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Abstract

OnRn, we prove the existence of sharp logarithmic Sobolev inequalities with higher fractional derivatives. Lets be a positive
real number. Any functionf ∈ Hs(Rn) satisfies∫

Rn

∣∣f (x)
∣∣2 ln

( |f (x)|2
‖f ‖2

2

)
dx +

(
n + n

s
lnα + ln

s�(n
2)

�( n
2s

)

)
‖f ‖2

2 � α2

πs

∥∥(−�)s/2f
∥∥2

2

with α > 0 be any number and where the operators(−�)s/2 in Fourier spaces are defined bŷ(−�)s/2f (k) := (2π |k|)s f̂ (k).
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Résumé

Sur les inégalités de Sobolev logarithmiques pour les dérivées fractionnelles d’ordre supérieur.Sur Rn, on établi
l’existence d’inégalités de Sobolev logarithmiques optimales pour les dérivées fractionnelles d’ordre supérieur. Soits etα deux
réels positifs. Pour toute fonctionf ∈ Hs(Rn), on établit l’inégalité suivante :∫

Rn
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L’opérateur(−�)s/2 est defini dans les espaces de Fourier par̂(−�)s/2f (k) := (2π |k|)s f̂ (k). Pour citer cet article : A. Cot-
siolis, N.K. Tavoularis, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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1. Introduction

Logarithmic Sobolev inequalities have awide range of applications and have been extensively studied (see, f
example, [9,4,5,8,1,11] and the references therein).

Let � be the Laplacian inRn and letf̂ (k) denote the Fourier transform off ∈ L1(Rn):

f̂ (k) =
∫
Rn

e−2π ikxf (x)dx.

The operators(−�)s/2 are defined in Fourier spaces (i.e. in spaces with functions which have Fourier transfor
such asLp(Rn) for 1 � p � 2) as multiplication by(2π |k|)s , i.e.

̂(−�)s/2f (k) := (
2π |k|)s f̂ (k).

The spaceHs(Rn) is endowed with the inner product

(f, g)Hs(Rn) =
∫
Rn

¯̂
f (k)ĝ(k)

(
1+ (

2π |k|)2s)
dk

and

‖f ‖2
Hs(Rn) :=

∫
Rn

∣∣f̂ (k)
∣∣2(1+ (

2π |k|)2s)dk.

The original form of thelogarithmic Sobolev inequality (cf. [12]) is∫
Rn

∣∣g(x)
∣∣2 ln

( |g(x)|2
‖g‖2

2

)
dm � 1

π

∫
Rn

∣∣∇g(x)
∣∣2 dm,

where dm = e−π |x|2 dx is the Gauss measure and‖g‖2 is, of course, the norm inL2(Rn,dm).
Choosingg(x) = eπ |x|2/2f (x) in the above inequality, and considering an homothetic change of vari

(α > 0), we find ([10], Th. 8.14, p. 223):∫
Rn

∣∣f (x)
∣∣2 ln

( |f (x)|2
‖f ‖2

2

)
dx + n(1+ lnα)‖f ‖2

2 � α2

π

∫
Rn

∣∣∇f (x)
∣∣2 dx, (1)

where theL2 norm is with respect to Lebesgue measure.
The purpose of this Note is to give a generalization of inequality (1) with the operators(−�)s/2, s > 0.

Definition 1.1 [6]. We consider the operator semigroups e−t (−�)s , t > 0, defined by its Fourier transform:

(e−t (−�)sf )∧(k) = e−t (2π |k|)2s

f̂ (k).

2. Logarithmic Sobolev inequalities

Theorem 2.1.Let f be any function in Hs(Rn) and let α > 0 be any real number. Then∫
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2 (2)
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Proof. Let Fs(x) be the function with Fourier transform̂Fs(k) = e−t (2π |k|)2s
. Then e−t (−�)sf = Fs ∗ f . However,̂̂Fs(x) = ̂̂Fs(−x) = Fs(x) becauseFs ∈ L2(Rn).

By Young’s inequality [3,10] we see that e−t (−�)s mapsLp(Rn) into Lq(Rn) providedp < q . Indeed,

∥∥e−t (−�)sf
∥∥

q
= ‖Fs ∗ f ‖q = ‖ ̂̂Fs ∗ f ‖q �

(
CrCp

Cq

)n

‖ ̂̂Fs‖r‖f ‖p (3)

with 1+ 1
q

= 1
r

+ 1
p

andC2
p = p1/p/p′1/p′

(p′ denotes the dual index ofp).

‖ ̂̂Fs‖r � Cn
r ′ ‖F̂s‖r ′ (4)

according to Hausdorff–Young’s inequality withr ′ = 1
1/p−1/q

= pq
q−p

. Also

‖F̂s‖r ′
r ′ =

∫
Rn

e−t (2π |k|)2s r ′
dk = 2πn/2

�(n/2)

∞∫
0

e−t (2πρ)2s r ′
ρn−1 dρ

= 2πn/2

�(n
2)

�(n+2s
2s

)

n
(2π)−n

(
t

1/p − 1/q

)−n/2s

. (5)

So,

∥∥e−t (−�)sf
∥∥

q
�

(
Cp

Cq

)n(
tKs

1/p − 1/q

)− n
2s ( 1

p − 1
q )

‖f ‖p (6)

whereKs = (2π)2s[ 2πn/2

�(n/2)
�(n+2s/2s)

n
]−2s/n.

We setq = 2 and let

t = α2
(

1

p
− 1

2

)
/πs → 0. (7)

From (6) and (7) we obtain the inequality:

‖f ‖2
2 − ‖f ‖2

p +
(

1−
((

Cp

C2

)n(Ks

πs
α2

)−ntπs/2sα2)2)
‖f ‖2

p � ‖f ‖2
2 − ∥∥e−t (−�)sf

∥∥2
2 (8)

Note that the right-hand side of (8), when divided by 2t , tends to‖(−�)s/2f ‖2
2 (Theorem announced in [6], th

proof is in the Appendix below).
If f ∈ C∞

c (Rn) we have

d

dp
‖f ‖2

p|p=2 = 1

2

∫
Rn

∣∣f (x)
∣∣2 ln

( |f (x)|2
‖f ‖2

)
dx.

A straightforward computation leads to

lim
p→2

1− ((Cp/C2)
n(Ks/π

sα2)n(p−2)/4π)2

2− p
= 1

2

(
n + n

s
lnα + ln

s�(n
2)

�( n
2s

)

)
. (9)

Eqs. (8) and (9) prove inequality (2) forf ∈ Hs(Rn) by density [6,13]. Indeedf 2(x)(ln |f (x)|)+ is in-
tegrable according to the Sobolev theorem [2]. Let{fi} ⊂ C∞

c (Rn) such thatfi → f in Hs(Rn) and a.e.∫
f 2

i (x)(ln(fi(x))+ → ∫
f 2(x)(ln(f (x))+ according to the Lebesgue theorem.�

Remark 1. The constants in inequality (2) are the best one because we use sharp inequalities in the proof
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98)

02)

95

99.

,

Remark 2. We have equality in (2) only fors = 1. Since fors 
= 1 H–Y inequality (4) is strict.

Remark 3. For� ∈ N, we have seen (cf. [7]) that‖∇�f ‖2 = C‖(−�)�/2f ‖2 where

C = 2−�

�−1∏
h=−�

(n + 2h)1/2
[
�((n − 2�)/2)

�((n + 2�)/2)

]1/2

.

Thus we can have the following logarithmic inequality:∫
Rn

∣∣f (x)
∣∣2 ln

( |f (x)|2
‖f ‖2

2

)
dx +

(
n + n

�
lnα + ln

��(n
2)

�( n
2�

)

)
‖f ‖2

2 � α2

C2π�
‖∇�f ‖2

2

with � ∈ N andC as given above.

Appendix. Proof of Theorem 1.2 announced in [6]

A function f is in Hs(Rn) if and only if it is in L2(Rn) andI t
s (f ) = 1

t
[(f,f ) − (f,e−t (−�)sf )] is uniformly

bounded and we have in which case supt>0 I t
s (f ) = limt→0 I t

s (f ) = (f, (−�)sf ).

Proof.

I t
s (f ) = 1

t

[
(f,f ) − (

f,e−t (−�)sf
)] = 1

t

[ ∫
Rn

∣∣f̂ (k)
∣∣2(1− e−t (2π |k|)2s )

dk

]
.

When we pass to the limit

lim
t→0

I t
s (f ) =

∫
Rn

(
2π |k|)2s∣∣f̂ (k)

∣∣2 dk = ∥∥(−�)s/2f
∥∥2

2 (10)

so if f ∈ Hs(Rn), the limit exists and (10) holds. If the limit exists for somef ∈ L2(Rn), thenf ∈ Hs(Rn).
Moreover, supt>0 I t

s (f ) = limt→0 I t
s (f ). �
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