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Abstract

In this Note, we give a simple elementary proof to Wiener’s lemma for infinite matrices with polynomial off-diagonal decay.
To citethisarticle: Q. Sun, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumeé
Le lemme de Wiener pour matrices infinies a decroissance polynomiale des termes non-diagonaDans cette Note,
nous donnons une preuve elementaire du lemme de Wiener pour les matrices infinies a decroissance polynomiale des terme

non-digonauxPour citer cet article: Q. Sun, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

The classical Wiener’'s lemma states tHad periodic function f has an absolutely convergent Fourier series
and never vanishes, then 1/f has an absolutely convergent Fourier series.

Let¢”, 1< p < oo, be the space of a)-summable sequences @A equipped with usual nornf- ||¢», denote
by B2 the space of all bounded operatorstdrequipped with usual operator noim|| 52, and definéV := {(a(i —
i jezd: Zjezd la(j)| < oo} with a norm|| Ay := Zjezd la(j)| for every matrixA = (a(i — j)); jeza € W.
An equivalent formulation of the classical Wiener's lemma involving matrix algebra can be stated as follows:
AeWwand A~ teB2imply A~ lew.

The classical Wiener’s lemma and its various generalizations (see, for instance, [3,8,9,12-14]) are important and
have numerous applications, for instance, in numerical analysis [4,17,18], wavelets and affine frames [5,14], time-
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frequency analysis [2,10-13,19], shift-invariant spaces and polynomial spline spaces [1,8,15,19], and non-uniform
sampling [6,19]. Unlike the matrix algebV& associated with the classical Wiener’'s lemma, whiatoiemutative,
the matrix algebras in the study of spline approximation and projection [7,8], affine and Gabor frame [2,5,12,13],
and non-uniform sampling [6,19] aextremely non-commutative. But for various purposes, we still expect that
those matrix algebras have the above property that the matrix alyglas.

Forp € [1,00] anda € R, let

Qp,Ol = {A= (A(i’j))i,jezd: ||A||p,()t <OO}9 (1)
where

1Allp.o = SUP[ (AG, DL+ 1i = 7)) ezl oo + SUP [(AG DA+ = 1))zl - @

iezd jezd
For p = oo, we see thad = (A(, /)); jez¢ € Qoo if @and only if |AG, /)| < [Alloc,a (1 + [0 — jD™* for all
i, j € Z%. Because of the above interpretation of matrice®i, for p = oo, we call matrices inQ, ., to have
polynomial off-diagonal decay.
For the matrix algebr® , , with p = oo and« > d, Jaffard use a rather delicate bootstrap argument to prove

thatA € Qoo and A=t € B2 imply A~1 € Qoo « [14]. For the matrix algebr@ , , with p = 1 ande > 0, Barnes
use the Banach algebra technique to show tatQ1, and A= e B2 imply A=t € 01, (see [3] fora € (0, 1]

and [13] for anyx > 0). In this Note, we study the matrix algebg, , with 1 < p < oo anda > d(1—1/p) and
give a simple elementary proof to the following Wiener’s lemma.

Theorem1.1letl1< p<ocanda >d(1—1/p). ThenAe Q,,and A~ e B2imply A€ Q4.

More general formulation of the above Wiener's lemma and its applications to frames and sampling will be
discussed in the subsequent paper [19].
2. Proof of Theorem 1.1

To prove Theorem 1.1, we need the following lemma.

Lemma2.1l.Letl1< p <ooanda > d(1—1/p). Thenthere exist positive constants C1 and C» such that

2:3 11092(2—0)

Al )7
1Al p.o < C1<C2 ”A”’;Z‘> (I1Alz2)" ©)

holdsforall Ae Q, ,andn > 1, whered =1 —

. d_
20—-2d(1/2-1/p) "
Proof. By Holder inequality,
”A”l,O < C”A”p,a forall A e Qp,ot- (4)

Here and hereafter, the lett€rdenotes an absolute constant which could be different at different occurrence.
By the definition of the operator norin- || 52,

[All20 < [ Allgz < |Allo forall A e Qip. (5)
For anyA = (A(i, j)); jeze andB = (B(i, j)); jez¢ IN Qp.a)
IAB p.a <2%[|Allp.all Bll1o+ 2% | All10l Bl p.a- (6)

by Hélder inequality and the following estimate:
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[(AB)G. H|(L+1i — ) <22 Y |AGR)|(L+1i — k) [Bk. j)]
kezd

+2 Y |AG BBk, H(1+ 1k — jI)°.
kezd

Letor = (« —d(1/2—1/p)) "t andr = (|| Al p..)" (| Allz2)~%. Then
dOJAG.H[< DD [AG I+ Y |AG K| < CTP|Allz0 + CT T ATYP A 4
kezd li—k|<T li—k|=7
< Ct¥2| Allge + Co=H YD A, o =20 (I Allge) Y2 (11 AN o) ™2
by (4) and (5), which yields
1-do,/2 do/2
A0 < C(IANg) " Y2 (1Al p.a) ™™
Combining (6) and (7) leads to the following compensated compactness estimate:
1A% p.u < CIIAISZNIANYG, forallAc Q.. ®)

forall Ae Q0. ©)

Applying (4), (6), and (8), and usingA” || g2 < [|All;, for n > 1, we obtain the following for any > 1

1A |0 < D(IA"1.0)" " (1ANI52)"
and
2n+1 n 2—-0 né
A lpa < DIAlpa (A" 1p.e)” (1AlIg2)" .

whereD > 1 is a positive constant independentdE Q, , andn > 1. Thus the sequendé,}, to be defined by
by = DY A=D1 A™|, o (I Allg2) ™", n > 1, satisfies

bon <b2? and bp,41 <b1b?? foralln>1.
By induction, we have the following upper bound estimate to the sequépke

@-6) _ gl ?

"1

I
by < by=0°

forn= Zﬂzoeizi, wheree; € {0, 1}, 0 < i <[. Therefore (3) follows. O

Remark 1.For the special case that=1,« =0, andA = (¢(j — j')), j.ez With ZjeZ q(j) e ¢ being reciprocal

of a trigonometric polynomiaf2, Newman proved the following better estimate than the one in (3) foQthe

norm of A™: ||A"]|1,0 < an||A||’Z32 for all n > 1, whereC is a positive constant depending on the degree of the
polynomial Q. That estimate is crucial for Newman'’s elementary proof of the classical Wiener's lemma [16].

Now we start to prove Theorem 1.1.

Proof of Theorem 1.1. For anyA = (A(, i jezd € Qpa, WE define its transposé* by A* := (A(/, )i jezd-
ThenA*A € Qp o by (4), (6), and the fact thatA*||,.« = |Allp.«. This, together with the fact that*A is a
positive operator otiZ by the assumption on the matri¥ implies that

A*A = |A* Al g2(I — B) 9)
for someB € B2 with

IBllge <1 and By« < o0, (10)
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wherel is the identity operator o#?. By (10) and Lemma 2.1, we obtain

2-0 logy(2—6)

.1 — | on - IBllpa)T" n
[0 =B, <D IB"Ipa<) C1 CZW (IBllg2)" < oo. (11)
n=0 n=0

The conclusiom~ € Q, , then follows from (4), (6), (9), (11), and the fact tht! = (A*A)~1A*. O
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