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Abstract

Every 4-manifold with trivial tangent bundle admits an Engel structloeite thisarticle: T. Vogel, C. R. Acad. Sci. Paris,
Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé
Une construction des structures d’EngelToute variété de dimension 4 dont le fibré tangent est trivial admet une structure

d’Engel.Pour citer cet article: T. Vogel, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Une structure d’Engel est un champs de plans différentiBldeir une variété de dimension 4 qui satisfait les
conditions

randD, D] = 3, randD, [D, D]] = 4.

On note ici[D, D] I'ensemble des vecteurs tangent®aju’on peut obtenir comme commutate{ixs Y] pour des
sections locale¥, Y deD. Les structures d’Engel sont stables au sens de la théorie des singularités. Il y a peu des
types des distributions qui soient stables en ce sens. Ce sont les champs des droites, les structures de contact sur
variétés de dimension impaire, les stiures de contact paires sur les variééslimension paire et les structures
d’Engel en dimension 4 [6]. En particulier, les structures d’Engel sont une spécificité de la dimension 4. Ces faits
sont une motivation pour I'étude des structures d’Engel.

A chaque structure d’Engé?! sur une variétd/, on peut associer des distributions

WcDhDcécCTM (1)
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ou & = [D, D] est une structure de contact paire/®8test un champ de droites associé.d_e feuilletage induit
est tangent @ et est appeléeuilletage caractéristiqude D. Il ne dépend que d&. Sur une hypersurfacl qui
est transverse B on a une structure de conta&# N £ et un champs de droitesH N D tangent a la structure
de contact suf . Ces droites sont appelégwites d’intersectionSi M est orientée on obtient une orientation de
W et deT H N £. Dans ce cas, une orientation feinduit une orientation des droites d’intersection #lrEn
utilisant (1) on obtienta proposition suivante :

Proposition 0.1. Si M est une variété orientable qui admet une structure d’Engel orientable, le fibré tangent de
M est trivial.

Dans [5] cette proposition est attribuée a V. Gershkovie résultat principal de [8] annoncé dans cette Note
est la réciproque de la Proposition 0.1.

Théoreme 0.2. Une variété de dimension quatre dont le fibré tangent est trivial admet une structure d’Engel
orientable.

La preuve du Théoréme 0.2 utilise la décompositibune variété en anses rondes. Une anse ratidde
dimension et d’indicek € {0, ..., n — 1} est definie paR; = D*¥ x D"*~1 x §1. On attacheR; & une variété
M & bord en utilisant o plongement dé_ R, = 9 D* x D" %1 x s dansaM.

Soit M une variété fermée de dimension 4 dont le fibrégnt est trivial. On fixe une décomposition deen
anses rondes. Une telle décompositigisi grace au théoréme suivant.

Théoréme 0.3(Asimov [1]). Si M est une variété fermée et connexe de dimensigr8, elle admet une décom-
position en anses rondes si et seulement si sa caractéristique d’Euler est nulle.

Sur les anses rondes on fixe des structures d’Engel orientables qui serviront comme modeéles. On choisit les mc
deéles tels que leurs feuilletages caractéristiques soient transvérsRg @t ad, R, = d Ry \ 0_ R;. Les feuilletages
caractéstiques sont orientées de fagon qu’ils sorte®iq®ar d Ry et rentrent pab_ Ry.

Soit M’ une variété munie d’'une structuré&Edigel dont le feuilletage caractéristique est transverse au bord et
sort le long dedM’. On fixe une des structures d’Engel modéles Buret un plongement :9_R; — dM’. Si
Y préserve les structures de contact avec leurs orientations et les droites d‘intersection orientées on obtient un
structure d’Engel différentiable s’ Uy, Ry.

Pour la preuve du Théoreme 0.2 on ateadbs anses rondes dans la décompositiodden anses rondes
I'une apreés l'autre. On montre qu’a chaque étape on pedlifier les fonctions de recollement des anses rondes
et qu'il est possible de choisir une structure d’Engel kanse ronde telle que les conditions sur la fonction de
recollement soient satisfaites. Une difficulté importante est de construire un ensemble assez grand de structure
d’Engel modéles sur les anses rondes.

Une démonstration detaillée du Théoet?2 sera publiée ultérieurement [9].

1. Introduction

An Engel structure is a smooth maximally non-intedegtlane field on a 4-manifold. Engel structures arise
for example as generic germs of plane fieldskh The perturbation of an Engel structure is again an Engel
structure if the perturbation is small enough in the stréRgtopology. Around every point of a manifold with an
Engel structureD, there are coordinates y, z, w such thatD is the intersection of the kernels of & x dy and
dx — wdy. This normal form for Engel structures is due to Rgel [3]. In particular, Engel structures are stable in
the sense of singularity theory.
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There are only a few types of distributions with this stability property. In dimensidime stable germs of
distributions arise for distributions of rattk= 1 ork = n — 1 for arbitraryn or if k = 2 andn = 4, cf. [6]. The case
k = 1 corresponds to foliations of rank 1 while the case n — 1 is realized by contact structuresiifis odd and
by even contact structuresiifis even. Ifk = 2 andn = 4, the stable distribution germ is an Engel structure. Even
among the distributions with stable germs, Engel structures appear to be special due to their exceptional appearanc
in dimension 4. This motivates the study of Engel structures.

As we explain in Section 2, an Engel struct@en a 4-manifoldV induces a flag of distributions

WcDhDcécCcTM (2)

where each distribution has corank 1 in the distributioits right. Taking orientations into account one can show
the following proposition.

Proposition 1.1.An orientable4-manifold which admits an orientable Engel structure has trivial tangent bundle.

This proposition can be found in [5], where it is attriedtto V. Gershkovich. Up to now one can find only few
examples of closed Engel manifolds in the literatutfe [& 6]). The main result of [8] announced in this Note is
the converse of Proposition 1.1.

Theorem 1.2.Every4-manifold M with trivial tangent bundle admits an orientable Engel structure.

In the following sections we discuss Theorem 1.2 amother result from [8]. Detailed proofs will be published
elsewhere [9].

2. Properties of Engel structures

In this section we give the definition of Engel structures and we explain some properties which will be used in
the discussion of our results. Whén D’ are distributions o/, then[D, D] at p € M consists of those tangent
vectors ofM which can be obtained by evaluation of the commutpXqrX’] of local sectionsX of D andX’ of D’
atp.

Definition 2.1. A plane fieldD on a 4-manifoldV is anEngel structuref

ran{D,P]=3 and rankD,[D,D]]=4.

In our discussion we shall also encoeintontact structures and even conttoiictures. Let us recall the defini-
tions.

Definition 2.2. A distributionC of hyperplanes on a manifold of odd dimension{1 is acontact structuref it
is locally defined by a 1-formx with the propertyx A da* # 0.

A field £ of hyperplanes on a manifold of even dimensi@ri2aneven contact structuréit is locally defined
by a 1-forma such that the restriction ofudto £ = ker(o) has maximal rank.

To each Engel structurB on M we associat€ = [D, D], which is an even contact structure, and the charac-
teristic foliationV of £. By definition, WV is the only line field tangent t6 which satisfie§WV, £] C £, i.e. every
flow tangent toWV preserves . Using this property one can show that C D. Hence we obtain (2).

A classical construction of Engel structures is callealgngation. It is described in the following example.
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Example 1.Let N be a 3-dimensional manifold with contact struct@reConsider the projectivizatioBC of C
consisting of 1-dimensional subspacegoThusPC is a fiber bundle oveN with fiber RP1. We denote the bundle
projection byr and Legendrian lines by. The distribution ori?C

De = {v € T, PC | w4 (v) ekforAePC}

is an Engel structure. The induced even contact structurgjrs(Z) and the characteristic foliation corresponds to
the fibers ofPC.

Another construction due to Geiges [4] yields an Engel structure on the mapping torus of a diffeomorphism of
a 3-manifold if the mapping torus has trivial tangent bundle.

Let D be an Engel structure oM and H a hypersurface transverse to the characteristic foliatdnThen
T H N ¢ is a distribution of rank 2 and it is easy to show tiid N £ is a contact structure. It follows from) ¢ D
and transversality th&t H N D is a line field tangent to the contact structure. We ref@t #bN D as thentersection
line fieldon H.

An orientation ofyY) andD induces an orientation of the intersection line field. Contact structures in dimension
3 induce an orientation of the underlying manifold. Therefore an orientatid® tdgether with the contact orien-
tation on local transversals induces an orientatioMoff X, Y is a local frame fofD, thenX, Y, [X, Y] is a local
frame for€ and the orientation defined by this frame is independent of the choikelof ThusE has a preferred
orientation.

Let M be an oriented manifold with an oriented Engel strucfirand fix an auxiliary Riemannian metric on
M. We orientWV such that the contact orientation of local transversals followed by the orientatign isfthe
orientation of the manifold. We choose an orthonormal fran¥ingX, Y, Z of M such that spans and orients
W, X spans and orients the orthogonal complemem/df D, Y spans the orthogonal complementdfn £ and
Z spans and orients the orthogonal complemest iof 7 M.

This proves Proposition 1.1. We refer to the framings we have just constructenbas framingsAll Engel
framings associated tB are homotopic since they depend only on the choice of the Riemannian metric.

We finish this section explaining a geometric interpretation from [6] of the conditiofiZhd?] = £ is a bundle
of rank 3. Suppose that the hypersurfatés transverse tdV and letW be a vector field tangent %/ which does
not vanish along?. Consider the imagé/, of H under the local flonp; of W at timer. By the definition oW,
the flowg; preserveg. Then the image of the intersection line field Hpunderg_; is a Legendrian line field on
H which rotates without stopping asncreases.

3. Ouitline of the proof of Theorem 1.2

We give only a short outline of the proof of Theorem 1.2. Detailed proofs of the results presented in this Note
will be published in [9].

For open 4-manifolds with trivial tangent bundle one can use Gronmiepisnciple for open differential relations
which are invariant under the action of the group of diffeomorphismd p€f. [2]. This yields Engel structures on
open 4-manifolds with trivial tangent bundle. From now on we consider a closed mamifdidthis situation, the
proof relies on round handle decompositions.

A round handle of dimensiom and indexk € {0, ...,n — 1} is defined to beRy = D* x D" *~1 x §1. Round
handles are attached to manifolds with boundary using embeddidgsRpf= 3 D¥ x D" %=1 x §linto aM. We
say thatM admits a round handle decompositionf can be obtained from the disjoint union of several round
handles of index 0 by successively attaching round handles.

Theorem 3.1(Asimov [1]). A closed connected manifold of dimensiog 3 admits a round handle decomposition
if and only if its Euler characteristic vanishes.

The analogous statement in dimension 3 is wrong [7].
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For the proof of Theorem 1.2 we fix model Engel strucsuwa round handles of dimension 4 whose characteris-
tic foliation W is transverse td_ R, ando; R,y = d Ry \ 9— R, andWV is oriented such that it points outwards along
0+ Ry and inwards along_ Ry for k =0, 1, 2, 3. One of the main difficulties in our proofis to construct sufficiently
many model Engel structures on round handles. It is #gtpassible to choose the model Engel structures such
that the contact structure @n R, depends only on the index.

Example 2.0n Ry = D! x D? x S! we use the coordinatason D1, y1, y» on D? andr on S1. The distribution
spanned by

 y1 0 4 9 x 0 X = cos1) d d +sin) x 0 d
Tt 20y 8y, 20x - Y2551 ox 20y1 9y2
is a model Engel structure ay . The characteristic foliation is spanned and orientediby

Let M be a closed connected manifold with trivial tangent bundle. In particular, the Euler characterigtic of
vanishes and we can fix a round handle decomposition by Theorem 3.1. We may assume that there is only ong
round handle of index 0 respectively 3dathat the round handles are ordered according to their index. We shall
construct an Engel structure @ by successively attaching round handles and extending an Engel structure to the
new round handlebody.

Suppose that we have constructed an oriented Engel structure on theMinioM of the first/ round handles
such that the characteristic foliation is transversé® and the induced contact structure @M’ is overtwisted.

Since we assumed that there is only one round 0-haddi,is connected and we can orient the characteristic
foliation such that it points outwasdalong the boundary. In addition, wesaime that the Engel framing extends
from M’ to M. This is a necessary condition for the existence of an Engel structuvewhich is an extension of
the Engel structure o’.

Now we need to attach the next round hanglje Let v :9_ R, — dM’ be an embedding and equi with a
model Engel structure. If preserves the contact structures together with their orientations and the homotopy class
of the intersection line fields, then it is possible to obtain an Engel structub# oy, R such that the boundary is
transverse to the characteristic foliation. The Engel structurd afy, R, coincides with the model Engel structure
on Ry and its restriction ta\’ is homotopic through Engel structures to the Engel structurg&6such that the
even contact structure is constant.

In order to find an attaching map f&;. which satisfies these conditions, we isotgpand we choose the model
Engel structure oy, suitably. For the construction of the isotopy one uses several tools from the theory of contact
structures like stabilization of Legendrian curves and convex surfaces. At this point the flexibility of overtwisted
contact structures is useful.

Recall that the contact structures @nRy, induced by all our model Engel structures are equivalent. Once we
have achieved that the attaching mapRefpreserves contact structures, we choose the model Engel structure on
Ry suitably in order to ensure that théaching map preserves the orientations of the contact structures and the
homotopy class of the intersection line field. The proof that there is such a model Engel structure uses the fact tha
the Engel framing extends from’ to M’ U R;.

In order to iterate the construction, it remains to ensure that the contact structufé_oR;, is overtwisted and
that the Engel framing extends froM’ U R, to M. The proof in [8,9] of the last assertion relies on the fact that
there is only one round 3-handle and it reggithat the Engel framing on the unidfy of all round handles of
index 0 and 1 is homotopic to the restriction of an auxiliary framing/ofit is possible to choose the model Engel
structures orRp and R1 such that the Engel structure o4y satisfies this condition.

4. Connected sums of Engel manifolds

We finish this Note with the discussion of another theorem from [8] which can also be proved using round
handles and model Engel structures. A detailed exposition will appear in [9].
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Notice that the connected sum of two Engel manifditis M> does not admit an Engel structure since the Euler
characteristic of\/1#M> is —2. This can be corrected using an additional summgie $2. WhenM; and M>
are parallelizable, then so M1#M>#(S2 x §2). In this situation Theorem 1.2 guarantees the existence of an Engel
structure onM1#M>#(S? x §2). The advantage of the following Theorem 4.1 is that we obtain an Engel structure
which is closely related to the original Engel structures\bnand Mo.

Theorem 4.1.Let (M1, D1) and (M2, D) be Engel manifolds such that the characteristic foliations of both Engel
structures have closed transversdlg respectivelyHs. Then Mi#Mo#(S? x §2) admits an Engel structur®
which coincides witiD; and D2 away from tubular neighborhoods éf; and H». The characteristic foliation of

D also admits a closed transversal.

Notice that one can iterate Theorem 4.1. The condition that the characteristic foliafipn ot 1, 2, admits a
closed transversal can be replaced by an assumption on the number of full tviistaimund a leaf o¥V; in &;,
cf. the interpretation of the conditid®, D] = £ in Section 2.

In Theorem 4.1 we make no orientability assumption but let us assume for simplicity that the characteristic
foliations are oriented. In order to prove Theorem 4.1 welMdytilong H1 andM» along H2. We equipR1 with the
model Engel structure from Example 2, aRg with a similar model Engel structure. Then we attdthto those
boundary components where the characteristic foliation points outwards and we Riteckhe other boundary
components (using an embeddingdgfR,) such that we obtain an Engel manifold whose boundary is transverse
to the characteristic foliation and has two diffeomorphic connected components. After one identifies these two
components, one obtains a closed Engel manifold which is diffeomorphg#d/o#(S? x $2).

If C is a contact structure on a 3-manifold which is trivial as a bundle, then the Engel strirgtuoe PC from
Example 1 satisfies the hypothesis in Theorem 4.1. Yipgl Theorem 4.1 to the prolongation of the standard
contact structure of® one obtains an Engel structure on

My = (k + 1)(S3 x SH#k(S? x §?)

for all k > 1. One can prove that it is impossible to find an Engel structuréf@rusing prolongation or the
construction of Geiges, although Theorem 1.2 applies, of course.
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