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Abstract

We give a totally explicit expression for the normalized characters of the symmetric group.To cite this article: M. Lassalle,
C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Explicitation des caractères du groupe symétrique. Nous donnons une formule totalement explicite pour les caractères no
du groupe symétrique.Pour citer cet article : M. Lassalle, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Les caractères des représentations irréductibles du groupe symétrique jouent un rôle important dans de
domaines des mathématiques. Cependant depuis les premiers travaux de Frobenius [2] en 1900, on n’en c
aucune expression générale explicite. Seuls quelques rares cas particuliers avaient été calculés [2,4,11]. Le b
Note est de présenter la solution de ce problème.

Les représentations irréductibles du groupe symétriqueSn den lettres sont indicées par les partitionsλ den. Leurs
caractèresχλ sont évalués sur les classes de conjugaison deSn, chacune étant définie par une partitionµ qui donne
son type cyclique. Soitχλ

µ la valeur du caractèreχλ pris sur une permutation de type cycliqueµ.
Dans cette Note nous donnons une formule, générale et totalement explicite, pour le caractère normχ̂λ

µ =
χλ

µ/dimλ. Cette expression est obtenue en écrivant ce caractère comme un polynôme symétrique en les «
de la partitionλ.

Ce polynôme symétrique est lui même défini au moyen de la nouvelle famille de nombres entiers que no
introduite dans [8]. Ces nombres entiers apparaissent par le calcul. Leur rapport avec la structure du groupe s
reste à clarifier.

E-mail address: lassalle@univ-mlv.fr (M. Lassalle).
URL: http://igm.univ-mlv.fr/~lassalle/.
1631-073X/$ – see front matter 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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1. Introduction

The characters of the irreducible representations of the symmetric group play an important role in many
mathematics. However, since the early work of Frobenius [2] in 1900, no explicit formula was found for them. E
formulas were only computed for very few examples [2,4,11]. The purpose of this Note is to give a general
explicit, expression for these characters.

The irreducible representations of the symmetric groupSn of n letters are labelled by partitionsλ of n (i.e. weakly
decreasing sequences of positive integers summing ton). Their charactersχλ are evaluated at a conjugacy class ofSn,
labelled by a partitionµ giving the cycle-type of the class. Letχλ

µ be the value of the characterχλ at a permutation
of cycle-typeµ. We shall give an explicit formula for the normalized characterχ̂λ

µ = χλ
µ/dimλ.

It should be first emphasized that our result gives the dependence ofχ̂λ
µ with respect toλ in terms of the ‘contents

of this partition. More precisely this character is expressed as a symmetric function evaluated on the alphab
contents ofλ.

Such a fact was noticed by Lascoux and Thibon in 1990 (unpublished). Later it was independently conjec
Katriel [5] and the author [7, Sections 8–11].1

The fact thatχ̂λ
µ is a symmetric function in the contents ofλ was recently proved in [1]. However this symmet

function remained quite obscure, even in the very elementary situation corresponding to a classµ with one non unary
cycle [3]. The purpose of this note is to give it explicitly.

It is a second remarkable fact that this explicitation can only be written by using a new family of positive in
which we have introduced in [8]. The connection of these integers with the structure of the symmetric group c
needs to be investigated.

Detailed proofs will be given in a forthcoming paper.

2. Preliminaries

2.1. Positive integers

Let n,p, k be three integers with 0� p � n andk � 1. Define(
n

p

)
k

= n

k

∑
r�0

(
p

r

)(
n − p

r

)(
n − r − 1

k − r − 1

)
.

We have obviously(
n

p

)
k

= 0 for k > n,

(
n

p

)
1
= n,

(
n

p

)
k

=
(

n

n − p

)
k

.

These numbers generalize the classical binomial coefficients, since we have(
n

0

)
k

=
(

n

k

)
,

(
n

1

)
k

= k

(
n

k

)
,

(
n

p

)
n

=
(

n

p

)
,

the last property being a direct consequence of the classical Chu–Vandermonde formula.
The numbers

(
n
p

)
k

were studied in [8]. It was proved that they arepositive integers, and their generating function

Gn(y, z) =
n∑

p=0

n∑
k=1

(
n

p

)
k

ypzk

was shown to be

Gn(y, z) = 2−n
(
(1+ y)(1+ z) +

√
(1+ y)2(1+ z)2 − 4y(1+ z)

)n

+ 2−n
(
(1+ y)(1+ z) −

√
(1+ y)2(1+ z)2 − 4y(1+ z)

)n − 1− yn.

1 The conjectures of [7] are more general since they are given in the framework of Jack polynomials. Once specialized toα = 1, they correspond
to the characters of the symmetric group, as emphasized in Section 11 of [7].
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2.2. Extension to partitions

A partition λ = (λ1, λ2, . . .) is a finite weakly decreasing sequence of nonnegative integers, called part
numberl(λ) of positive parts is called the length ofλ, and |λ| = ∑l(λ)

i=1 λi the weight ofλ. For any integeri � 1,
mi(λ) = card{j : λj = i} is the multiplicity of the parti in λ. Clearlyl(λ) = ∑

i�1 mi(λ) and|λ| = ∑
i�1 imi(λ). We

shall also writeλ = (1m1,2m2,3m3, . . .) andzλ = ∏
i�1 imi(λ)mi(λ)!.

For any integers 0� p � |λ| andk � 1, we define〈
λ

p

〉
k

=
∑
(pi )

∑
(ki )

l(λ)∏
i=1

(
λi

pi

)
ki

,

the sum being taken over all decompositionsp = ∑l(λ)
i=1 pi , k = ∑l(λ)

i=1 ki with 0 � pi � λi and ki �= 0 for any i.
Observe that there is no such restriction forpi .

This definition yields easily
〈 λ
p

〉
k
= 0 except ifl(λ) � k � |λ|. Indeed it is obvious that

〈 λ
p

〉
k
= 0 for k < l(λ), and

since
(
n
p

)
k
= 0 for k > n, we have also

〈 λ
p

〉
k
= 0 for k > |λ|.

For instance
〈 λ
p

〉
1
= 0 except ifλ is a row partition(n), in which case

〈 (n)
p

〉
k
= (

n
p

)
k
. We have easily〈

λ

1

〉
k

= k

〈
λ

0

〉
k

,

〈
λ

p

〉
k

=
〈

λ

|λ| − p

〉
k

,

〈
λ

p

〉
|λ|

=
(|λ|

p

)
.

As a direct consequence of their definition, the generating function for the positive integers
〈 λ
p

〉
k

is the following

|λ|∑
p=0

|λ|∑
k=l(λ)

〈
λ

p

〉
k

ypzk =
l(λ)∏
i=1

Gλi
(y, z) =

∏
i�1

(
Gi(y, z)

)mi(λ)
.

2.3. Power-sums of contents

Each partitionλ may be identified with its Ferrers diagram{(i, j): 1 � i � l(λ), 1 � j � λi}. The content of any
cell (i, j) ∈ λ is defined bycij = j − i. Let p0(λ) = |λ| and for any integerk > 0, define

pk(λ) =
∑

(i,j)∈λ

(j − i)k =
l(λ)∑
i=1

λi∑
j=1

(j − i)k.

Recall [9, p. 23] that thekth power-sumpk evaluated on an alphabetA = {a1, a2, a3, . . .}, is given bypk(A) =∑
i a

k
i . Hencepk(λ) = pk(Aλ), whereAλ = {j − i, (i, j) ∈ λ} is the alphabet of the contents ofλ. For any partition

µ we write

pµ(λ) =
l(µ)∏
i=1

pµi
(λ) =

∏
i�1

pi(λ)mi(µ).

For any integersn � 1, k � 1 and 0� p � n, we define

Fnpk(λ) =
∑

|µ|=n

〈 µ
p

〉
k

zµ

pµ(λ).

Since
〈 µ
p

〉
k

= 0 for k < l(µ), this sum is restricted to partitions withl(µ) � k. Similarly since
〈 µ
p

〉
k

= 0 for k > |µ|,
one hasFnpk(λ) = 0 for k > n.

For k = 0 the previous definition is extended by the conventionFnp0(λ) = 0 with the only exceptionF000(λ) = 1.
For k = 1 we haveFnp1(λ) = pn(λ), and fork = n we obtain

Fnpn(λ) =
(

n

p

) ∑ pµ(λ)

zµ

=
(

n

p

)
Fn0n(λ).
|µ|=n
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Observe [9, p. 25] thatFn0n(λ) = hn(Aλ), with hn thenth complete symmetric function. Finally we haveFn1k(λ) =
kFn0k(λ) andFnpk(λ) = Fn,n−p,k(λ).

Here is our basic tool. For any positive integerr and any indeterminatex, we write

cλ
r (x) =

∑
m,p,q�0

2m+p+q�r

(−x)m−1(x + 1)p
(

m + p + q − 1

p

)(min(m,r−2m−p)∑
k=0

(|λ| + m − 1

m − k

)
Fr−2m−p,q,k(λ)

)
.

One hascλ
0(x) = −1/x sinceF000(λ) = 1, andcλ

1(x) = 0 sinceF1q0(λ) = 0. First values are given by

cλ
2(x) = |λ|, cλ

3(x) = 2p1(λ) + (x + 1)|λ|,
cλ

4(x) = 3p2(λ) + 3(x + 1)p1(λ) − x

(|λ| + 1

2

)
+ (x + 1)2|λ|.

Finally let us mention that, by an easy argument of [6,10], each functionpk(λ) defines a ‘shifted symmetri
function’ of λ, i.e. a polynomial in the shifted variablesλi − i. Hence the same property holds forcλ

r (x).

3. The one-cycle case

We briefly recall some basic notions about the characters of the symmetric group, referring the reader to
tion 1.7] for a more complete account.

Each permutationσ ∈ Sn factorizes uniquely as a product of disjoint cycles, whose respective lengths are o
such as to form a partitionµ = (p1, . . . , pk). This partition determinesσ up to conjugacy inSn, and conjugacy classe
are labelled by partitionsµ of n. Since the irreducible representations ofSn are also labelled by partitionsλ of n, we
must computeχλ

µ, the value of the characterχλ(σ ) at a permutationσ of cycle-typeµ.
We may alternatively compute the normalized characterχ̂λ

µ = χλ
µ/dimλ, since the dimension dimλ = χλ

1n of the
representationλ is well known, see [9, Example 1.7.6, p. 116]. We have

dimλ = n!∏n
i=1(λi + n − i)!

∏
1�i<j�n

(λi − λj + j − i).

The most elementary case corresponds to a permutationσ with one cycle of lengthp and all other cycles unar
associated with the partitionµ = (p,1n−p). As early as 1900, Frobenius [2] gave the following expression forχ̂λ

µ [9,
Example 1.7.7, p. 117]

n!
(n − p)! χ̂λ

µ =
n∑

i=1

(λi + n − i)!
(λi + n − i − p)!

∏
1�i, j�n

i �=j

λi − λj + j − i − p

λi − λj + j − i
.

We shall write this quantity in a more explicit form, making obvious that it is not a rational function, buta polynomial
in the variablesλi − i.

For any indeterminatex and positive integerr , define the lowering factorial[x]r by

[x]r = x(x − 1) · · · (x − r + 1) =
∑
i�1

s(r, i) xi ,

which is the generating function for the Stirling numbers of the first kinds(r, i).

Theorem 3.1. For µ = (p,1n−p) we have

n!
(n − p)! χ̂λ

µ =
∑
i�2

s(p + 1, i) cλ
i (p).
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, for
Forp = 1 the sum is restricted toi = 2 and we recover̂χλ
1n = 1. Frobenius [2] computed the cases 2� p � 4, and

Ingram [4] the casep = 5. As an example, forµ = (7,1n−7) we have

n!
(n − 7)! χ̂λ

µ = cλ
8(7) − 28cλ

7(7) + 322cλ
6(7) − 1960cλ

5(7) + 6769cλ
4(7) − 13132cλ

3(7) + 13068cλ
2(7).

4. The two-cycle case

A permutation having two cycles with lengthsp � q corresponds to the partitionµ = (p, q,1n−p−q). Ingram [4]
only computed the cases 2� p � 4, q = 2 andp = q = 3.

Theorem 4.1. For µ = (p, q,1n−p−q) we have

n!
(n − p − q)! χ̂λ

µ =
∑

i,j�2

cλ
i (p) cλ

j (q) s(p + 1, i) s(q + 1, j)

+ pq
∑

i,j�0

cλ
i (p) cλ

j (q)

( ∑
a,b�0

(
a + 1

b + 1

)
p(−p)b + qb+1

p + q
s(p + 1, i − a + b) s(q + 1, j + a + 2)

)
.

Observe that the above expression is not symmetrical with respect top,q, though actuallyχ̂λ
µ is. Forq = 1 the

sums are restricted toj = 2 andj = a = b = 0, respectively, thus we recover Theorem 3.1. As an example
µ = (4,3,1n−7) we have

n!
(n − 7)! χ̂λ

µ = (
cλ

5(4) − 10cλ
4(4) + 35cλ

3(4) − 50cλ
2(4)

)(
cλ

4(3) − 6cλ
3(3) + 23c2(3)

)
− 12

(
cλ

7(4) + 15cλ
6(4) − 95cλ

5(4) + 325cλ
4(4) − 624cλ

3(4) + 620cλ
2(4)

)
.

5. The general case

Theorem 4.1. may be written in a more compact form, by using the following notations. Letε ∈ {0,2}. Define
θ = 1 if ε = 0 andθ = pq otherwise. Then Theorem 4.1. can be expressed

n!
(n − p − q)! χ̂λ

µ =
∑

ε∈{0,2}

∑
i,j�0

cλ
i (p) cλ

j (q)

×
( ∑

a,b�0

θ

(
a + 1

b + 1

)
p(−p)b + qb+1

p + q
s(p + 1, i − a + b) s(q + 1, j + a + ε)

)

with the convention that the sum ona, b is restricted toa = b = 0 whenε = 0.
A similar notation will be useful in the general case. Forp = (p1, . . . , pr) ∈ Nr write |p| = ∑

i pi . Let M(r) denote
the set of upper triangularr × r matrices with nonnegative integers, and 0 on the diagonal. For any 1� i < j � r let
εij ∈ {0,2}, and defineθij = 1 if εij = 0 andθij = pipj otherwise.

Theorem 5.1. For µ = (p1, . . . , pr ,1n−|p|) we have

n!
(n − |p|)! χ̂λ

µ =
∑

ε∈{0,2} r(r−1)
2

∑
(i1,...,ir )∈Nr

∑
a,b∈M(r)

r∏
k=1

cλ
ik
(pk)

×
( ∏

1�i<j�r

θij

(
aij + 1

bij + 1

)
pi(−pi)

bij + pj
bij +1

pi + pj

)
s

(
pk + 1, ik +

∑
l<k

(alk + εlk) −
∑
l>k

(akl − bkl)

)
,

with the convention that the sum on aij , bij is restricted to aij = bij = 0 when εij = 0.



534 M. Lassalle / C. R. Acad. Sci. Paris, Ser. I 341 (2005) 529–534

ing

senschaften

ternational

47 (1987)
Forpr = 1 either allεlr ,1� l � r −1 are equal to 0, and the sum is restricted toir = 2. Either only oneεlr is equal
to 2, and the sum is restricted toir = 0. Or two or moreεlr are equal to 2, such a contribution being zero. Summ
up ther non zero contributions brings a factor(n − ∑r−1

i=1 pi), and we recover the formula forr − 1.
Ingram [4] had only computed the casep1 = p2 = p3 = 2. As an example, forµ = (3,2,2,1n−7) we have

n!
(n − 7)! χ̂λ

µ = cλ
2(2)

(
36cλ

5(3) − 338cλ
4(3) + 1128cλ

3(3) − 1558cλ
2(3)

)
− cλ

3(2)
(
12cλ

5(3) − 114cλ
4(3) + 384cλ

3(3) − 534cλ
2(3)

)
+ (

9cλ
2(2)2 − 6cλ

3(2)cλ
2(2) + cλ

3(2)2 − 4cλ
4(2)

)(
cλ

4(3) − 6cλ
3(3) + 11cλ

2(3)
)

+ 72
(
cλ

6(3) − 10cλ
5(3) + 40cλ

4(3) − 80cλ
3(3) + 79cλ

2(3)
)
.

References

[1] S. Corteel, A. Goupil, G. Schaeffer, Content evaluation and class symmetric functions, Adv. Math. 188 (2004) 315–336.
[2] G. Frobenius, Über die Charaktere der Symmetrischen Gruppe, Sützungsberichte der Königlich Preussischen Akademie der Wis

zu Berlin (1900) 516–534.
[3] A. Goupil, D. Poulalhon, G. Schaeffer, Central characters and conjugacy classes of the symmetric group, in: Proceedings 12th In

Conference FPSAC’00, Springer-Verlag, Berlin/New York, 2000, pp. 238–249.
[4] R.E. Ingram, Some characters of the symmetric group, Proc. Amer. Math. Soc. 1 (1950) 358–369.
[5] J. Katriel, Explicit expressions for the central characters of the symmetric group, Discrete Appl. Math. 67 (1996) 149–156.
[6] S. Kerov, G. Olshanski, Polynomial functions on the set of Young diagrams, C. R. Acad. Sci. Paris Sér. I 319 (1994) 121–126.
[7] M. Lassalle, Some combinatorial conjectures for Jack polynomials, Ann. Comb. 2 (1998) 61–83.
[8] M. Lassalle, A new family of positive integers, Ann. Comb. 6 (2002) 399–405.
[9] I.G. Macdonald, Symmetric Functions and Hall Polynomials, second ed., Clarendon Press, Oxford, 1995.

[10] A. Okounkov, G. Olshanski, Shifted Schur functions, St. Petersburg Math. J. 9 (1998) 239–300.
[11] M. Suzuki, The values of irreducible characters of the symmetric group, Amer. Math. Soc. Proceedings of Symposia in Pure Math.

317–319.


