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Abstract

We propose a general method of constructing spherical CR manifolds by gluing tetrahedra adapted to CR geom
obtain spherical CR structures on the complement of the figure eight knot and the Whitehead link complement with h
in PU(2,1,Z[ω]) and PU(2,1,Z[i]) respectively (the same integer rings appearing in real hyperbolic geometry).To cite this
article: E. Falbel, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Structures CR sphériques par recollement de tétrahèdres.On propose une méthode de construction géométrique
variétés CR sphériques par recollement des tétrahèdres. Pour les complémentaires de la figure huit et l’entrelac de W
on obtient des structures avec holonomies dans PU(2,1,Z[ω]) et PU(2,1,Z[i]) respectivement (les mêmes anneaux d’ent
que dans le cas hyperbolique réel).Pour citer cet article : E. Falbel, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Among the first seminal examples of complete hyperbolic manifolds is the complement of the figure eigh
It was shown by Riley in [3] that the fundamental group of that manifold had a discrete representation co
in PSL(2,Z[ω]) whereZ[ω] is the ring of Eisenstein integers. On the other hand the construction by Thu
[6] is based on gluing ideal tetrahedra and that led to general constructions on a large family of 3-manifo
not known which hyperbolic manifolds admit a spherical CR structure. In fact very few constructions of sp
CR 3-manifolds with discrete holonomy exist at all. The only construction of such a structure on a hyp
3-manifold which is not a Seifert manifold previous to this work is essentially for the Whitehead link and

E-mail address:falbel@math.jussieu.fr (E. Falbel).
1631-073X/$ – see front matter 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2005.02.014



504 E. Falbel / C. R. Acad. Sci. Paris, Ser. I 340 (2005) 503–506

ruction

d

y and

e
iate

he

edron in
follows
manifolds obtained from it by Dehn surgery in [4,5]. We propose in this Note a general method of const
analogue to Thurston’s in the real hyperbolic case.

1.1. Complex hyperbolic space and its boundary(see [2] as a general reference)

Let C2,1 denote the complex vector space equipped with the Hermitian form

〈z,w〉 = z1�w3 + z2�w2 + z3�w1.

Consider the following subspaces inC2,1: V0 = {z ∈ C2,1 \ {0}: 〈z, z〉 = 0}, V− = {z ∈ C2,1: 〈z, z〉 < 0}. Let
P :C2,1\{0} → CP 2 be the canonical projection onto complex projective space. ThenH2

C
= P(V−) equipped with

the Bergman metric is complex hyperbolic space. The boundary of complex hyperbolic space isP(V0) = ∂H2
C

. The

isometry group ̂PU(2,1) of H2
C

comprises holomorphic transformations inPU(2,1), the unitary group of〈·, ·〉, and
anti-holomorphic transformations arising from elements ofPU(2,1) followed by complex conjugation. A manifol
modeled on the boundary of complex hyperbolic space is called aSpherical CR manifold. TheHeisenberg group
N is identified with the set of pairs(z, t) ∈ C × R. Using stereographic projection, we can identify∂H2

C
with the

one-point compactification�N of N. A point p = (z, t) in the Heisenberg group and the point∞ are lifted to the
following points inC2,1:

p̂ =
 −|z|2 + it

2
z

1

 and ∞̂ =
[1

0
0

]
.

Given any three pointsp1, p2, p3 in ∂H2
C

we defineCartan’s angular invariantA as

A(p1,p2,p3) = arg
(−〈p̂1, p̂2〉〈p̂2, p̂3〉〈p̂3, p̂1〉

)
.

We defineC-circles in ∂H2
C

to be the boundaries of complex geodesics inH2
C

. Given two pointsp1 andp2 in
Heisenberg space, we write[p1,p2] for a choice of one of the two segments ofC-circle joining them. The choice
will be determined from the context.

1.2. Tetrahedra

Definition 1.1. A symmetric tetrahedron is a configuration of four points with an anti-holomorphic symmetr
a choice ofC-circle segments joining each pair of points.

By normalizing the coordinates of the four points we can assume that they are given by

p1 = ∞, p2 = 0, q1 = (1, t3), q2 = (z, t4)

with t4 = t3|z|2 (cf. [2,7]). The symmetry interchangesp1 → p2 and q1 → q2 simultaneously. In that cas
A(p1,p2, q1) = A(p1,p2, q2) and A(p1, q1, q2) = A(p2, q1, q2). To each vertex of a tetrahedron we assoc
the complex coordinates of the three vertical lines obtained when we place that vertex at∞. That gives us four
Euclidean triangles. Ifp1 = ∞, p2 = 0, q1 = (1, t3), q2 = (z, t4), the invariant of the triangle determined by t
points(p2, q1, q2) at the line determined byp2 is z.

We consider Fig. 1 to describe the parameters of a tetrahedron. Note that contrary to the ideal tetrah
real hyperbolic geometry the Euclidean invariant at each vertex is not the same. The following proposition
immediately from the considerations above.

Proposition 1.2.For a symmetric tetrahedron given by

p = ∞, p = 0, q = (1, t), q = (
z, |z|2t)
1 2 1 2
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Fig. 1. Parameters for a CR tetrahedron.

thenz1 = z, z′
1 = z

|z|2 , z̃1 = z
(z̄−1)(1−it)
(z−1)(1+it) and z̃′

1 = z̃1
|z̃1|2 , where, as usual,z2 = 1

1−z1
andz3 = 1− 1

z1
.

tgA(p1,p2, q1) = −i
z1z̄1 − z1 − z1z̃1 + z̃1

z1z̄1 − z1 + z1z̃1 − z̃1
, tgA(p1, q1, q2) = −i

z1z̄1 + z1 − z1z̃1 − z̃1

z1z̄1 − z1 + z1z̃1 − z̃1
.

2. Gluing tetrahedra

We will only give more details for the figure eight knot construction. We makeω = e−iπ/3. If p1 = (0,2 +√
3), p2 = (0,−(2 + √

3)), q1 = (ω,0) andq2 = (1,0) then in the parameters abovez1 = z̃1 = �ω. Moreover the
tetrahedron is symmetric andA(q1, q2,p2) = π

3 andA(p1, q2,p2) = −π
3 . This can be thought of as a regul

tetrahedron, although there is not a permutation group acting on the tetrahedron.
We define the procedure of filling the faces from the one skeleton of the tetrahedra in such a way

2-skeleton will beZ2-invariant: TakingC-segments fromp1 to the edges[q1, q2], [q2,p2] andC-segments from
p2 to the edges[q1, q2], [q1,p1]. Observe that the rays start fromp1 or p2 and not fromq1 or q2.

Each of those triangles is part of aC-sphere (see [1]). The object defined by the above procedure is home
phic to a tetrahedron.

Theorem 2.1.There exists a sphericalCR-structure on the complement of the figure eight knot with disc
holonomy contained inPU(2,1,Z[ω]). Moreover, the holonomy of the torus link is faithful parabolic.

We use the same identifications that Thurston used in his construction for a hyperbolic real structure
figure eight knot. We realize the two tetrahedra in the Heisenberg space gluing a pair of sides. The s
ings transformations are shown in Fig. 2 where the two tetrahedra are represented with a common side
introduce the pointq3 = (ω̄,0)). They are determined by their action on three points and are defined by:

g1 : (q2, q1,p1) → (q3,p2,p1),

g2 : (p2, q1, q2) → (p1, q3, q2),

g : (q ,p ,p ) → (q ,p , q ).
3 1 2 1 2 2 3
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Fig. 2. Identifications on the tetrahedra.

A computation shows that the generators are in the Eisenstein–Picard group after a conjugation by an el
PU(2,1) bringingp1 to ∞.
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