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Abstract

In the infinite dimensional space of Kéhler potentials, the geodesic equation of disc type is a complex homogenous Monge—
Ampere equation. The partial regularity theory established by Chen and Tian [C. R. Acad. Sci. Paris, Ser. | 340 (5) (2005)]
amounts to an improvement of the regularity of the knawh? solution to the geodesic of disc type to almost everywhere
smooth. For such an almost smooth solution, we prove thakt teaergy functional is sub-harmonic along such a solution. We
use this to prove the uniqueness of extremal K&hler metrics and to establish a lower bound for the rRedifiedy if the
underlying Kahler class admits an extremal Kéhler mefficcite this article: X.X. Chen, G. Tian, C. R. Acad. Sci. Paris,

Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Unicité de métriques kahlériennes extrémales.Dans I'espace de dimension infinie des potentiels de Kahler, I'équation
géodésique de type disque est une équation de Monge—Ampére complexe homogéne. Le résulat de régularité partielle étak
dans cette note permet de renforcer le caractérede la solution obtenue antérieurement en montrant qu'ell€ ¥spresque
partout. On démontre que Ka-énergie est sous-harmonique sur une telle solution. On utilise ce résultat pour montrer I'unicité
de la métrique de Kahler extrémale et pour établir une borne inférieure pdiHélaergie, quand la classe de Kahler sous-
jacente admet une métrique Kahlérienne extrénider citer cet article: X.X. Chen, G. Tian, C. R. Acad. Sci. Paris, Ser. |
340 (2005).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

In this Note and its sequel [5], we announce a new patrtial regularity theory for certain homogeneous complex
Monge—Ampere equations and its application to extremal Kéhler metrics in complex geometry. Details will appear
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in [6]. Here we will discuss two main applications: uniqueness of extremal metrics and boundikgethergy
from below.

Following [3], we call a Kahler metric extremal if the complex gradient of its scalar curvature is a holomorphic
vector field. In particular, any K&hler metric with constant scalar curvature is extremal; conversely, if the underlying
Ké&hler manifold has no holomorphic vector fields, then an extremal K&hler metric is of constant scalar curvature.
Ouir first result is

Theorem 1.Let (M, [w]) be a compact Kahler manifold with a Kahler class [w] € H2(M,R) N HY1(M, C). Then
thereis at most one extremal Kéhler metric with Kéhler class [w] modulo holomorphic transformations, that is, if
w1 and w> are extremal Kahler metrics with the same Kahler class, then there is a holomorphic transformation o
such that o *w1 = wy.

The problem of uniqueness of extremal Kéhler metrics has a long history. The uniqueness of Kahler—Einstein
metrics was pointed out by Calabi in the early 1950s in the case of non-positive scalar curvature. In [1], Bando
and Mabuchi proved the uniqueness of the Kéhler—Einstein metric in the case of positive scalar curvature. In [16],
Tian and Zhu proved the uniqueness of Kéhler—Ricci Solitons. Following a suggestion of Donaldson, the first
author proved in [4] the uniqueness of Kahler metrics with constant scalar curvature in any Kéhler class which
admits a Kéhler metric with non-positive scalar curvature. In [8], Donaldson proved the uniqueness of constant
scalar curvature Kéhler metrics with rational Kéhler class on any projective manifold (which is Kahler) without
non-trivial holomorphic vector fields.

As another consequence of our partial regularity theory, we will give a necessary condition on the existence of
Ké&hler metrics with constant scalar curvature in terms offhenergy. In [10], Mabuchi introduced the following
functionalE,, as follows: for any with @, = w + 3d¢ > 0, define

1
Eote) = [ [ $(s(0) —n)of, A a1
oM

wherew,, is any path of Kahler metrics joining andw,; s(w,,) denotes the scalar curvature gndk its average.
It turns out thafu is determined by the first Chern clasgM) and the Kéhler clas@v].

Theorem 2. Let M be a compact Kéhler manifold with a constant scalar curvature Kéhler metric w. Then
E.(¢) > 0for any ¢ with w, > 0.3

This theorem was proved for K&hler—Einstein metrics in [1] (also see [14]) and in [4] for K&hler manifolds with
non-positive first Chern class. It can be also generalized to arbitrary extremal Kahler metrics by using the modified
K-energy. It gives a partial answer to a conjecture of the second awthbas a constant scalar curvature Kéhler
metric in a given Kéhler clags], if and only if, the K-energy is proper in a suitable sense on the space of Kéhler
metrics with the fixed Kahler clage]. We will further discuss applications of the method used here to this problem
on properness in a forthcoming paper. Combining Theorem 2 with results in [15] and [12], we can deduce:

2 After we finished proving our uniqueness theorem, we learned that Mabuchi had posted a preprint [11] in which he extended Donaldson’s
arguments to any extremal Kahler metric with rational coefficients on any projective manifold.

3 After the submission of this Note, we learned that an alternative proof of this theorem has been given by Donaldson in case of projective
manifolds without nontrivial holomorphic vector fields [9].



X.X. Chen, G. Tian/ C. R. Acad. Si. Paris, Ser. | 340 (2005) 287-290 289

Corollary 3. Let (M, L) bea polarized algebraic manifold, that is, M isalgebraic and L isa positiveline bundle. If
thereisa constant scalar curvature Kéhler metric with Kéhler classequal to c¢1(L). Then (M, L) isasymptotically
K-semistable or CM-semistable in the sense of [14] (also see[15]).%

The proof of these two theorems is based on studying certain homogenous Complex Monge—Ampere equation:
(cf. (2)). These Monge—Ampere equations (cf. (2)) are related to the geodesic equation on the space of Kéahlel
metrics withL?-metric.

Let M be a compact Kahler manifold with a fixed Kahler metti@nd £ be a Riemann surface with bound-
aryoX. Let H,, denote the space of Kahler potentials

Hw={€0€C°O(M,R)|w¢=w+85<p>0, onM}. (1)

Suppose that/ is a given function o x M such thaty(z, -) € H,(Vz € X). Consider the boundary value
problem for functionp in ¥ x M such that

(tj0+006)" 7 =0 onT x M,  Glas.m =1, 2

wherenz: X x M — M is the projection ana (z, -) € H,, foranyz € X.

The proof of Theorems 1 and 2 starts with the following observations: given two funeipasdes in H,,
if there is a bounded smooth solutignof (2) on[0, 1] x R x M, then the evaluation functiofi = E(¢(z, )) is
a bounded subharmonic function which is constant along each boundary compof@nif of R; furthermore, if
@o Is a critical metric ofE, then it follows from the Maximum principle th&((¢1) > E(¢o) and equality holds
if and only if each¢(z, -) is a critical metric ofE. The infinite strip[0, 1] x R can be approximated by discs
¥r =[0,1] x [-R, R] (R — 00). Hence, if we can show that Eq. (2) has a uniformly bounded solution for
eachx,® then Theorems 1 and 2 follow.

However, it is an extremely difficult problem to solve degenerate complex Monge—Ampere equations. Higher
regularity was obtained by Cafferali, Kohn, Nirenberg and Spruck in 1980s for nondegenerate complex Monge—
Ampere equations under certain convexity assumptions. Weak solutions for homogenous complex Monge—Ampere
equations, say il.” or Wh7-norms, were extensively studied (cf. [2]). In [4], the first named author proved the
following theorem, which plays a fundamental role in establishing our new results.

Theorem 4[4]. For any smooth map ¢ : 9% — H = H,,, (2) always has a unique C11-solution ¢ on = x M such
that ¢ = y along 9 %. © Moreover, the C11 bound of ¢ depends only on the €2 bound of .

This result was used by the first author to prove Theorems 1 and 2 under an extra condition on the first Chern
classc1(M). In order to remove this condition, we need to improve regularity of solutions in above theorem.
Historically, the solutions of homogeneous complex Monge—Ampere equations are closely related to foliations
by holomorphic curves (cf. [7,13]; more references will be in [6]). In [13], Semmes formulated the Dirichlet
problem for (2) in terms of a foliation by holomorphic curves with boundary in a totally real submanifold in the
complex cotangent bundle of the underlying manifold. Establishing the existence of foliations by holomorphic
disks with relatively mild singularity, we will show that for a generic boundary vatu¢here is an open subset in
the moduli space of holomorphic discs with boundary which generates a foliatimnoM \ S whereS is a closed
subset of measure zero. To be more precise, we introduce the notion of almost smooth solutions.

4 According to [12], the CM-stability (semistability) is equivalent to tkiestability (semistability).

5 s has four corners, but we can easily smooth corners to obtain a smooth Riemann surface of disc type and use smoothed ones tc
approximate the given infinite strip.

6 Itis not known if¢(z, -) lies inH, but the first author proved that(z, -) is always the limit of functions ifH.
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Let ¢ be a solution of (2) constructed in Theorem 4. Defldg C X x M as the set of points wheuey is
smooth Kéahler form. Defin®, C T(X x M) overRy by

ad _
Dy = {& +velgp(ExM)|(z,p) € Ry, i%+v(n§w+ 00¢) 20}. 3)
ThenDy is a holomorphic integrable distribution. We say that a suisetl/ C ¥ x M is saturated i/ if any
maximal integral manifold oD in R is closed iriA.

Definition 5. A €11 solutiong of (2) is almost smooth if it has the following properties:

() Ry is open, dense and saturatedsinx M while the varying volume formvy ., extends to a continuous
form onXo x M, whereXg = (X\9X). Moreover, this form is positive ik, and vanishes identically on its
complement.

(i) The distributionD,(cf. Eq. (3)) extends to a continuous distribution over a saturatedsef o x M such
that its complemens,, is locally extendablé.The setS, is referred as the singular setgf
(iii) The leaf vector field? + v of Dy is uniformly bounded irV.

Theorem 6.Let ¥ beadiskin C. For a generic boundary map v : 9% — H,,, there exists a unique almost smooth
solution of (2).

By using the properties of thE-energy, one can prove Theorems 1 and 2 by using such almost smooth solutions
and following the arguments described above.
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7 A closed subses C = x M is locally extendable if for any continuous function irt x M which isC11 on x M \ S can be extended to
acl1 function on x M. Note that any subset of codimension 2 or higher is automatically locally extendable.



