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Abstract

In this Note, we give uniform elliptic estimates (uniform inε) for some elliptic problems written in a periodic porous medi
(of periodε) in Lp spaces. The domainωε is obtained by removing a grid of holes of sizeε from a smooth domainω. In
particular, we study the Dirichlet problem, the projection operator onto divergence-free vector fields as well as the Sto
operator. We also give estimates for the problem divv = f . To cite this article: N. Masmoudi, C. R. Acad. Sci. Paris, Ser. I
339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Estimations elliptiques uniformes dans un milieu poreux. Dans cette Note, nous présentons des estimations uniformeε
pour des problèmes elliptiques écritsdans un milieu poreux. Le domaineωε est un domaine perforé obtenu aprés l’eliminat
de trous de largeureε. Nous étudions en particulier le problème de Dirichlet, l’opérateur de projection sur les vecte
divergence nulle, et l’opérateur de Stokes. Nous donnons aussi des estimations sur le problème divv = f . Pour citer cet
article : N. Masmoudi, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Dans cette Note, nous nous intéressons à quelques problèmes elliptiques écrits dans un milieu poreux et n
montrons des estimations elliptiques dans des espaceLp qui sont uniformes enε. Le domaineωε est un domaine
avec des trous de largeurε et est défini dans (2). Les preuves détaillées seront données dans [6].

Ce genre d’estimations est en général trés simple à obtenir dansL2 et découle de l’estimation d’énergie (vo
par exemple (10)). En utilisant un résultat classique de Meyers [7], on peut étendre ces estimations aux

E-mail address: masmoudi@cims.nyu.edu (N. Masmoudi).
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.10.007



850 N. Masmoudi / C. R. Acad. Sci. Paris, Ser. I 339 (2004) 849–854

ésultats

ons (6) et
les dans

lème est
ème 3.1,
on
[2].

7)
Ces

es que la

m. The

sult
in this

extend
e we

-
prove
ular
with the
tion

h
of

should
Lp pourp proche de 2. Dans cette note, on ne va pas utiliser l’idée de Meyers puisqu’on veut avoir des r
valables pour toutp, 1< p < ∞.

On commence par le problème de Dirichlet (3) et nous démontrons dans, le Théorème 2.1, les estimati
(7) qui sont uniformes enε. La preuve de ce théorème est basée sur trois ingrédients : des estimations loca
chaque cellule qui permettent de démontrer (22), desestimations au bord ainsi qu’une estimation globale.

Le deuxiéme problème concerne la projection sur l’espace des vecteurs de divergence nulle. Ce prob
lié à l’équation de Poisson avec une condition de Neumann au bord (9). Nous montrons, dans le Théor
une estimation uniforme enε. L’idée de la preuve du théorème précèdent ne s’applique pas ici, due aux effets n
locaux. La preuve est plutôt basée sur des estimationssur la fonction de Green. On procéde alors comme dans
On ramène le problème à une estimation sur∇x∇yGε(x, y) (voir (25)). On utilise l’équation homogénéisée (2
pour déduire de la régularité sur le système initiale et démontrer des estimations sur la fonction de Green.
estimations de régularité sont semblables à celles dans [1].

On étudie aussi l’opérateur de Stokes et on énonce le Théorème 4.2 dont la preuve suit les mêmes lign
preuve du Théorème 3.1.

Finalement, nous donnons une application relative à l’équation divv = f .

1. Introduction

In this Note, we present several uniform estimates for some elliptic problems written in a porous mediu
proofs will be given in [6]. The term uniform refers to the size of the cells which is also equal to the sizeε of the
holes. These estimates are usually very easy to get in theL2 setting by an energy method. Extending the re
to theLp setting is not as obvious and to the best knowledge of the author no substantial result is known
direction for perforated domain. Let us only mention that using the classical ideas of Meyers [7], we can
theL2 estimates toLp estimates forp close to 2. However, we will not use the ideas of Meyers, here, sinc
will prove estimates for allp, 1< p < ∞.

Moreover, we will give uniform higher regularity results inWm,p . The first problem we will study is the Dirich
let problem. In theL2 setting the result is well known and only uses global energy estimates (see [3,8]). We
that the same result holds in anLp setting. The proof is based on local regularity (regularity in each partic
cell), uniform boundary regularity and some global estimates. The second and the third problems deal
projection operator onto divergence-free vector fields andthe Stokes operator. Finally, we also study the equa
divv = f .

We define a porous medium as the periodic repetition of an elementary cell of sizeε in a bounded smoot
domainω of R

N . Let Y = ]0,1[N be the unit open cube ofRN and letYs (the solid part) be a closed subset
Y with a smooth boundary. Then, we define the fluid part byYf = Y − Ys . By repeating the domainYf by Y
periodicity we get the fluid domainEf , which can also be defined as

Ef = {y ∈ R
N | ∃k ∈ Z

N , such thaty − k ∈ Yf }. (1)

It is easy to see thatEf is a connected domain. For allk ∈ Z
N , we denoteYk

s = Ys + k (the holek), Yk
f = Yf + k

(the cell k) andYk = Y + k. In the sequel the cellk will be denotedCk = Yk
f = Yf + k. We also define an

extended cell̃Ck = Ỹf + k whereỸf is an open set ofEf which contains the closure ofYf is Ef . Next, we define
an extended cell of̃Ck , namelyĈk = Ŷf + k whereŶf is an open set ofEf which contains the closure of̃Yf

in Ef . Hence, we can find a cut-off functionφ ∈ C∞ such that supp(φ) ⊂ Ĉk andφ ≡ 1 onC̃k .
Finally, for all ε, we can define the domainωε as the intersection ofω with the fluid domain rescaled byε,

namelyωε = ω ∩ εEf . However, for some technical reasons and to get a Lipschitz connected domain, we
not remove the solid parts which intersect the boundary. So we define

ωε = ω − {εYk
s , where, k ∈ Z

N, εĈk ⊂ ω}. (2)

We also denoteKε = {k | εYk ⊂ Ω}.
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2. The Dirichlet problem

We consider the following Dirichlet problem written inωε{
�u = f in ωε,

u = 0 on∂ωε

(3)

wheref is a given function or distribution defined inωε . It is well known that iff ∈ H−1(ωε) then there exists
uniqueu ∈ H 1

0 (ωε) satisfying (3). Moreover,

‖∇u‖L2(ωε)
� ‖f ‖H−1(ωε)

and ‖u‖L2(ωε)
� ε‖f ‖H−1(ωε)

(4)

where here and below we denotea � b if a � Cb for some constantC independent ofε andf . On the other hand
if f ∈ L2(ωε) then there exists a uniqueu ∈ H 2 ∩ H 1

0 (ωε) satisfying (3). Moreover,

‖∇u‖L2(ωε)
� ε‖f ‖L2(ωε)

and ‖u‖L2(ωε)
� ε2‖f ‖L2(ωε)

. (5)

One natural question is whether we can extend the above two results to the case we replaceL2 by someLp

(1 < p < ∞) and also whether we can get higher regularity. Of course,Lp estimates are available sinceωε is a
regular domain, however what we are really interested in is proving estimates which are uniform inε. We have the
following theorem

Theorem 2.1. (1) For all f ∈ Lp(ωε), there exists a unique u ∈ W2,p ∩ W
1,p
0 (ωε) satisfying (3). Moreover,

‖D2u‖Lp(ωε) + 1

ε
‖∇u‖Lp(ωε) + 1

ε2
‖u‖Lp(ωε) � ‖f ‖Lp(ωε). (6)

(2) For all f ∈ W−1,p(ωε), there exists a unique u ∈ W
1,p

0 (ωε) satisfying (3). Moreover,

‖∇u‖Lp(ωε) + 1

ε
‖u‖Lp(ωε) � ‖f ‖W−1,p(ωε)

. (7)

The second theorem concerns higher regularity estimates, we have

Theorem 2.2. For all f ∈ Wm,p(ωε), where m is an integer, there exists a unique u ∈ Wm+2,p ∩ W
1,p

0 (ωε) satis-
fying (3). Moreover,

‖Dm+2u‖Lp(ωε) �
m∑

i=0

1

εi
‖Dm−if ‖Lp(ωε). (8)

3. The projection operator

For all vector fieldf defined fromωε to R
N , f ∈ Lp(ωε) we can define the projection off onto divergence-fre

vector fields which also have a vanishing normal component, namelyf = Pf + Qf whereQf = ∇π and{
�π = divf in ωε,

(f − ∇π) · n = 0 on∂ωε
(9)

wheren is the normal vector to∂ωε . As in the Dirichlet case, theL2 estimate is straightforward and can be ded
from the energy, namely

‖Pf ‖2
L2(ωε)

+ ‖Qf ‖2
L2(ωε)

= ‖f ‖2
L2(ωε)

. (10)

We also have the followingLp estimate for all 1< p < ∞
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Theorem 3.1. For all f ∈ Lp(ωε), we have the following estimate

‖Pf ‖Lp(ωε) + ‖∇π‖Lp(ωε) + ‖π‖Lp(ωε) � ‖f ‖Lp(ωε). (11)

4. The Stokes problem

We consider the following Stokes problem written in the perforated domainωε
−�u + ∇π = f in ωε,

divu = 0 in ωε,

u = 0 on∂ωε.

(12)

As in the Dirichlet problem, theL2 estimate is straightforward and canbe deduce from the energy, namely

‖∇u‖L2(ωε)
� Cε‖f ‖L2(ωε)

.

Theorem 4.1. (1) For all f ∈ Lp(ωε), there exists a unique u ∈ W2,p ∩ W
1,p
0 (ωε) and π ∈ W1,p(ωε), satisfying

(12). Moreover,

‖D2u‖Lp(ωε) + 1

ε2
‖u‖Lp(ωε) + ‖∇π‖Lp(ωε) + ‖π‖Lp(ωε) � ‖f ‖Lp(ωε). (13)

(2) For all f ∈ W−1,p(ωε), there exists a unique u ∈ W
1,p

0 (ωε) and π ∈ Lp(ωε) satisfying (12). Moreover,

‖∇u‖Lp(ωε) + 1

ε
‖u‖Lp(ωε) + ‖∇π‖W−1,p(ωε)

+ ε‖π‖Lp(ωε) � ‖f ‖W−1,p (ωε)
. (14)

The second theorem concerns higher regularity estimates, we have

Theorem 4.2. (1) For all f ∈ Wm,p(ωε), where m is an integer, there exists a unique u ∈ Wm+2,p ∩W
1,p

0 (ωε) and
π ∈ Wm+1,p(ωε) satisfying (12). Moreover,

‖Dm+2u‖Lp(ωε) + ‖Dm+1π‖Lp(ωε) �
m∑

i=0

1

εi
‖Dm−if ‖Lp(ωε). (15)

5. The equation divv = f

As a simple application, we can prove the following result and we refer the reader to [4] for a proof wit
uniform bound.

Lemma 5.1. For all ε > 0, there exists a linear operator L = Lε

L : Lp

0 (ωε) =
{
f ∈ Lp(ωε)

∣∣∣ ∫
ωε

f = 0

}
→ W

1,p

0 (ωε) (16)

such that v = L(f ) solves the equation

div(v) = f in ωε, v = 0 on ∂ωε (17)

and the following estimate

‖L(f )‖
W

1,p
(ω )

� 1‖f ‖Lp(ωε) (18)

0 ε ε
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holds for all 1 < p < ∞. Moreover, if f ∈ Lp(ωε) can be written as f = div(g) where g ∈ Lr(ωε) and g · n = 0
on ∂ωε for some r > 1 then

‖L(f )‖Lr(ωε) � ‖g‖Lr (ωε). (19)

6. Ideas about the proofs

6.1. Sketch of proof of Theorem 2.1(1)

We start by rescaling the problem inΩε = 1
ε
ωε and defineU(x) = 1

ε2 u(εx) and F(x) = f (εx). HenceU

satisfies the following equation{
�U = F in Ωε,

U = 0 on∂Ωε.
(20)

Now each rescaled cell has a size 1. By a simple scaling argument Theorem 2.1 is equivalent to the followi
estimate

‖∇2U‖Lp(Ωε) + ‖∇U‖Lp(Ωε) + ‖U‖Lp(Ωε) � ‖F‖Lp(Ωε). (21)

To prove (21), there are three steps, namely proving interior estimates, proving boundary estimates an
proving a global estimate. First, by looking at each cell separately, we can prove the following interior estimate

‖U‖W2,p(
⋃

k∈Kε
C̃k)

� ‖F‖Lp(Ωε) + ‖∇U‖Lp(Ωε) + ‖U‖Lp(Ωε). (22)

Then by looking at the boundary, we can prove that

‖U‖W2,p(Ωε−⋃
k∈Kε

Ck)
� ‖F‖Lp(Ωε) + ‖∇U‖Lp(Ωε) + ‖U‖Lp(Ωε). (23)

Putting these two estimates together, we see that we only need to prove that‖U‖Lp(Ωε) � ‖F‖Lp(Ωε). This global
estimate can be deduce (in the case 2< p < ∞) from the multiplication of (20) by|U |p−2U and an integration by
parts. The case 1< p < 2 can be treated by duality.

6.2. Sketch of proof of Theorem 3.1

The method used in the proof of Theorem 2.1 does not apply here. This is due to the strong non loca
Instead we will prove estimates on the Green functionGε by using the homogenized problem as in [1,2].

Let Gε(x, y) be the Green function of the Poisson problem with Neumann boundary condition{
�xGε(x, y) = δx=y − 1

|ωε | in ωε,

∂Gε

∂nx
= 0 on∂ωε.

(24)

Hence, ifπε solves (9), then

∇πε(y) = −
∫
ωε

f (x) · ∇x∇yGε(x, y)dx. (25)

Hence, we have to estimate∇x∇yGε(x, y). To do so, we have to introduce the homogeneized problem of (9).
f ∈ L2. Let χi be the solution of{

�yχ
i = 0 in Yf ,

∇ χi · n = −e · n on∂Y .
(26)
y i f
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r-

4.

(3)
Then, extendingπε in the holes as in ([5], p. 88) and using compensated compactness, we deduce thatπε ⇀ π0 in
H 1(ω) whereπ0 is a solution of{

div(A∇π0) = div(A∇f ) in ω,

A(∇π0 − f ) · n = 0 on∂ω
(27)

and the matrixA is given byAij = ∫
Yf

δij + ∂jχ
i . Let G0(x, y) be the Green function of (27). Arguing as in [2

we prove that∇x∇yGε(x, y) behaves like(I + ∇χ(x
ε
))(I + ∇χ(

y
ε
))∇x∇yG0(x, y) in the interior ofω. We have

also to construct a special corrector to deal with the boundary.
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