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Abstract

Consider a real-valued Lévy process with non-zero Gaussian component and jumps with locally finite variation. We obtain
an invariance principle theorem for the speed of approximation of its occupation measure by means of functionals defined on
regularizations of the paths. This theorem is a first extension to processes with jumps of previous results for semimartingales
with continuous pathdlo cite this article: E. Mordecki, M. Wschebor, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Résumé

Approximation de la mesure d’occupation d’un processus de L évy. On considére un processus de Lévy a valeurs réelles,
dont la partie gaussienne ne s'annule pas et dont la variation totale des sauts est localement finie. Nous donnons un théorem
central limite pour la vitesse d’approximation de sa mesure d’'occupation, moyennant des fonctionnelles définies sur des régu-
larisations des trajectoires. Ce théoréme est une premiére extension a des processus avec sauts, de résultats précédents obte
pour des semi-martingales a trajectoires continBesr citer cet article: E. Mordecki, M. Wschebor, C. R. Acad. Sci. Paris,

Ser. | 340 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit X = {X,: t > 0} un processus de Lévy, défini sur un espace de probalilitér, P), représenté par
X;=mt+oW, +S;. {W,: t >0} est un processus de Wiener standard; R, et nous allons supposer quie> 0
etque p.s. la partie de sauts p@§s ¢ > 0} est cadlag et localement a variation finie. On observe des régularisations
des trajectoires d& par convolution de la forme

XE = (e # X)s = / Vell — )X, ds, 0
R
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avecy, (1) = (1/e)¥ (t/¢) ou le noyaw) est non-négatif, de clasgg', avec un support contenu darsl, 1], et
Jrv () de=1.

Le but des deux théorémes suivants est de donner des approximations de la mesure d’occupation du processu
X sur l'intervalle [0, T'] a partir de renormalisations déf [0, T'1, le nombre de racines de 'equatioff = u
appartenant §0, 7']. Dans le Théoréme 0.1 il s’agit de la convergence des distributions fini-dimensionnelles et
dans le Théoreme 0.2, de convergence faible, aprés modification de la forme du terme de biais.

Théoreme 0.1. Soit X un processus de Lévy du type précédent. Alors, pour toute fongttiddh— R de classe
C? et dérivée seconde bornée, nous avons

t t
1 . ¢
—= [C f f)VE N[0, 11du — o / F(Xy) ds} 5 f FX)ABy+C Y L(f,9)|AX,] 2
ﬁ R 0 0 O<s<t
lorsques — 0, ou: B = {B;: t > 0} est un processus de Wiener indépendankdeC = Wlll 7% ; la constante

8 > O estdonnée pai” = 202f02(r(t)Arsinr(t) + m —1)dt, our(z) est la covariance définie paiz) =
W Jg V(& —w)y(—u)du. La variable aléatoirel (£, 1) est donnée par

1 1 4
L(ft) = / w<z>f<xt_ / ¥r(w) dw + X, / ww)dw) d, ®
-1 b4 -1

iGN signifie la convergence faible des distributions fini-dimensionnelles.

Il faut observer que dans I'énoncé du Théoréme 0.1, si la partie sauts ne s’anulle pas, on ne peut pas avoir
la convergence faible dans I'espace de Skorokhod, sauf pour des fongtimiviales. En effet, raisonnons par
I'absurde, sila convergence a lieu au sens faible, la limite est donneé par le second membre de (2) et est continue. Ci
qui génere une contradiction puisque le te@@QQ L(f,s)|AX(s)| ades sauts qui en général ne s’annulent pas.

D’autre part, on peut obtenir la convergence faible, en modifiant le terme de biais comme l'indique I'énoncé
suivant.

Théoreme 0.2. SoientX, X°¢ et f vérifiant les conditions du Théorerel. Alors,
1 t t t
7[0 [ rwventondi-a f(Xs)dS} —c [ raoisis £ [ ronas,
&
R 0 0 0

lorsquee — 0, ou B = {B;: t > 0} est un processus de Wiener indépendanXdé‘§ est la dérivée de la fonction

s ~ S¢, les constante€’ et§ sont les mémes que celles du Théorémeet £ note la convergence faible dans
I'espaceC = C([0, +00), R) des fonctions continues.
En plus, pour chaque> 0, presque slrement on a

t
/f(x§)|s'§|ds—> Y L(f.9)|AX,|
0

O<s<t

lorsquee — 0, L(f,t) étant donnée paf3).
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1. Introduction

Let X = {X,: t > 0} be areal-valued Lévy process, defined on a probability sgace, P), that we represent
by X, =mt +oW, + S,. HereW = {W,: t > 0} is a standard Wiener process= {S,: ¢ > 0} a pure jump process
with cadlag pathsy ando are real constants, and we assume that the Gaussian part does not varishd.e.
Furthermore, assum(&V): the jump part of the process has locally finite variation, [.€ A [y|)IT(dy) < oo
wherelT is the Lévy—Khinchine measure of the process, so that for each pGSiE‘Z@qu |A S| is almost surely
finite. For general references on Lévy processes see Skorokhod [15], Bertoin [3] or Sato [16].
We now describe the regularization of the trajectories, that, in our context, can be interpreted as a par-
tial observation of the process through a physical device.tefR — R* be aC?! function with compact
support, say suggr) C [—1,1], such thatf}lw(t) dr =1 and, fore > 0, define the approximation of unity

Ve (1) = (1)) (t/¢). We denote by | = (f_ll Y2(1)dr)/2 the norm ofy in L2(R, dr). The regularization
X® ={X?: t > 0} of the process is obtained by convolution with in the following way:

1
Xf =W *xX), = / Vet — )X ds = / Y (—w) X4 we dw, 4)
R -1

where we seK; = W, = S, =0if s < 0. In the same way, we defifé® = {W/: r > 0} andS® = {S?: r > 0}, and
obtain thatX; = mt — ema + o Wf + S wherea = [ wi (w) dw.

Observe that the regularized process inherits the regularity propertiessaf thatX® hasC?! paths. Its time-
derivative is denoted with a don = %(Xg),.

If F: Rt — RisacC?function, we denote theumber of crossingsf the levelu by the functionF on an interval
I =[s,t],by Nf[s, t]=cardr: F, =u,r € I}, thatis, the number of roots of the equatiBn= u belonging tol .
For a given continuous functiofi: R — R, we use the fact that

fee) T
/ FaONEI0, T]du = / FEDE db. 5)
—00 0

This formula is immediate foF (r) = ar + b and extends easily to piecewise linear functions.@bfunctionsF,
formula (5) follows using approximations by piecewise linear functions.

2. Main results

The aim of the results below is to approximate the occupation measure of the pkooesthe intervalO, T']
by a re-normalization of the number of crossings of the proé&ss: {X?: + > 0} with horizontal levels, on the
same time interval. Theorem 2.1 is about weak convergence of finite dimensional distributions. In order to obtain
a stronger result including tightness, one has to modify the bias term, as it is done in Theorem 2.2.

Theorem 2.1. ConsiderX and X¢ as in Sectiorl. Then, for eachC2-function f: R — R with bounded second
derivative, we have

O<s<t

t 1
i[cff(u)\/ng[O, t]du—a/f(XS)ds:| Qa/f(xs)stJrc > L(f.9)|AX,]| (6)
NG
R 0 0

ase — 0, where B = {B;: t > 0} is a Wiener process independenttfC = Wlll\/g The second constadit- 0
satisfies
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2
82=202/(r(t)Al’Sinr(t)—i—\/l—rz(t —1)dr,
0

wherer (¢) is a covariance function defined by) = W fR ¥ (t — u)y(—u)du. The random variabld.(f, ¢) in
(6) is given by

1 1 z
L(f,t)=/1ﬂ(z)f(Xt/I/f(w)dw+Xt/1//(w)dw> dz. @)
-1 z -1

19, denotes weak convergence of finite dimensional distributions, i.e. convergence of cylindrical projections.

Observe that one cannot expect weak convergence in the Skorokhod space in the statement of Theorem 2.1 i
the jump part of the process does not vanish, excepting for trivial functforiéthis convergence would hold,
the limit should be the right-hand member of (6) and at the same time should be continuos. However, if the jump
part of X does not vanish, for a givefi the discontinuous ter@oqgt L(f,s)|AX(s)| in the right-hand member
of (6) has non-vanishing jumps with positive probability. This generates a contradiction. On the other hand, one
can obtain weak convergence replacing the bias term by a certain continuous approximation of this discontinuous
bias, as stated in the following result.

Theorem 2.2. ConsiderX, X¢ and f as in Theoren2.1 Then
l t t t
T[C/fw)ﬁzv;‘e[o, t]du—a/f(Xs)ds} —c [ roisiias £ [ rocods, (®)
&
R 0 0 0

ase — 0, whereB = {B;: t > 0} is a Wiener process independentfthe constant€” ands$ are as in Theorer.1
and £> denotes weak convergence in the sp@eeC ([0, +00), R) of continous functions.
Furthermore, for each > 0,

t
JECSIETND VBT A (©)
0

O<s<t

ase — 0, whereL(f, 1) is given in(7).

Remark 1. A simple consequence of Theorem 2.1 is that for easlD, one has
t
C / f)eNX[0, 1) du — o / f(X,)ds in probability (10)
R 0

ase — 0. This result can be used to estimatéom the observation of the smoothed path Results of type (10)
are well-known for semimartingales having continuous paths (Azais and Wschebor, [2]) and also other classes of
processes (Azais and Wschebor, [1]), where almost sure convergence is proved.

Remark 2. Theorem 2.1 contains the speed of convergence in (10). This allows to make infereandeanthe
observation ofX¢. Analogous results for processes with continuous paths are in Berzin and Leon [4] for Brownian
motion and in Perera and Wschebor [13,14] for certain classes of continuous semimartingales having Ité-integrals
as martingale part. There exist also some related results for Brownian motion and general diffusions, where the
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approximationX® of the actual pattX is replaced by polygonal approximation and the smooth funcfidoy a
Dirac-delta function, or considering functionals defined on random walks. See for example, Dacunha-Castelle
and Florens-Zmirou [6], Florens-Zmirou [7], Génon-Catalot and Jacod [8], Borodin and lbragimov [5], and
Jacod [9,10]. In this context, ¥ is the size of the discretization in time, then the speed of convergence turns
out to be of the ordes™/4.

3. Brief sketch of the proofs

A detailed proof of Theorem 2.2 is given in Mordecki and Wschebor [12]. It is also proved that Theorem 2.1 is
a consequence of Theorem 2.2. Let us outline the proof of Theorem 2.2. In view of (5) we first observe:

1
/f(u)Nf[o,r]du=/f(x§)|5(f,|ds, as.
R 0

Let us write the left-hand side of (8) as the sum of three terms:

1 t t
c/f(xf)|5(§|ds—i/f(Xs)ds—C/f(Xi)ISfIds
NG
0 0 0
¢ t
= [ FO (%I~ 10W +ml 185 b5+ C [ 7O+l
0 0

t t
—c [ folei, mids+ % [(evrove +mi-o)s0as
0 0

Fora > 0 consider the processfs = {S,;: t > 0} andX, = {X,,: t > 0} defined by

Sap = Z AX1ax,>a)
O<s<t

thatis the (a.s. finite) sum of jumps of the process greater or equat tlaad X, ; = mt +o W, + S, ;, respectively.
Given an arbitrarny € (0, 1) there exists: > 0 such that there is no jump with absolute value greater dhavith
probability greater that £ §. The given Lévy process can be writtenX¥s= (X, — S, ;) + S4.;, where the random
processes, = {S,: t > 0} and{X; — S, ,: ¢t > 0} are independent. A standard argument shows that it is enough to
prove the result for the proce{;X, — S 0<r < T}, so that we may assume that the suppouZos contained
in the interval[—a, a]. Under this additional hypothesis, it is easy to see that for ezc the random variabl#,
has finite moments of all orders.

In what follows, the parameter of the various processes we will consider vary in a fixed irtergal

The proof is divided into three steps:

t
74 = / FXO(XE = loWE +m| — |§¢]) ds s 0, (11)
0
t t
Zt2'8=/f(X§)|on+m|ds—/f(XS)|0W;;€+m|dsA)O (12)
0 0

¢ t
Z>" = % f (CVeloWe , +m| — o) f(X;)ds £ 8 / f(X,)dB. (13)
0 0
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In the proof of (11), one can separate the behaviour of the small jumps, which is easy to bound and consider
processeX with jumps greatear or equal tharn> 0. In the latter case, the number of jumpg in the bounded

interval [0, T] is finite, and the main point in the computation is that if they occur at the peints., ry the
derivativeSf vanishes for outsideU,f’zl(rn —&, T+ ¢€).

For (12), one can first replacg®* by Z>* = [3[ f(X) — f(Xs1e)llo WE 4+ m|ds. Z2* %> 0 follows from the
moment estimations:

E[(Z? — Z%%)?] < (cons(t — 5)?> fors,1 €[0,T], 0<e<1

andE[(ZZ’S)Z] < (consye where in both inequalitie&cons) denotes a constant that may depend only'on
For (13), we put

‘
1 .
Ytszﬁf(C\/E|an_8+m|—o)ds, t>0
0

and prove thatY®, W) £, (6B, W) ase — 0. Tightness follows using fourth moments and the valué oking
second moments. In order to complete the proof of (13) one can use a theorem of convergence of stochastic
integrals, as in Kurtz and Protter [11], Remark 2.5.
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