhu, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Let β > 1 be a real number. It is well known that any numberx ∈ [0,1) has aβ-expansionx = ∑∞
i=1 εi(x)/βi

whereεi(x) = [βT i−1(x)], T (x) = βx (mod 1) being theβ-shift on [0,1) and[y] denoting the integral part of
real numbery (see [8,7]). We call{εn(x)}n�1 the sequence ofβ-digits of x. In this note we study the distributio
of theβ-digits for different numbersx whenβ = (

√
5+ 1)/2 is the golden number.

E-mail addresses: ai-hua.fan@u-picardie.fr (A. Fan), rendong77@yahoo.com.cn (H. Zhu).
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.09.026
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Let Sn(x) = ∑n
j=1 εk(x). We introduce the following sets:

E(p) = {
x ∈ [0,1): Sn(x) − np = o(n)

} (
p ∈ [0,1/2]),

L(p, τ, a) = {
x ∈ [0,1):

∑∞
k=1 k−τ

(
εk(x) − p

) = a
} (

p ∈ [0,1/2], 0 < τ � 1, a ∈ R
)
,

and we consider the Hausdorff dimensions of these sets. It is well known that dimE(p) = logf (p)/logβ with
f (p) = (1− p)1−p/((1− 2p)1−2ppp) (see [3], for example). Observe that the level setsL(p, τ, a) are disjoint
subsets ofE(p). However, we prove that they have all the same dimension asE(p).

Theorem 1.1. We have dimL(p, τ, a) = dimE(p) for all 0 � p � 1/2,0< τ � 1 and −∞ < a < +∞.

The result is a kind of refinement of Birkhoff ergodic theorem. Another kind of refinement is consi
in [2]. The method for proving the above theorem could be adapted for other Pisot numbersβ > 1 than the
golden number. For the dyadic expansion (i.e.β = 2), the functionf (p) must be replaced bypp(1 − p)1−p

where 0� p � 1. Wu [9] and Xi [10] studied the dyadic case withp = 1/2 (the mean value ofεn(x) with re-
spect to the Lebesgue measure) and proved that dimH L(1/2, τ, a) = 1. Earlier, Beyer [1] showed the inequali
dimH L(1/2, τ, a) � 1/2.

Our study gives a very partial contribution to the following general problem. Given any functionφ, we
considerSnφ(x) = ∑n−1

j=0 φ(T jx). For any ergodic invariant measureµ, the Birkhoff theorem asserts th
Snφ(x) − n

∫
φ dµ = o(n) for µ-almost allx. In [2], we have studied possible refinements by considering poinx

such thatSnφ(x)−n
∫

φ dµ � nτ with 0 < τ < 1. Another way to refine the Birkhoff theorem is to consider the
of points such that the series

∑∞
n=1 an(φ(T j x) − ∫

φ dµ) converges, wherean is a decreasing positive sequen
Our above theorem concerns nothing but the occurrence of digits, forφ is the characteristic function of the interv
[0, β−1]. The general case remains unsolved. Another special case is the trigonometric series

∑∞
n=1 an(e

2πi2nx −p)

wherep may be complex. It corresponds toβ = 2,φ(x) = e2πix . Whenp = 0 (the mean value ofe2πix with respect
to the Lebesgue measure), for any complex numbera there exists pointsx such that

∑∞
n=1 an(e

2πi2nx − p) = a

(see [6]). Little is known about the level sets of this series.

2. Preliminaries

Let an = n−τ . The sequence{an} shares the following property, the most useful one to us,

lim
n→∞an = 0,

∞∑
n=1

|an| = +∞,

∞∑
n=1

|an − an+1| < +∞. (1)

It is known [7] that for the golden numberβ , the set of sequences ofβ-digits coincides with the subshift o
finite typeΣA determined by the matrixA = ( 1 1

1 0

)
, with an exception of a countable set which will be taken

because the transformationT x = βx (mod 1) is Markovian. Letη : [0,1) → ΣA be the function, which associate
x to its β-digits {εn(x)}, is one-to-one except for a countable set and is strictly increasing whenΣA is endowed
with the lexicographical order.

Any finite or infinite sequence of 0 or 1 which does not contain the string 11 is said to be admissible. F
admissible sequence{εn}1�n�N , the β-interval I (ε1, . . . , εN ) is defined to be the set of allx ∈ [0,1) such that
εn(x) = εn for 1 � n � N . A natural metric onΣA is defined byd(ε, η) = β−n wheren is the largest integer suc
thatεi = ηi for 1 � i � n. Theβ-intervalI (ε1, . . . , εn) has a length of orderβ−n (see [4]).

Let J � 1 be a big fixed integer. We define the ‘killing map’T̂ :ΣA → ΣA by
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T̂ (ε1, ε2, . . .) = (η1, η2, . . .),

whereηn = 0 or εn according ton is a multiple ofJ or not. Notice that̂T is Lipschitzian. Then consider the ma
T : [0,1) → [0,1) defined byT = η−1T̂ η.

Lemma 2.1. We have dimH T E � dimH E for any set E ⊂ [0,1).

Proof. It suffices to notice that bothη andη−1 preserve the Hausdorff dimension and thatT̂ is Lipschitzian. �
Lemma 2.2 (Kaczmarz–Steinhaus [5]). Suppose that {an} is sequence of real numbers such that limn→∞ an = 0
and

∑∞
n=1 |an| = ∞ and that {pn} and {qn} be two sequences of real numbers such that −∆ � qn � −δ and

δ � pn � ∆ for some constants ∆ � δ > 0. Then for any real number a, there is a sequence {Rn} with Rn = pn or
qn such that

∑∞
n=1 anRn = a.

Proof. We may chooseRn inductively. Suppose thatR1, . . . ,Rn are chosen. We takeRn+1=qn+1 if
∑n

j=1 anRj>a;
otherwise we takeRn+1 = pn+1. �
Lemma 2.3. Let {εk}k�1 ∈ {0,1}N and {ak}k�1 ∈ R

N. For any integers n < m, denoting µ = 1
m−n

∑m
j=n+1 εj (i.e.

the frequency of 1) we have∣∣∣∣∣
m∑

k=n+1

ak(εk − µ)

∣∣∣∣∣ �
m∑

j=n+1

εj

m∑
k=n+1

|ak − ak−1|.

Proof. Let N = ∑m
j=n+1 εj . We may write

m∑
k=n+1

ak(εk − µ) = 1

n − m

[ ∑
k: εk=1

(n − m)ak −
m∑

k=n+1

Nak

]
.

Both sums at the right-hand side may be considered as sums ofai ’s with N(n − m) terms. Notice that for anyai

andaj with n < i < j � m we have

|ai − aj | �
j∑

k=i+1

|ak − ak−1| �
m∑

k=n+1

|ak − ak−1|.

So,|∑m
k=n+1 ak(εk − µ)| � N

∑m
k=n+1 |ak − ak−1|. �

3. Proof

We have only to prove dimL(p, τ, a) � logf (p)/logβ for 0 < p < 1/2. Take an infinite number of couple
of integers(J,W) such thatW/(J − 1) < p < (W + 1)/(J − 1). For such a fixed couple(J,W), we construct
a setFJ ⊂ [0,1] as follows. LetG′

J be the set of theβ-admissible sequences{εn}1�n�J of lengthJ such that

(i) ε1 = 0, εJ−1 = εJ = 0; (ii)
∑J−1

i=1 εi = W . Let G′′
J be the set of theβ-admissible sequences{εn}1�n�J of

lengthJ such that (iii)ε1 = 0, εJ−1 = εJ = 0; (iv)
∑J−1

i=1 εi = W + 1. For anyt � 1, let Λt = [J (t − 1) + 1,

J t −1]∩N andAt = ∑
i∈Λt

ai. We have
∑∞

t=1 |At | = ∞ and limt→∞ At = 0. Notice thatW/(J − 1)−p < 0 and
(W + 1)/(J − 1)−p > 0. By Lemma 2.2, for anyα ∈ R we can find a sequence{rt }t�1 with rt = W/(J − 1)−p

or (W + 1)/(J − 1) − p such that
∞∑

Atrt = α. (2)

t=1
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DefineGt = G′
J or G′′

J according tort = W/(J − 1) −p or (W + 1)/(J − 1)− p. Then defineG = ∏∞
t=1 Gt and

FJ to be the set of allx = ∑∞
n=1 εn/β

n with {εn}n�1 ∈ G. Now for {εn}n�1 ∈ G, we are going to show the conve
gence of the series

∑∞
i∈N\JN

ai(εi − p). Let Bt = ∑
i∈Λt

ai(εi − W/(J − 1)) or
∑

i∈Λt
ai(εi − (W + 1)/(J − 1))

according tort = W/(J − 1) − p or (W + 1)/(J − 1) − p. Then we have
∑

i∈Λt
ai(εi − p) = Bt + Atrt . By

Lemma 2.3, we have|Bt | < (W + 1)
∑

i∈Λt
|ai+1 − ai |. It follows that

∑∞
t=1 |Bt | < +∞. Thus

∑∞
t=1 Bt is con-

vergent. We denote its sum byγ . This convergence, together with (2), implies∑
i=1∈N\JN

ai(εi − p) =
∞∑
t=1

∑
i∈Λt

ai(εi − p) = γ + α. (3)

According to Lemma 2.2, we can find a new sequence{ε′
J i} taking in{0,1} such that

∞∑
i=1

aJ i(ε
′
J i − p) = a − (γ + α). (4)

Let EJ = η−1T̃ η(FJ ). By (3) and (4), we getEJ ⊆ La thenFJ ⊂ T La .
By Lemma 2.1, we have to estimate dimFJ from below. For 1� it � CardGt (1 � t � n), let Ui1i2···in =

[xi1i2···in , xi1i2···in + β−Jn] wherexi1i2···in = ∑Jn
k=1 εk/β

k with (ε1, ε2, . . . , εJn) ∈ ∏n
t=1 Gt . The intervalUi1···in is

nothing but theβ-interval I (ε1, . . . , εJn). SinceεJn−1 = 0, all these intervalsUi1i2···in are disjoint. We have th
expressionFJ = ⋂∞

n=1
⋃

i1i2···in Ui1i2···in . Define the set functionµ by

µ(Ui1i2···in ) = 1

(CardG′
J )un(CardG′′

J )vn
,

whereun is the number ofG′
J ’s in the sequence{G1, . . . ,Gn} andvn = n − un. We can extendµ to a Borel prob-

ability measure onFJ . Write µ(Ui1i2···in ) = |Ui1i2···in |sn wheresn = (un logCardG′
J + vn logCardG′′

J )/(nJ logβ).
Without loss of generality, we assume CardG′

J � CardG′′
J . Then

µ(Ui1i2···in ) � |Ui1i2···in |
logCardG′

J
J logβ .

This inequality remains true for general intervals instead ofUi1i2···in because the lengths of intervalsUi1i2···in
(n being fixed) are betweenc1β

−Jn andc2β
−Jn for some constants 0< c1 � c2. Then by the Frostman lemma, w

get dimH FJ � (logCardG′
J )/(J logβ). Notice that CardG′

J = (
J−3−W

W

)
is a combinatorial number; it is easy

compute limJ (logCardG′
J )/J = logf (p). SinceLa ⊃ EJ , we have proved the theorem.
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