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Abstract

For a classical Hamiltonian with a finite group of symmetries, we give semi-classical asymptotics in a neighbourhood of an
energyE of a regularized spectral density of the quantum Hamiltonian restricted to symmetry subspaces of Peter—Weyl defined
by irreducible characters of the group. If we suppose that the energy3gvés compact, non-criticaland that its periodic
orbits are non-degenerate, we get a Gultewtype formula for the reduced Hanmitian, whose oscillating part involves the
symmetry properties of closed trajectoriesXf. To citethisarticle: R. Cassanas, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Résumé

Une formule de type Gutzwiller pour un hamiltonien réduit en présence de symétries. Pour un hamiltonien classique
comportant des symétries issues d’'un groupe fini, on donne le comportement semi-classique au voisinage d'urtg, énergie
d’'une densité spectrale régularisée pourniiltonien quantique restreint aux espadessymétries de Peter—\Weyl définis par
les caracteres irréductibles du groupe. Supposant que le niveau d'éBgrgi®t compact sans point critique, et que ses orbites
périodiques sont non dégégés, on obtient pour I'opérateur restreint unerfole du type Gutzwiller, dont la partie oscillante
fait intervenir la symétrie des orbites périodiquesXje. Pour citer cet article: R. Cassanas, C. R. Acad. Sci. Paris, Ser. | 340
(2005).
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Version francaise abr égée
Cette Note s’inscrit dans la lignée des articles de Helffer, Robert et EI Houakmi [4,6]. On se donne un sous-
groupe finiG du groupe orthogonad (d) et un hamiltonien lisséf : R% — R vérifiant :
VeeG, VzeR¥, H(M(g)z)=H(z). 0OUM(g)(x,£):= (gx,gé). (1)
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A cette actionM de G sur I'espace des phasi$?, on associe une actiald de G sur L2(RY) (voir (4)). Sous
I'hypothése (1), étant donné un caractgrelu groupeG, le quantifié de Weyl de4, noté H, commute avec le
projecteur de Peter-Weyl, construit comme moyenne barycentrique ﬂﬁé@), et dont I'expression est donnée
en (6). On note anréfX la restriction deff a 'espace de symétrief( (R := Py (LZ(R%)). Le hamiltonien réduit
ﬁx est alors autoadjoint smlrf( (R9). LorsqueE € R et H Y([E —8E, E +8E]) est compact (08E > 0), ¢ étant

une fonction lisse a support dafs — §E, E + S E|, w(ﬁx) estatrace. Sien outrﬁ est lisse a support compact,
et si le niveau d’énergi®r := { H = E} est sans point critique, on donne une asymptotique de la densité spectrale
régularisée réduitg, (k) := Tr(y (H,) f ((E — Hy)/h)) lorsqueh tend vers zéro.

Dans sa these de doctorat, Zahra El Houakmi a etudié I'asymptotiqéig(@ée pour donner le comportement
semi-classique de la fonction de comptage des valeurs propf’é)@ dans un intervalle dR donné (voir [3], ainsi
que [4] dans le cas d'un groupe compact). Pour cela, elle a supposé éfaé supportée prés de zéro. Ici, on ne
fait pas de restriction sur le support (compact) feLa quantitég, (h) posséde alors une asymptotique faisant

intervenir des termes oscillants de la formé e hkck(f).
On retrouve ainsi les résultats d’El Houakmi lorsgfi@st supportée prés de zéro (cf. Theorem 2.1). On fait
par ailleurs une hypothése de non-dégénérescence sur esialiites périodiques du systéeme classique du niveau
d’énergieXz qui ont une période darjs-|G|T, |G|T], ouT > O est tel que Supp C [T, T, de telle sorte que
ces orbites soient en nombre fini. On ohti@lors une formule de type Gutzwiller pol?fx, qui fait intervenir
la symétrie des orbites précédentes et de nombreusasitgaaaractéristiques du systéme classique assdadié a
(voir Theorem 2.2).
Sil'on suppose de plus qige= IdR. est'unique élément dé ayant un point fixe dan¥'g, alors I'espace réduit
X'k /G hérite d’'une structure de variété lisse, le systéme dynamique classique reseiqtaisse au quotient, et
on obtient une formule de Gutzwiller dafg: /G (cf. Corollary 2.3).
La méthode employée differe de celle des articles premddent cités : on évite la méthode BKW, les opérateurs
de Fourier intégraux et les problémes de caustiques en utilisant un théoréme de propagation des états cohérents is
des travaux de M. Combescure et D. Robert sur ce sujet. Comme dans l'article [1], on aboutit & un probléme de
phase stationnaire,afixé dansG, avec phase complexe et variété compacte de points critiques donnée par :

Ceg= {(t, ) el-T,T[xR*: 7€ T, M(g)P:(2) :z}. (2
Pour(t,z) e Cg g, 0N @, pouk € N, @y (z) = M (g7%)z. Le groupeG étant fini, 'orbite dez est périodique €iG |1

en est une période, ce qui explique en partie les quantités intervenant au Théoréeme 2.2.

1. Introduction

This Note is closely related to many papers[1,2,5,7], and above all, to the articles of Helffer, Robert, EIl Houakmi
[6,4] and El Houakmi’s Ph.D. Thesis [3]. It follows the same landscapéi 682/ — R be a smooth Hamiltonian
andG a finite subgroup of the orthogonal groti(d). If g € G, we set:

M(g) = (g 2) € 0(2d) N Spd).

M is the action ofG on the phase spad@®??. We assume tha is a symmetry foi , i.e.:
VgeG, VzeR¥, H(M(g)z)=H(2). (3)

As usual, we make suitable assumptions (see [1]) to have nice properties for the Weyl quantiz&tjavhidh is
defined as follows: for € S(R?),
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o (thutr) = 2oy [ [ ex‘z(x—y”H(%,s)u(y) dy .
R4 Rd

In particular, Off (H) is essentially selfadjoint oS(R?) and we denote bp(H) H its selfadjoint extension.
G acts on the quantum spaté(R?) by M defined forg € G by:

M()(f)@) = f(g™h0). Vf e LARY), Vx e R, )
Under assumption (3), we havég € G, [H, M(g)] =0. (5)

Let G be the set of algebraic characters of irreducible complex representatiGhdfof G, we introduce:

Py | Z X(@M(g). (6)
geG
the associated orthogonal projector, whéyes the degree of the representatial) & x (Idra), see [9]). We call
LI)Z( (Rd)h:: P, (L?(RY)) the symmetry subspace associatedetowe apply the Peter—Weyl theorem (see [10]) to
claim that:

1
L°(R%) = @Li(Rd).

x€G

Thanks to (5), we havgf, Py] = 0. If we denote byH, the restriction ofil to D(H,) := D(H) N L2(RY),
then (D(ﬁx), ﬁx) is a selfadjoint operator on the Hilbert spabﬁ(IR{d), which we call thereduced(quantunm
Hamiltonian

In her Ph.D. Thesis, El Houakm| gave the semi-classical behaviobr-as€dt of N, (1) := Tr(]lI(H )), the
eigenvalues counting function dhf in a given intervall of R (see [4] in the case of a compact gradjp As usual,
the idea is to regularize: suppose tiiaE R is such that the energy levélr := {H = E} is compact and without
critical point for H. Then one can study threduced regularized spectral density

)

whereyr is smooth, compactly supported in a neighbourhidoe S E, E + § E[ of E such thatt/ ~ Y(E—-S8E,E+
SE])is compact(&(H ) is an energy cut-off which is trace clasg)is smooth andf (the Fourier transform of’)
is compactly supported.

In previous publications on the asymptotic @, (1), it was enough to suppose thAtis supported near zero.
When f is with compact support without any other restriction, oscillating ternis imay appear, giving rise to a
Gutzwiller type formula which is the main goal of this Note. The method employed is close to [1]: unlike articles
previously quoted, which made use of an approximation of the propagéfdf &y some FIO following the BKW
method, we will use here the work of Combescure and Robert on the propagation of coherent states.

-~ E
Gy (h) = Tf(W(Hx)f<

2. Asymptotics
2.1. Weyl term
We denote by, (z) the classical flow o at timer and initial conditionz € R%¢.1 We introduce the following

setforg € G:

0 [d)

1 P, (z) is the solution of the Hamiltonian systetn= JV H (z;) with initial condition z, whereJ := (_Id 0)



24 R. Cassanas / C. R. Acad. Sci. Paris, Ser. | 340 (2005) 21-26

Lpg:={teR: Ize Xp: M(g)P/(2) =2z}

We slightly precise the result of El Houakmi by the following theorem:

Theorem 2.1. We haveg, (h) = % Y sec X (&)1 £(h). For g in G let us denote by
vg :=dimkeng — Idga), Fg:=ker(M(g) —ldgas) and F, :=ker(g — Idga).

Then, under previous assumptions, we h#v8upp/f N Lg,q =3, thenl, g(h) = O(h+®°).
If Suppfﬂ LE.¢ = {0} then we have the following expansion moddi@™*°):

I a(h)y < B ) "cr(f, o)h*,  ash—0F 7
k>0

uniformly in A in a small neighborhood of’, wherec (£, g) are distributions inf with support in{0}, and, if
d(X5 N F,) denote the Euclidian measure an, N Fy, we have

(2m)~ / d(X, N Fg)(2)

¢ 8
det((Idga _g)|ﬁgL)E IVH(z)] ©®

co(f,8) =¥ () f(0)

2NFg
2.2. Oscillating terms

If ¢ € G andy is a periodic orbit of2¢ globally stable byM (g), we set:
Loy = |t eSuppf: Izey: M(g)P:(2) =z}

If to€ Ly, z €y, thenP, , ,, denotes the Poincaré mapjobetweer; andM (g 1)z at timero, restricted taXr.
The characteristic polynomial @, , ;, does not depend ane y .

Theorem 2.2. Suppose” = 1 in a neighbourhood of. Under previous assumptions, suppose thd@tSupp/ c
]-T,T[, whereT > 0. Make the following hypothesis of non-degenerdicy C X, is such thadg € G and
dto € Lg,y, 1o # 0, thenlis not an eigenvalue a¥ (g)d P, ¢ 4,. Then the set of sugh's is finite and the following
expansion holds true modu@z*>°), ash — 0*:

gx(mxli—ﬂ Y i@ Y ey arenhnt.

y periodic geG st. 1oLy k>0

orbit of X M(g)y=y 10#£0
Termsd]$"( f) are distributions inf with support in{to}, S, (o) := [o° psds ds, (s, ps) := Ps(2)), and
T;‘ d%oy(g.10)

2r| det(M (g)d Py ¢ 1

g f) = — d)ll/zf(ro)

whereT;‘ is the primitive period o} ando,, (g, o) € Z is a Maslov index of .

If one omits the hypothesis of non-degeneracy, we stillbg@ore general asymptotic, but we did not calculate
first terms, which depend on the connected components of the sets<fo1):

Ceg:={(t.2)€l-T,T[x Tg: M(g)®;(z) =z}. 9)
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Corollary 2.3. Under previous assumptions, suppose that Idg. is the only element of to have a fix point
on X'g. Then the reduced spac¢er /G is a smooth manifold, the dynamicskfon X'r drop down to the quotient.
Moreover, ifr denotes the projection on the quotient ghds a periodic orbitinXr /G, if n(y) =y, then, there
is only oneg, in G such thatvz € y, M(gy)(p]‘; (2) =z. f w(y1) = (y2) theng,, andg,, are conjugated irG,
and we denote by (g;) the quantityx (g,,) = x (g,,). We then have

Tie 27

27| det(d P;)" — Id)[1/2

Gy=dy, Y Y FaTHx (e +0(h) ash— 0",

7 periodic nezZ* st.
orbit of Xg/G nTyi‘eSuppf

*

T3
whereS; = ]0 " psqs ds, Py is the Poincaré map of in X¢/G, andoy , is a Maslov index of .

3. Sketch of the proof

Classically, we havé, (h) = Tr(y(H) f (E — H)/h) P,), S0 that we decompose

d S ~ (E—-H\~
Gy(h) = I?XI Z x(@)1g e(h), wherely g(h) = Tf(W(H)f<T>M(g)>-
geG
By using the Fourier inversion formula, we make appeaftiggiantum unitary group/, (¢) := e to obtain:
1 i A ~ ~
Ios(h) = o~ / &R F @) Tr(y (H)Up(1) M (g)) dr. (10)
R

Then, we use a trace formula with coherent statesAftrace class operator di?(R9):
Tr(A) = (27h) ¢ / (AQa; o) 2(rdy er. (112)
R34

Here, ¢, is the coherent state centeredvat= (¢, p) defined forx € R by:?

1 r( q lx —ql?
(pa(x) = W exp(lﬁ (x — E)) eXp(— o ) (12)

Besides, coherent states behave well with symmethig) 9y = ¢ (g)a- (13)

Eventually, we have:

h— UE A
1g(h)=W/ / &' f(ymp(a 1, ) dadr, (14)
R R2
where
mp(a,t, 8) :=(Un()@a; w(ﬁ)wM(g)—la)Lz(Rd). (15)

The term’W(ﬁ)@M(g)—la can be easily developped by functional calculus and action of a pseudo-differential oper-
ator on a coherent state. For the teliln(r)p, we use the result of Combescure and Robert on the propagation of

2 see [1] for more details.
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coherent states (see for example [1] or [8]). After several calculations, we are lead to a stationnary phase problen
with complex phase and a compact smooth manifold of critical points. We have to find the asymptotic of quantities
of the following form:

K (h) = / / X0 F (@7 (¥ 0 HY) (g L0)e(t. 2) exp(%q)b-,g(r,z)) drdz (16)

R, ]Rgd
wherec is smooth xo is smooth, compactly supportedt?, and ifr € R, z e R%, g € G, then:
1 i _ _
¢Eg(1,2) =502 + Et = 5(89: = @) (gpi + p) + Z((I — Wiz — M(g™Hz), 2 — M(g™Hz), 17)

wherez, = (g;, p;) isthe solution withpg =z of 7, = JVH (z;), S(t,z) = fé g: pr — H (z;) dt is the classical action,
S¢Ee., 2 0 and|||W;||| < 1. The critical set of the phase (17) defined{B¥; ,y¢r , = 0} N {SgEg , = 0} is given
by (9). As the groug is finite, one can see that(f, z) € Cg ,, thenz has a periodic orbit with periofds |7g. This
gives an idea of the origin of quantities appearing in Theorem 2.2.

Acknowledgements

We found strong motivation in the work of physicists S.C. Creagh, B. Lauritzen, and J.M. Robbins. | am deeply
grateful to Didier Robert for his help, comments and suggestions. This work was made with the help of the sup-
port received from the European Science Foundation (ESf§ctBal Theory and Partial Differential Equations’
(SPECT). | also thank Ari Laptev for his invitation, hospitality and many stimulating conversations at the Stock-
holm University of KTH.

References

[1] M. Combescure, J. Ralston, D. Robert, A proof of the Gutzwilleriskrssical trace formula using coherent states decomposition, Com-
mun. Math. Phys. 202 (1999) 463—-480.

[2] S. Dozias, Opérateurs h-pseudodifférentéeRot périodique, Thése dioctorat, Paris XlII, 1994.

[3] Z. El Houakmi, Comportement semi-classique du spectre en prédersyenétries : cas d’un groupe fini, Thése de 3eme cycle et Séminaire
de Nantes, 1984.

[4] Z. El Houakmi, B. Helffer, Comportement semi-classique en présele symétries. Action d’'un groupe compact, Asymptotic Anal. 5 (2)
(1991) 91-113.

[5] V. Guillemin, A. Uribe, Reduction and the trace formula, J. Differential Geom. 32 (2) (1990) 315-347.

[6] B. Helffer, D. Robert, Etude du spectre paur opérateur globalement elliptique dont le $pte de Weyl présente des symétries, Amer.
J. Math. 108 (1986) 973-1000.

[7] T. Paul, A. Uribe, Sur la formule semi-classique des traces, C. R. Acad. Sci. Paris, Ser. |1 313 (5) (1991) 217-222.

[8] D. Robert, Remarks on asymptotic solutions for time dependemtéSmger equations, in: J.L. Menal&E. Rofman, A. Sulem (Eds.),
Optimal Control and Partial Differd¢ial Equations, I0S Press, Amsterdam, 2001.

[9] J.P. Serre, Représentations liméaide groupes finisjermann, Paris, 1967.

[10] B. Simon, Representations of Finite and CamipGroups, Grad. Stud. Math., Amer. Math. Soc., 1996.



