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Abstract

We consider rigid tensor categories over a field of characteristic zero in which some exterior power of each objedds zero.
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Résumé
La structure de certaines catégories tensorielles rigides. Nous considérons des catégories tensorielles rigides sur un
corps de caractéristique nulle dans lesquelles une puissance extérieure convenable de chaque objePest nitée cet
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Version francaise abr égée

Soitk un corps de caractéristique 0. Disons qu’une catédotansorielle rigided estpositivesi pour chaque
objetM de A ona/\" M =0 pourr convenable. Chaque catégoki¢ensorielle rigide4 telle que Engy(1) =k
a un idéal tensoriel maximal unique(A). Si A est de plus positive, alotd/R(.A) est positive et semi-simple.
Le résultat principal est le Théoreme 0.1 ci-dessous. Une démonstation totalement différente de ce résultat a été
donnée par André et Kahn dans [1].

Théoréme 0.1 (cf. [1], 16.1.1 et 13.7.1) Soit.A une catégorieg-tensorielle positive aveEnd, (1) = k. Alors la
projection. 4 — A/R(A) admet un quasi-inverse a droite. Biest un tel quasi-inverse a droite etBiest une
catégoriek-tensorielle positive semi-simple avéndp (1) = k, alors tout foncteuk-tensorielD — A se factorise,
a isomorphisme tensoriel prés, a travérs
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Nous prouvons en fait le Lemme 0.2 ci-dessous. Le Théoréme 0.1 dit de plus que deux quasi-inverses a droite
quelconqued et T de la projection coincident a isomorphisme tensoriel prés, mais ceci se déduit du Lemme 0.2
en prenanD = A/R(A) ®; A/R(A) et pourD — A le foncteur défini paf; et 7».

Lemme 0.2. Si A et D sont comme dans le Théoredd, alors tout foncteukk-tensorielD — A se factorise,
a isomorphisme tensoriel prés, a travers un quasi-inverse a droite a la projedtien4/R(A).

Pour prouver le Lemme 0.2 on peut supposer, par les deux lemmes suivanis=qMed(A) et queD — A est
A® — pour A une algébre (commutative) dans la catégori€Indles ind-objets d®, ot Mod A) est I'enveloppe
pseudo-abélienne de la catégorieAdenodules libresA @ M avecM € ObD.

Lemme0.3. Soit(M;);c; une famille d'objets dans une catégokigensorielle positived, avecdimM; = n; € N.
NotonsV; la représentation standard du facte@L(n;) de[],;.; GL(n;). Alors il existe un foncteuk-tensoriel
H:Rep.([];c; GL(n;)) — AavecHV; = M; pouri € I.

iel

Lemme 04. SoientH : C — A un foncteurk-tensoriel. Supposons qu& soit rigide et queHom(H —, 1)
sur C soit ind-representable. Alor&l est, a isomorphisme tensoriel pres, le composé d'un fonéte¢ensoriel
A ® —:C — Mod(A) avec un foncteuk-tensoriel pleinement fideMod(A) — A.

Pour prouver le Lemme 0.2 lorsqd2— A estA ® — : D — Mod(A), soit A un quotient simple det. Par
le Lemme 0.5 ci-dessous on peut identifigfR(A) et Mod(A) de sorte qued — A/R(A) soit défini par la
projectionA — A. Le Lemme 0.2 résulte donc du Lemme 0.6.

Lemme 0.5. SoientD une catégorig-tensorielle positive semi-simple avEadp 1 = k et A une algebre dans
Ind(D) avecHomhgp) (1, A) = k. AlorsMod(A) est semi-simple si et seulemen#sest simple.

Lemme0.6. SiD et A sont comme dans le Lemm, alors la projection deA sur un quotient simple admet un
inverse a droite dans la catégorie des algebres dadgD).

Soit A une catégorié-tensorielle positive. Par les Lemmes 0.3 et 0.4, il existe un copl&), avecG un
k-groupe pro-réductif eX un G-schéma affine, tel qud soit ®-équivalente a la catégorie des fibrés vectoriels
G-équivariants suk . Si End4 (1) = k et sik est algébriquement clos, on peut déduire du Théoréme 0.1 gu'il existe
un tel (G, X) unique a isomorphisme pres tel giieait unk-point fixé parG.

1. Introduction

Fix a fieldk of characteristic 0. By &-tensor category we mearkdinear, pseudo-Abelian, symmetric monoidal
category. The exterior powek” M of an objectM in a k-tensor category is defined as the image of the anti-
symmetriser in End(M®"). We say thaiM is positiveif M has a dualM™ and A" M = 0 for somer, and that4d
is positive if it is essentially small with every object positivekAensor category is said to bbigid if every object
has a dual. Le#d be a rigidk-tensor category with Eng(1) = k. Then.A has a unique maximal tensor idga{A),
consisting of thef : M — N such that t¢fg) = 0 for eachg: N — M. We haveR(A) = 0 if and only if each
non-zeroM — 1in A is a retraction.

A category will be calledsemisimpleif it is Abelian with every object projective. By [3], Théoréme 7.1,
ak-tensor category is semisimple positive with Ehd= k if and only if it is semisimple Tannakian. Theorem 1.1
is proved in Section 6, and in Section 7 it is indicated how structure theorems can be deduced from it. A totally
different proof of Theorem 1.1 has been given by André and Kahn in [1].
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Theorem 1.1 (cf. [1], 16.1.1 and 13.7.1) et.4 be a positivek-tensor category witfEnd4 (1) = k. ThenA/R(A)
is semisimple and positive, and the projectidn> A/R(A) has a right quasi-inverse. If is such a right quasi-
inverse andD is a semisimple positivie-tensor category withendp (1) = k, then anyk-tensor functorD — A
factors up to tensor isomorphism throu@h

2. Algebrasand modulesin atensor category

Let 4 be ak-tensor category. 1A is an algebra (always understood to be commutativel,inve denote by
MOD(A) the category ofA-modules. WhenA is Abelian and its tensor product preserves colimits, M@Pis
an Abeliank-tensor category and the forgetful functor MQD — A creates limits and colimits. We say that the
algebraA is simpleif it is simple as an object of MOD1).

Suppose tha#d is the category In@) of ind-objects ([2], | 8) of a-tensor categorg. Then we denote by
Mod(A) the pseudo-Abelian hull of the full subcategory of MQD of free A-modulesA ® M on objectsM in C.
Itis ak-tensor category. We havekatensor functoid ® —:C — Mod(A), and alsaB ® 4 —: Mod(A) — Mod(B)
defined by a givemt — B. If C is positive then ModA) is positive.

Let G be an affing-group. We denote by RefG) thek-tensor category of finite-dimensional representations
of G, and by RER(G) thek-tensor category of all representations. We have REP= Ind(Rep, (G)). An algebra
A in RER(G) is the same as @-algebra, and we write MO, A) for MOD(A) and ModG, A) for Mod(A).
Thek-groupG is proreductive if and only if Rg@G) (or equivalently RER(G)) is semisimple.

3. Positive objects and representations of the general linear group

Lemma3.1. The dimensiodim M =tr 1), € End4 (1) of a positive objecM in a k-tensor categoryd can be writ-
tenas) i_jnje;, wheren; € N and thee; are mutually orthogonal idempotentsBnd4 (1) with 3% _; e; = 1.

If e; #Oforall j, thenmax j<sn; is the leasin € N such that\" ™ M = 0.

Proof. (For the case where Endl) = k see also [1], 9.1.7.) We may suppose Rath # 0. Write o, €
End4(M®") for the antisymmetriser, and: 1 — M ® MY andc: M ® MY — 1 for the canonical morphisms.
If dim M = d, the “contraction(M®" ®c) o (0, 11 @ M) o (M®" @u) of a1 is (d —r) /(r + D)a,-. Suppose that
amy1 = 0 anda,, # 0. Then inductively we havémﬂl) = trayu41 = 0, whence the first statement, with < m
whene; # 0. Also (d — m)a,, =0, whence the second statement

Lemma 3.2. Let (M;);c; be a family of positive objects in latensor categoryd, with dimM; = m; € N. De-
note byV; the standard representation of the factBt (m;) of [];.; GL(m;). Then there is &-tensor functor
H:Rep.([[;e; GL(m;)) = Awith HV; = M, fori e I.

Proof. For simplicity we give the proof in the case wheardas one element, and omit the indigeShe gen-
eral case is similar, with the free rigidtensor category on a familgV);<; replacingF below. Let&, be the
symmetric group of degreg and writea, € k[&,] for the antisymmetriser and; : k[&,] — End(L®") for the
canonical homomorphism associated to an objedtet F be the free rigidk-tensor category on one objest
(see [4], 1.26). We have Epdl) = k[¢] with r = dim N, the oy, induce isomorphisms[¢][S, ] ~ Endzs(N®"),
and Homy(N®", N®) =0 for r # 5. If J is the tensor ideal of generated by — m ando,’\’}“amﬂ, let F be
the pseudo-Abelian hull oF /7, andN the image ofV in F. Since dimV = dimM = m ando!' **,,11 = 0 and
(by Lemma 3.1):A’Z+lam+1 =0, there are by the universal property/®f-tensor functorR : F — Rep,(GL(m))
andS:F — A with RN =V and SN = M. Now oy, is surjective, with kernel 0 for < m and generated by
am+1 € k[S41] C k[S,] for r > m (e.g. [5], Theorem 6.3). AIsa]’v is surjective with kernel containing,, 1 for
r > m. ThusR induces an isomorphism on the Eadv®"). We have Homa ) (V®", V®) =0 forr # s, SOR
is an equivalence by rigidity of. Now takeH = S o R’ with R’ quasi-inverse tR. O
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Lemma 3.3. Let H :C — A be ak-tensor functor. Suppose thétis rigid and thatHom4(H—, 1) on C is ind-
representablg[2], | 8.2.2). ThenH is tensor isomorphic to the composite okdensor functorA ® —:C —
Mod(A) with a fully faithful k-tensor functoMod(A) — A.

Proof. Write = Ind(H) and letf : HA — ldefinean isomorphisg: Homygc)(—, A) — Hommd(A)(ﬁ—, 1).
There is a unique algebra structure arsuch thatf is a morphism of algebras. Theh is tensor isomorphic
t0 Fo(A® —) with F =1®j, H—:Mod(A) — A defined by 7. The factorisation Hom(A ® M, A) =
Hominge) (M, A) LN Homy (HM, 1) = Homy(F(A® M), FA) of Fagu. 4 for M € C, together with the rigid-
ity of Mod(A), shows thatF is fully faithful. O

Lemma 3.4. A k-tensor category is positive if and only if there exists a proreductigroup G and aG-algebra
A such thatA is k-tensor equivalent tMod(G, A).

Proof. Suppose tha# is positive. If M is an object o4, and ifn; ande; are as in Lemma 3.1, then since the
imageN; of e; : 1 — 1has dimensioa;, the object &P N}"fn" has dimensiom € N form > max;n ;. Hence
by Lemma 3.2 there is & =[[;.; GL(m;) and ak-tensor functoi : Rep,(G) — A such that every object ofl

is a direct summand of one in the imagef Since Rep(G) is semisimple, Hom (H —, 1) is exact and hence
ind-representable ([2], | 8.3.3). Thus Lemma 3.3 givdstansor equivalence Ma@d, A) — A. The converse is
immediate. O

4. Simple algebras and semisimplicity

Lemma4.1 (see [1] 8.2.4)Let A be a positive:-tensor category witlend4 (1) = k. ThenA/R(A) is semisimple
and positive with finite-dimensional hadrspaces. 1f4 is semisimple the® (A) = 0.

Lemma 4.2. Let D be a semisimple positivietensor category wittEnd4 (1) = k and let A be an algebra in
Ind(D) with Homyng(p) (1, A) = k. ThenMod(A) is semisimple if and only ik is simple. When this is 9d0D(A)
is semisimple, anMOD(A) = Ind(Mod(A)).

Proof. The isomorphisms Hom(A ® N, —) >~ Homynqp) (N, —) show that Hom (L, —) is exact and preserves
filtered colimits whenL € Mod(A). Now A is simple if and only if each non-zertd — A in MOD(A) is an
epimorphism, and by Lemma 4.1 Metl) is semisimple if and only if each non-zedd — A in Mod(A) is a
retraction. Since Hom(A, —) is exact, the first statement follows. Suppose now that Mgds semisimple. Any
A-moduleL is the cokernel of am-morphism/: A ® K’ — A ® K, with for exampleK = L. Writing K and
K’ as filtered colimits of objects i and appropriately reindexing, we may exprésss a filtered colimit of
A-morphismd;, : A ® K; — A ® K, with K;, K € D. ThenL is the filtered colimit of the cokernels of thig,
which by semisimplicity lie in ModA). Thus MOD(A) = Ind(Mod(A)). The objects of ModA) are of finite
length by Lemma 4.1, so each object of MQD is a coproduct of simple objects of Madl), whence MODA)

is semisimple. O

5. Algebraswith action of a proreductive group

Lemma 5.1 (Magid [7], Theorem 4.5)Let G be an affinek-group of finite type and lef be aG-algebra with
A% =k. ThenA is a simpleG-algebra if and only ifSpe¢A) is homogeneous undeér.

Lemma5.2. Let G be a reductivek-group, letA be a finitely generated-algebra withA® = k, and letJ # A be
a G-ideal of A. Then the canonical homomorphistn— lim,, A/J", where the limit is taken IiIRER; (G), is an
isomorphism.
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Proof. It suffices to show that Hog(V, A) — lim, Homg (V, A/J") is bijective forV € Rep.(G). The surjec-
tivity is clear since Horg (V, A) is finite-dimensional ovet = A¢ (e.g. [8], Theorem 3.25) and HapiV, —) is
exact. To prove the injectivity, we may by extending the scalars assuatgebraically closed. It suffices to check
that then),, J* =0, or equivalently (e.g. [9], Chapter IV, Theorem'llthat if p is an associated prime of®© A
thenJ + p # A. Sincek is algebraically closed, & (k)-subspace of a representation®@fis a G-subspace, as
can be seen by reducing to the finite-dimensional case. F&ies( ;) g is aG-ideal of A. It follows that

A — A/J x A/po is not surjective since dipiA/J x A/po)¢ > 1, soJ + po # A. Since eaclgp lies in the finite
set of associated primes of 0, sothe- gp # A, S0J +p =g *(J +gp) #A. O

Lemma 5.3 (cf. [6], Corollaire 2) Let G be a proreductive-group andA be aG-algebra withAG_z k. ThenA
has a unique simplé&-quotientA. If D is a simpleG-subalgebra ofA, then the projectiod — A has a right
inverse in the category d@¥-algebras overD.

Proof. By Zorn’s LemmaA has a maximat-ideal J. If J' # A is aG-ideal of A, thenA — A/J x A/J’ is not
surjective since dim(A/J x A/J)° >1,s0J +J # AandJ’' C J. ThusA = A/J exists and is unique. The
second statement is proved in (1), (2) and (3) below. We note tigaisfof finite type then by Lemma 5.4 and
D are finitely generatet-algebras and\ is smooth ove.

(1) Suppose thaf is of finite type and thaf’2 = 0. Write E for the set ofk-algebra homomorphismé — A
over D right inverse toA — A, and letV c A be a finite-dimensional; -subspace which contairtsand gener-
atesA. We may regard? as a subset of HopdV, A) = V¥ ®; A. Now E # by smoothness of overD, and if
e € E thenE — e is thek-space of derivations of over D with values inJ. Thus thek-subspace of VV ®; A
generated byt is aG-subspace, and the evaluatigif ®; A — A at 1€ V defines a surjectiv&-homomorphism
E — k C A with fibre E above 1€ k. SinceG is reductive, the seEC N E of homomorphisms o -algebras
A — A over D right inverse toA — A is non-empty.

(2) Suppose that is of finite type. Replacingd with its G-subalgebra generated by and a lifting to A
of a finite set of generators of, we may assume that is finitely generated. TheA = lim, A/J" in RERG)
by Lemma 5.2. Thus it is enough to show that a morphism> A/J" of G-algebras oveD can be lifted to
A — A/J"L In fact the pullback ofd/J"+1 — A/J" alongA — A/J" has kernel of square 0, and so has a
right inverse oveD by (1).

(3) Consider the general case. By Zorn’s Lemmahas a maximal simpl&-subalgebraC containingD.

It suffices to show thaC — A is an isomorphism. To do this we show th@t’ — A# is an isomorphism for
each normak-subgroupH of G with G; = G/H of finite type. If B is a simpleG-algebra therB” is a simple
G1-algebra, because = (BI) for a Gi-ideal I of B”. Thus MOD(G1, C¥) is semisimple by Lemma 4.2,
so every(G1, C)-module is a direct summand of a fr¢61, C)-module CH ®; M, with M € REP,(G1).
By the isomorphisms Hog (M, CH @, N) ~Homg(M, C ®; N) for M, N € RER.(G1), the k-tensor functor
F=C®cn —:MOD(G1, cH)y - MOD(G, C) is thus fully faithful. Further by semisimplicity of MO@, C),
every (G, C)-submodule of one in the essential imagefofs in the essential image df. Thus FC1 is a simple
G-algebra ifCy is a simpleG1-algebra oveC , and FCy # C if C1# CH. Since an embedding, — A7 c A
over C! defines an embeddingCy, — A overC, it follows thatC” is a maximal simpleG1-subalgebra ofi .
Applying (2) with G1, A", A# andC* for G, A, A and D then shows that” — A" is an isomorphism. O

6. Proof of Theorem 1.1

In the category ok-tensor categories and tensor isomorphism classéstefisor functors, the coproduct of
C1 and(C> is the pseudo-Abelian hull; ®; C2 of the category with objects @l x ObC1, homk-spaces tensor
products of those af; andC», and a suitable tensor structureC{fandC, are semisimple positive with Ext) = k,
s0isC1 ®y Co: its endomorphism algebras are semisimple by Lemma 4.1, and it is generated by objects in the image
of theC; — C1 ®¢ C2, and so is positive by Lemmas 3.1 and 3.2.
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Lemma6.1. LetD and A be as in Lemm4.2 ThenA has a unique simple quotiert, and the projectiom — A
has a right inverse in the category of algebradiial(D).

Proof. By Lemma 3.4 we may assuni2= Mod(G, D) with G proreductive andD® = k. ThenD is G-simple
and IndD) = MOD(G, D), by Lemma 4.2. The result thus follows from Lemma 5.81

Lemma6.2. If A andD are as in Theorem.1, then every-tensor functorD — A factors, up to tensor isomor-
phism, through a right quasi-inverse to the projectidn—> A/R(A).

Proof. By Lemmas 3.1 and 3.2 there is an essentially surjeétitensor functor RggG) — A, with G a product

of general linear groups. Sin@— A factors up to tensor isomorphism througt®; Rep,.(G) — A, we may by
replacingD with D ®; Rep,(G) assume thaD — A is essentially surjective. Applying Lemma 3.3, we may then
suppose thatl = Mod(A) for an algebra in Ind(D), and thatD — Ais A ® —.

By Lemma 6.14 has a simple quotient, and by Lemma 4.2 Mad) is semisimple. Sincé ® 4 — : Mod(A) —
Mod(A) is full, it factors through &-tensor equivalence Mad) /R (Mod(A)) — Mod(A), by Lemma 4.1. It now
suffices to note that il — A is rightinversetod — A asinLemma6.1, theA® ; —: Mod(A) — Mod(A) is right
quasi-inverse tol ® 4 —, andA ® —: D — Mod(A) factors up to tensor isomorphism @®;—)o (A®—-). O

To prove Theorem 1.1, it remains after Lemmas 4.1 and 6.2 only to show that any two right quasi-ifiversds
T to the projectionP : A — A/R(A) are tensor isomorphic. [ denotes tensor isomorphism, th&n~ 7’7/,
with 77: A/R(A) @« A/R(A) — A. By Lemma 6.2, ~ TS for someT with PT ~ Id. ThenS >~ PT’, so
T; ~ TSTl.’ ~TPT;>~T andT1 >~ T>.

7. Structuretheorems

If G is a proreductivéc-group andA is a G-algebra, then Mo@7, A) is k-tensor equivalent to the category
Vec(G, X) of G-equivariant vector bundles ovef = SpecA), since each such bundle is a direct summand of
the pullback alongd — Speck) of a representation aff. Thus by Lemma 3.4, any positivetensor category is
k-tensor equivalent to V&G, X) for some proreductivés and affineG-schemeX.

Let A be a positivek-tensor category with Eng(1) = k, and suppose thédt is algebraically closed. It can
be shown by applying Lemma 3.3 to the right quasi-inverse of Theorem 1.1 that, among(pa¥s with G
proreductive X affine and such that V&G, X) is k-tensor equivalent to &, there is ongGo, Xo) for which Xg
has ak-point fixed byGg. Further for any other suatG, X) there is an embeddinGo — G of k-groups such that
X is G-isomorphic to the homogeneous fibre spéceg, Xo.
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