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Abstract

We consider rigid tensor categories over a field of characteristic zero in which some exterior power of each object isTo
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Résumé

La structure de certaines catégories tensorielles rigides. Nous considérons des catégories tensorielles rigides su
corps de caractéristique nulle dans lesquelles une puissance extérieure convenable de chaque objet est nulle.Pour citer cet
article : P. O’Sullivan, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Soit k un corps de caractéristique 0. Disons qu’une catégoriek-tensorielle rigideA estpositivesi pour chaque
objetM deA on a

∧r
M = 0 pourr convenable. Chaque catégoriek-tensorielle rigideA telle que EndA(1) = k

a un idéal tensoriel maximal uniqueR(A). Si A est de plus positive, alorsA/R(A) est positive et semi-simple
Le résultat principal est le Théorème 0.1 ci-dessous. Une démonstation totalement différente de ce résu
donnée par André et Kahn dans [1].

Théorème 0.1 (cf. [1], 16.1.1 et 13.7.1). SoitA une catégoriek-tensorielle positive avecEndA(1) = k. Alors la
projectionA → A/R(A) admet un quasi-inverse à droite. SiT est un tel quasi-inverse à droite et siD est une
catégoriek-tensorielle positive semi-simple avecEndD(1) = k, alors tout foncteurk-tensorielD → A se factorise,
à isomorphisme tensoriel près, à traversT .
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Nous prouvons en fait le Lemme 0.2 ci-dessous. Le Théorème 0.1 dit de plus que deux quasi-inverses
quelconquesT1 etT2 de la projection coïncident à isomorphisme tensoriel près, mais ceci se déduit du Lem
en prenantD = A/R(A) ⊗k A/R(A) et pourD → A le foncteur défini parT1 etT2.

Lemme 0.2. Si A et D sont comme dans le Théorème0.1, alors tout foncteurk-tensorielD → A se factorise,
à isomorphisme tensoriel près, à travers un quasi-inverse à droite à la projectionA → A/R(A).

Pour prouver le Lemme 0.2 on peut supposer, par les deux lemmes suivants, queA = Mod(A) et queD →A est
A⊗− pourA une algèbre (commutative) dans la catégorie Ind(D) des ind-objets deD, où Mod(A) est l’enveloppe
pseudo-abélienne de la catégorie deA-modules libresA ⊗ M avecM ∈ ObD.

Lemme 0.3. Soit(Mi)i∈I une famille d’objets dans une catégoriek-tensorielle positiveA, avecdimMi = ni ∈ N.
NotonsVi la représentation standard du facteurGL(ni) de

∏
i∈I GL(ni). Alors il existe un foncteurk-tensoriel

H : Repk(
∏

i∈I GL(ni)) → A avecHVi = Mi pour i ∈ I .

Lemme 0.4. SoientH : C → A un foncteurk-tensoriel. Supposons queC soit rigide et queHomA(H−,1)

sur C soit ind-representable. AlorsH est, à isomorphisme tensoriel près, le composé d’un foncteurk-tensoriel
A ⊗ − :C → Mod(A) avec un foncteurk-tensoriel pleinement fidèleMod(A) → A.

Pour prouver le Lemme 0.2 lorsqueD → A estA ⊗ − : D → Mod(A), soit Ā un quotient simple deA. Par
le Lemme 0.5 ci-dessous on peut identifierA/R(A) et Mod(Ā) de sorte queA → A/R(A) soit défini par la
projectionA → Ā. Le Lemme 0.2 résulte donc du Lemme 0.6.

Lemme 0.5. SoientD une catégoriek-tensorielle positive semi-simple avecEndD 1 = k et A une algèbre dans
Ind(D) avecHomInd(D)(1,A) = k. AlorsMod(A) est semi-simple si et seulement siA est simple.

Lemme 0.6. SiD et A sont comme dans le Lemme0.5, alors la projection deA sur un quotient simple admet u
inverse à droite dans la catégorie des algèbres dansInd(D).

Soit A une catégoriek-tensorielle positive. Par les Lemmes 0.3 et 0.4, il existe un couple(G,X), avecG un
k-groupe pro-réductif etX un G-schéma affine, tel queA soit ⊗-équivalente à la catégorie des fibrés vector
G-équivariants surX. Si EndA(1) = k et sik est algébriquement clos, on peut déduire du Théorème 0.1 qu’il e
un tel(G,X) unique à isomorphisme près tel queX ait unk-point fixé parG.

1. Introduction

Fix a fieldk of characteristic 0. By ak-tensor category we mean ak-linear, pseudo-Abelian, symmetric monoid
category. The exterior power

∧r
M of an objectM in a k-tensor categoryA is defined as the image of the an

symmetriser in EndA(M⊗r ). We say thatM is positiveif M has a dualM∨ and
∧r

M = 0 for somer , and thatA
is positive if it is essentially small with every object positive. Ak-tensor category is said to berigid if every object
has a dual. LetA be a rigidk-tensor category with EndA(1) = k. ThenA has a unique maximal tensor idealR(A),
consisting of thef :M → N such that tr(fg) = 0 for eachg :N → M . We haveR(A) = 0 if and only if each
non-zeroM → 1 in A is a retraction.

A category will be calledsemisimpleif it is Abelian with every object projective. By [3], Théorème 7
a k-tensor category is semisimple positive with End(1) = k if and only if it is semisimple Tannakian. Theorem 1
is proved in Section 6, and in Section 7 it is indicated how structure theorems can be deduced from it. A
different proof of Theorem 1.1 has been given by André and Kahn in [1].
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Theorem 1.1 (cf. [1], 16.1.1 and 13.7.1). LetA be a positivek-tensor category withEndA(1) = k. ThenA/R(A)

is semisimple and positive, and the projectionA → A/R(A) has a right quasi-inverse. IfT is such a right quasi-
inverse andD is a semisimple positivek-tensor category withEndD(1) = k, then anyk-tensor functorD → A
factors up to tensor isomorphism throughT .

2. Algebras and modules in a tensor category

Let A be ak-tensor category. IfA is an algebra (always understood to be commutative) inA, we denote by
MOD(A) the category ofA-modules. WhenA is Abelian and its tensor product preserves colimits, MOD(A) is
an Abeliank-tensor category and the forgetful functor MOD(A) → A creates limits and colimits. We say that t
algebraA is simpleif it is simple as an object of MOD(A).

Suppose thatA is the category Ind(C) of ind-objects ([2], I 8) of ak-tensor categoryC. Then we denote by
Mod(A) the pseudo-Abelian hull of the full subcategory of MOD(A) of freeA-modulesA⊗M on objectsM in C.
It is ak-tensor category. We have ak-tensor functorA ⊗ − :C → Mod(A), and alsoB ⊗A − : Mod(A) → Mod(B)

defined by a givenA → B. If C is positive then Mod(A) is positive.
Let G be an affinek-group. We denote by Repk(G) thek-tensor category of finite-dimensional representati

of G, and by REPk(G) thek-tensor category of all representations. We have REPk(G) = Ind(Repk(G)). An algebra
A in REPk(G) is the same as aG-algebra, and we write MOD(G,A) for MOD(A) and Mod(G,A) for Mod(A).
Thek-groupG is proreductive if and only if Repk(G) (or equivalently REPk(G)) is semisimple.

3. Positive objects and representations of the general linear group

Lemma 3.1. The dimensiondimM = tr 1M ∈ EndA(1) of a positive objectM in a k-tensor categoryA can be writ-
ten as

∑s
j=1 nj ej , wherenj ∈ N and theej are mutually orthogonal idempotents ofEndA(1) with

∑s
j=1 ej = 1.

If ej �= 0 for all j , thenmax1�j�snj is the leastm ∈ N such that
∧m+1

M = 0.

Proof. (For the case where EndA(1) = k see also [1], 9.1.7.) We may suppose EndA(1) �= 0. Write αr ∈
EndA(M⊗r ) for the antisymmetriser, andu : 1 → M ⊗ M∨ andc :M ⊗ M∨ → 1 for the canonical morphisms
If dim M = d , the “contraction”(M⊗r ⊗ c)◦ (αr+1 ⊗M∨)◦ (M⊗r ⊗u) of αr+1 is (d − r)/(r +1)αr . Suppose tha
αm+1 = 0 andαm �= 0. Then inductively we have

(
d

m+1

) = trαm+1 = 0, whence the first statement, withnj � m

whenej �= 0. Also (d − m)αm = 0, whence the second statement.�
Lemma 3.2. Let (Mi)i∈I be a family of positive objects in ak-tensor categoryA, with dimMi = mi ∈ N. De-
note byVi the standard representation of the factorGL(mi) of

∏
i∈I GL(mi). Then there is ak-tensor functor

H : Repk(
∏

i∈I GL(mi)) →A with HVi = Mi for i ∈ I .

Proof. For simplicity we give the proof in the case whereI has one element, and omit the indicesi. The gen-
eral case is similar, with the free rigidk-tensor category on a family(N)i∈I replacingF below. LetSr be the
symmetric group of degreer , and writear ∈ k[Sr ] for the antisymmetriser andσ r

L : k[Sr ] → End(L⊗r ) for the
canonical homomorphism associated to an objectL. Let F be the free rigidk-tensor category on one objectN

(see [4], 1.26). We have EndF (1) = k[t] with t = dimN , theσ r
N induce isomorphismsk[t][Sr ] � EndF (N⊗r ),

and HomF (N⊗r ,N⊗s) = 0 for r �= s. If J is the tensor ideal ofF generated byt − m andσm+1
N am+1, let �F be

the pseudo-Abelian hull ofF/J , and�N the image ofN in �F . Since dimV = dimM = m andσm+1
V am+1 = 0 and

(by Lemma 3.1)σm+1
M am+1 = 0, there are by the universal property ofF k-tensor functorsR : �F → Repk(GL(m))

andS : �F → A with R �N = V andS �N = M . Now σ r
V is surjective, with kernel 0 forr � m and generated b

am+1 ∈ k[Sm+1] ⊂ k[Sr ] for r > m (e.g. [5], Theorem 6.3). Alsoσ r�N is surjective with kernel containingam+1 for

r > m. ThusR induces an isomorphism on the End�F (�N⊗r ). We have HomGL(m)(V
⊗r , V ⊗s) = 0 for r �= s, soR

is an equivalence by rigidity of�F . Now takeH = S ◦ R′ with R′ quasi-inverse toR. �
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Lemma 3.3. Let H :C → A be ak-tensor functor. Suppose thatC is rigid and thatHomA(H−,1) on C is ind-
representable([2], I 8.2.2). ThenH is tensor isomorphic to the composite of ak-tensor functorA ⊗ − :C →
Mod(A) with a fully faithfulk-tensor functorMod(A) →A.

Proof. Write H̃ = Ind(H) and letf : H̃A → 1 define an isomorphismϕ : HomInd(C)(−,A)
∼−→ HomInd(A)(H̃−,1).

There is a unique algebra structure onA such thatf is a morphism of algebras. ThenH is tensor isomorphic
to F ◦ (A ⊗ −) with F = 1 ⊗H̃A H̃− : Mod(A) → A defined byf . The factorisation HomA(A ⊗ M,A)

∼−→
HomInd(C)(M,A)

ϕM−−→ HomA(HM,1)
∼−→ HomA(F (A⊗M),FA) of FA⊗M,A for M ∈ C, together with the rigid-

ity of Mod(A), shows thatF is fully faithful. �
Lemma 3.4. A k-tensor categoryA is positive if and only if there exists a proreductivek-groupG and aG-algebra
A such thatA is k-tensor equivalent toMod(G,A).

Proof. Suppose thatA is positive. IfM is an object ofA, and if nj andej are as in Lemma 3.1, then since t

imageNj of ej : 1 → 1 has dimensionej , the objectM ⊕⊕
j N

m−nj

j has dimensionm ∈ N for m � maxj nj . Hence
by Lemma 3.2 there is aG = ∏

i∈I GL(mi) and ak-tensor functorH : Repk(G) → A such that every object ofA
is a direct summand of one in the image ofH . Since Repk(G) is semisimple, HomA(H−,1) is exact and henc
ind-representable ([2], I 8.3.3). Thus Lemma 3.3 gives ak-tensor equivalence Mod(G,A) → A. The converse is
immediate. �
4. Simple algebras and semisimplicity

Lemma 4.1 (see [1] 8.2.4). LetA be a positivek-tensor category withEndA(1) = k. ThenA/R(A) is semisimple
and positive with finite-dimensional homk-spaces. IfA is semisimple thenR(A) = 0.

Lemma 4.2. Let D be a semisimple positivek-tensor category withEndA(1) = k and let A be an algebra in
Ind(D) with HomInd(D)(1,A) = k. ThenMod(A) is semisimple if and only ifA is simple. When this is soMOD(A)

is semisimple, andMOD(A) = Ind(Mod(A)).

Proof. The isomorphisms HomA(A ⊗ N,−) � HomInd(D)(N,−) show that HomA(L,−) is exact and preserve
filtered colimits whenL ∈ Mod(A). Now A is simple if and only if each non-zeroM → A in MOD(A) is an
epimorphism, and by Lemma 4.1 Mod(A) is semisimple if and only if each non-zeroM → A in Mod(A) is a
retraction. Since HomA(A,−) is exact, the first statement follows. Suppose now that Mod(A) is semisimple. Any
A-moduleL is the cokernel of anA-morphisml :A ⊗ K ′ → A ⊗ K , with for exampleK = L. Writing K and
K ′ as filtered colimits of objects inD and appropriately reindexing, we may expressl as a filtered colimit of
A-morphismslλ :A ⊗ K ′

λ → A ⊗ Kλ with Kλ,K
′
λ ∈ D. ThenL is the filtered colimit of the cokernels of thelλ,

which by semisimplicity lie in Mod(A). Thus MOD(A) = Ind(Mod(A)). The objects of Mod(A) are of finite
length by Lemma 4.1, so each object of MOD(A) is a coproduct of simple objects of Mod(A), whence MOD(A)

is semisimple. �
5. Algebras with action of a proreductive group

Lemma 5.1 (Magid [7], Theorem 4.5). Let G be an affinek-group of finite type and letA be aG-algebra with
AG = k. ThenA is a simpleG-algebra if and only ifSpec(A) is homogeneous underG.

Lemma 5.2. LetG be a reductivek-group, letA be a finitely generatedG-algebra withAG = k, and letJ �= A be
a G-ideal ofA. Then the canonical homomorphismA → limn A/Jn, where the limit is taken inREPk(G), is an
isomorphism.
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Proof. It suffices to show that HomG(V,A) → limn HomG(V,A/Jn) is bijective forV ∈ Repk(G). The surjec-
tivity is clear since HomG(V,A) is finite-dimensional overk = AG (e.g. [8], Theorem 3.25) and HomG(V,−) is
exact. To prove the injectivity, we may by extending the scalars assumek algebraically closed. It suffices to che
that then

⋂
n J n = 0, or equivalently (e.g. [9], Chapter IV, Theorem 12′) that if p is an associated prime of 0⊂ A

thenJ + p �= A. Sincek is algebraically closed, aG(k)-subspace of a representation ofG is a G-subspace, a
can be seen by reducing to the finite-dimensional case. Thusp0 = ⋂

g∈G(k) gp is a G-ideal of A. It follows that

A → A/J × A/p0 is not surjective since dimk(A/J × A/p0)
G > 1, soJ + p0 �= A. Since eachgp lies in the finite

set of associated primes of 0, someJ + gp �= A, soJ + p = g−1(J + gp) �= A. �
Lemma 5.3 (cf. [6], Corollaire 2). LetG be a proreductivek-group andA be aG-algebra withAG = k. ThenA

has a unique simpleG-quotientĀ. If D is a simpleG-subalgebra ofA, then the projectionA → Ā has a right
inverse in the category ofG-algebras overD.

Proof. By Zorn’s LemmaA has a maximalG-idealJ . If J ′ �= A is aG-ideal ofA, thenA → A/J × A/J ′ is not
surjective since dimk(A/J × A/J ′)G > 1, soJ + J ′ �= A andJ ′ ⊂ J . ThusĀ = A/J exists and is unique. Th
second statement is proved in (1), (2) and (3) below. We note that ifG is of finite type then by Lemma 5.1̄A and
D are finitely generatedk-algebras and̄A is smooth overD.

(1) Suppose thatG is of finite type and thatJ 2 = 0. WriteE for the set ofk-algebra homomorphisms̄A → A

overD right inverse toA → Ā, and letV ⊂ Ā be a finite-dimensionalG-subspace which containsk and gener-
atesĀ. We may regardE as a subset of Homk(V ,A) = V ∨ ⊗k A. Now E �= ∅ by smoothness of̄A overD, and if
e ∈ E thenE − e is thek-space of derivations of̄A overD with values inJ . Thus thek-subspacẽE of V ∨ ⊗k A

generated byE is aG-subspace, and the evaluationV ∨ ⊗k A → A at 1∈ V defines a surjectiveG-homomorphism
Ẽ → k ⊂ A with fibre E above 1∈ k. SinceG is reductive, the set̃EG ∩ E of homomorphisms ofG-algebras
Ā → A overD right inverse toA → Ā is non-empty.

(2) Suppose thatG is of finite type. ReplacingA with its G-subalgebra generated byD and a lifting toA

of a finite set of generators of̄A, we may assume thatA is finitely generated. ThenA = limn A/Jn in REP(G)

by Lemma 5.2. Thus it is enough to show that a morphismĀ → A/Jn of G-algebras overD can be lifted to
Ā → A/Jn+1. In fact the pullback ofA/Jn+1 → A/Jn along Ā → A/Jn has kernel of square 0, and so ha
right inverse overD by (1).

(3) Consider the general case. By Zorn’s Lemma,A has a maximal simpleG-subalgebraC containingD.
It suffices to show thatC → Ā is an isomorphism. To do this we show thatCH → ĀH is an isomorphism fo
each normalk-subgroupH of G with G1 = G/H of finite type. If B is a simpleG-algebra thenBH is a simple
G1-algebra, becauseI = (BI)H for a G1-ideal I of BH . Thus MOD(G1,C

H ) is semisimple by Lemma 4.2
so every(G1,C

H )-module is a direct summand of a free(G1,C
H )-moduleCH ⊗k M , with M ∈ REPk(G1).

By the isomorphisms HomG1(M,CH ⊗k N) � HomG(M,C ⊗k N) for M,N ∈ REPk(G1), thek-tensor functor
F = C ⊗CH − : MOD(G1,C

H ) → MOD(G,C) is thus fully faithful. Further by semisimplicity of MOD(G,C),
every(G,C)-submodule of one in the essential image ofF is in the essential image ofF . ThusFC1 is a simple
G-algebra ifC1 is a simpleG1-algebra overCH , andFC1 �= C if C1 �= CH . Since an embeddingC1 → AH ⊂ A

overCH defines an embeddingFC1 → A overC, it follows thatCH is a maximal simpleG1-subalgebra ofAH .
Applying (2) withG1, AH , ĀH andCH for G, A, Ā andD then shows thatCH → ĀH is an isomorphism. �
6. Proof of Theorem 1.1

In the category ofk-tensor categories and tensor isomorphism classes ofk-tensor functors, the coproduct
C1 andC2 is the pseudo-Abelian hullC1 ⊗k C2 of the category with objects ObC1 × ObC1, homk-spaces tenso
products of those ofC1 andC2, and a suitable tensor structure. IfC1 andC2 are semisimple positive with End(1) = k,
so isC1⊗k C2: its endomorphism algebras are semisimple by Lemma 4.1, and it is generated by objects in th
of theC → C ⊗ C , and so is positive by Lemmas 3.1 and 3.2.
i 1 k 2
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Lemma 6.1. LetD andA be as in Lemma4.2. ThenA has a unique simple quotient̄A, and the projectionA → Ā

has a right inverse in the category of algebras inInd(D).

Proof. By Lemma 3.4 we may assumeD = Mod(G,D) with G proreductive andDG = k. ThenD is G-simple
and Ind(D) = MOD(G,D), by Lemma 4.2. The result thus follows from Lemma 5.3.�
Lemma 6.2. If A andD are as in Theorem1.1, then everyk-tensor functorD → A factors, up to tensor isomor
phism, through a right quasi-inverse to the projectionA → A/R(A).

Proof. By Lemmas 3.1 and 3.2 there is an essentially surjectivek-tensor functor Repk(G) → A, with G a product
of general linear groups. SinceD →A factors up to tensor isomorphism throughD⊗k Repk(G) →A, we may by
replacingD with D ⊗k Repk(G) assume thatD → A is essentially surjective. Applying Lemma 3.3, we may th
suppose thatA = Mod(A) for an algebraA in Ind(D), and thatD →A is A ⊗ −.

By Lemma 6.1A has a simple quotient̄A, and by Lemma 4.2 Mod(Ā) is semisimple. SincēA⊗A− : Mod(A) →
Mod(Ā) is full, it factors through ak-tensor equivalence Mod(A)/R(Mod(A)) → Mod(Ā), by Lemma 4.1. It now
suffices to note that if̄A → A is right inverse toA → Ā as in Lemma 6.1, thenA⊗Ā− : Mod(Ā) → Mod(A) is right
quasi-inverse tōA⊗A −, andA⊗− :D → Mod(A) factors up to tensor isomorphism as(A⊗Ā −) ◦ (Ā⊗−). �

To prove Theorem 1.1, it remains after Lemmas 4.1 and 6.2 only to show that any two right quasi-inverseT1 and
T2 to the projectionP :A → A/R(A) are tensor isomorphic. If� denotes tensor isomorphism, thenTi � T ′T ′

i ,
with T ′ :A/R(A) ⊗k A/R(A) → A. By Lemma 6.2,T ′ � T S for someT with PT � Id. ThenS � PT ′, so
Ti � T ST ′

i � T PTi � T andT1 � T2.

7. Structure theorems

If G is a proreductivek-group andA is a G-algebra, then Mod(G,A) is k-tensor equivalent to the catego
Vec(G,X) of G-equivariant vector bundles overX = Spec(A), since each such bundle is a direct summand
the pullback alongX → Spec(k) of a representation ofG. Thus by Lemma 3.4, any positivek-tensor category is
k-tensor equivalent to Vec(G,X) for some proreductiveG and affineG-schemeX.

Let A be a positivek-tensor category with EndA(1) = k, and suppose thatk is algebraically closed. It ca
be shown by applying Lemma 3.3 to the right quasi-inverse of Theorem 1.1 that, among pairs(G,X) with G

proreductive,X affine and such that Vec(G,X) is k-tensor equivalent to aA, there is one(G0,X0) for which X0
has ak-point fixed byG0. Further for any other such(G,X) there is an embeddingG0 → G of k-groups such tha
X is G-isomorphic to the homogeneous fibre spaceG ∗G0 X0.
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