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Abstract

We give a sufficient condition on the boundary of a domain, insuring that the automorphism group of the domain is c
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Résumé

Sur la compacité du groupe d’automorhismes d’un domaine. Nous donnons une condition suffisante sur la frontière d
domaine assurant la compacité du groupe de Lie des automorphismes holomorphes du domaine.Pour citer cet article : J. Byun,
H. Gaussier, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

The classification of domains with noncompact holomorphic automorphism group has been intensively
since the pioneer works of Henri Poincaré. A natural approach consists in studying the trajectories of autom
orbits. Generically the holomorphic automorphism group of a domain is compact. This is equivalent to the co
ness of the trajectories. In contrast there are few classes of relatively compact domains with noncompact autom
group. For such domains some orbits accumulate at boundary points calledorbit accumulation points. The classifi-
cation relies deeply on the study of the geometry of the boundary at an orbit accumulation pointp. For instance, by
[16,15], if p is a strongly pseudoconvex point, then the domain is biholomorphically equivalent to the unit ball.
Bedford and Pinchuk proved that ifΩ is bounded, pseudoconvex with real-analytic boundary inC

2 and if Ω has a
noncompact automorphism group, thenΩ is biholomorphic to the ellipsoid{(z,w) ∈ C

2: |z|2m + |w|2 < 1}. We re-
call that a domain is of finite D’Angelo type (see [6]) at a boundary point if the order of contact at that point be
the boundary and complex curves is upper bounded, uniformly with respect to the curves. Greene and K
suggested the following problem to understand the geometry of a domain in a complex space.

Conjecture 1. LetΩ be a smooth bounded pseudoconvex domain inC
n and letp be a boundary point. Ifp is an orbit

accumulation point, thenΩ is of finite D’Angelo type atp.
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The main results around this conjecture are due to Greene and Krantz [8], Kim [10], Kang [9], Kim and
[12], Landucci [14].

The aim of this Note is to give sufficient conditions on the geometry of a domain at a boundary point to ins
there is no orbit accumulating at that point. LetM be a hypersurface inCn and letPm(M) be the set of all points in
M of typem (m is either a positive integer or infinity). In [14], Landucci proved that the automorphism group
domain is compact ifP∞(∂Ω) is a closed interval on the real ‘normal’ line in a complex space with dimension 2
theorem shows that if the closed interval with constant type is isolated (statement (b) in Theorem 1.1 belo
there is no automorphism orbit accumulating at the convex part of the boundary.

Theorem 1.1. Let Ω be a bounded pseudoconvex domain inC
n, satisfying Condition(R). Assume that there are tw

open setsU,V such that

(a) U ⊂ V ,
(b) A connected component ofPm(∂Ω ∩ V ) is an intervalI ⊂ U transversal to the complex tangent spaceT C

z (∂Ω)

at one pointz ∈ I .

Then there are no automorphism orbits inΩ accumulating at a boundary pointp which has a neighborhoodW
satisfyingW ∩ Ω is convex.

The precise definition of Condition (R) is given in [4]. IfΩ satisfies Condition (R) then every automorphismf ∈
Aut(Ω) extends smoothly up to the boundary i.e.f ∈ C∞(Ω). As a direct consequence of the proof of Theorem
we give the following corollaries.

Corollary 1.2. Under the hypothesis of Theorem1.1, if Ω is convex, then the automorphism group of the doma
compact.

In case condition (b) deals with the global setPm(∂Ω), we obtain:

Corollary 1.3. LetΩ be a smooth bounded convex domain inCn. Assume that a connected component ofPm(∂Ω) is
an intervalI transversal toT C

z (∂Ω) at one pointz ∈ I . ThenAut(Ω) is compact.

2. Proof of Theorem 1.1

From now on, letΩ be a bounded pseudoconvex domain inC
n with smooth boundary satisfying Condition (R

and letz = (0,0) ∈ ∂Ω . Without loss of generality, we can assume that there are two neighborhoodsU , V of z ∈ ∂Ω

such thatU ⊂ V .
Moreover, in virtue of condition (b), there exist complex coordinates(z′, zn) for C

n such thatT C
z (∂Ω) = {zn = 0}

andI is contained in the set{(0, zn) | Im zn = 0}. Therefore, the axis Imzn is normal to∂Ω at z andI = {(0, zn) ∈
U ∩ ∂Ω | Im zn = 0, a � Rezn � b}, for some real numbersa, b.

Expecting a contradiction, we assume that there is an automorphism orbit accumulating at a boundary pp in
W ∩ ∂Ω . SinceΩ ∩ W is convex, it follows from a result of K.T. Kim [11] that there is a noncompact subg
T = {ft ∈ Aut(Ω) | t ∈ R} of Aut(Ω) which is isomorphic toR. By Condition (R), the restriction to∂Ω of the
extension ofT to �Ω defines a CR automorphism of∂Ω . The mapt �→ ft (I ) is continuous,f0 = Id andI is connected
Since the D’Angelo type is a CR invariant, we haveft (I ) = I for all t ∈ R, by condition (b).

Let Cn be the non-empty component of{(z′, zn) ∈ Ω | z′ = 0}, whose closure contains the origin.
Then we have the following

Lemma 2.1. If f ∈ Aut(Ω) with f (I) = I , thenf (Cn) = Cn.

Proof. For 1� j � n − 1, consider the holomorphic functionψj defined in a domainW = {ζ ∈ C: (0, ζ ) ∈ Cn} by
ψj (ζ ) := fj (0, ζ ), wherefj is aj th component off . Sincef (I) = I andI = {(z′, zn) ∈ U | z′ = 0, Im zn = 0}, we
easily see thatψj (r) = 0 for r ∈ R. By the Schwarz Reflection Principle,ψj is identically zero. This completes th
proof of Lemma 2.1. �
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According to Lemma 2.1,ft (Cn) = Cn. Hence we can viewT |Cn as a noncompact subgroup of Aut(Cn) andCn

is a one-dimensional domain with aC1 orbit accumulation point. By [13], there exists a biholomorphismϕ between
Cn and the closed unit disc̄∆ in C.

Consider the automorphismϕt of ∆, defined byϕt := ϕ ◦ft ◦ϕ−1. We may assume thatϕ(I) = {eiθ : θ ∈ [−π,0]}.
Let X be the vector field generating(ϕt )t∈R. This extends up to∆̄. By constructionϕt (ϕ(I )) = ϕ(I), implying that
X(−1) = X(1) = 0. Henceϕt (−1) = −1 andϕt (1) = 1 for every realt . If we writeϕt (ζ ) = eiθt (ζ −at )/(1−atζ ) then
the two preceding equalities imply thatat is real for everyt and eiθt = 1. In particular, we have: limt→+∞ ϕt (0) = 1
and limt→−∞ ϕt (0) = −1 non tangentially. So we can assume that limt→+∞ ft = (0, a) and limt→−∞ ft = (0, b)

uniformly on compact subsets ofΩ .
We divide the study into the following two cases:

(I) m = ∞. By scaling theory [12], there is a biholomorphism betweenΩ and a model domainΩρ := {Rezn +
ρ(z′′) < 0}, wherez′′ = (z1, . . . , zn−2) andρ is a real valued function onCn−2. Note that the model domainΩρ

contains a complex line, since the defining function does not depend on the variablezn−1. Therefore the domai
Ω is not Kobayashi hyperbolic. This is a contradiction.

(II) m < ∞. The following theorem is due to S. Bell [3]. We reformulate this for our purpose.

Theorem 2.2. Let D be a bounded domain with aC∞ smooth boundary, satisfying Condition(R). Assume that ther
is a sequencefj of automorphisms and two boundary pointsp1 and p2 such thatfj , f −1

j converge uniformly on
compact subsets ofD to the constant functionsp1, p2, respectively. IfΩ is of finite type atp1 and p2, thenfj

converges uniformly on compact subsets ofD \ {p2} to the constant functionp1.

We apply Theorem 2.2 toD = Ω , p1 = (0, a) andp2 = (0, b). It follows from the invariance of the type thatΩ

is a weakly pseudoconvex domain of finite type. Note thatΩ is locally convex atp. By dilation of coordinates [2]
we can construct a biholomorphismΦ from Ω to D = {z ∈ C

n: Rezn + ρ(z′) < 0}, whereρ is a smooth real value
function onC

n−1. Using some estimates of the Kobayashi–Royden infinitesimal pseudometric at infinity in a c
domain [2] and at points in the finite type pseudoconvex boundary∂Ω [5], we obtain the existence of a parabo
orbit. Namely, there is a pointp′ ∈ ∂Ω such that limt→±∞ Φ−1 ◦ lt ◦ Φ(q) = p′, whereq is an interior point ofΩ
andlt (z

′, zn) = (z′, zn + it) (see [1]).
Let gt := Φ−1 ◦ lt ◦ Φ. Note thatgt (I ) = I becausegt is a subgroup of the automorphism group. Repeating

previous argument, we obtain that, likeϕt , gt has at least two fixed points inI . Hence,gt is not parabolic which is a
contradiction. �
3. Examples

We present several useful examples for a general approach to the Greene–Krantz conjecture.
From now on, let(z,w) be a standard coordinate forC

2 and letΨ be the Cayley transform defined byΨ (z,w) =
(z/(1− w), (1+ w)/(1− w)).

Example 1. Let Ωm = {(z,w) ∈ C
2 | 4 Rew + |z|2 + |z|2m}. Then the automorphism group ofΨ (Ωm) is noncompac

and Ψ (Ωm) admits the following defining functionρm(z,w) = |1 + w|2m−2(|w|2 + |z|2) + 22m−2|z|2m − 1. The
boundary ofΨ (Ωm) is C∞ smooth except atp = (0,−1) where it is of classC1,1−1/m. The pointp is an orbit
accumulation point of the domain.

Example 2. Let Ψm be a generalized Cayley transform defined byΨm(z,w) = (z/
m
√

1− w, (1+ w)/(1− w)). Then
Ψm(Ωm) has a noncompact automorphism group. By a straightforward computation, the domainΨm(Ωm) admits the
following defining function:

γm(z,w) = |w|2 + ∣∣(1+ w)/2
∣∣2−2/m|z|2 + |z|2m − 1.

The boundary of domain isC1,1−1/m smooth at(0,−1).
Let Ω = limm→∞ Ψm(Ωm). Then the domainΩ has a noncompact automorphism group by [7] and the domaΩ

is defined byΩ = {(z,w) ∈ C
2: |w|2 + 1|1+ w|2|z|2 − 1< 0, |z| < 1}.
4
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Let Φ(z,w) = (1/2(1+ w)z,w). Then the domainΦ(Ω) is biholomorphic neither to the ball nor to the polydis

The next two examples are constructed as follows. LetΩρ = {4 Rew + ρ(|z|) < 0}. We consider a hypersurfac
H = Ωρ ∩ {Imw = 0}. Notice that the domainΩρ = ⋃

t∈R
lt (H) wherelt (z,w) = (z,w + it), t ∈ R. ThenΨ (Ωρ) =⋃

t∈R
Ψ ◦ lt ◦ Ψ −1(Ψ (H)). By a careful choice ofΨ (H), we construct the two following examples.

Example 3. SinceΨ (H) is contained in{(x + iy,u+ iv): v = 0}, we define the boundary forΨ (H) by the following
equation with respect tou,x, y.

|z| =
{√

4− u2 for −2� u � 0,
χ(u) for 0� u � 1,

whereχ is a smooth function satisfyingχ(1) = 1, χ(0) = 2 and limt→1 χ ′(t) = ∞.
Then the domain

⋃
t∈R

ft (Ψ (H)), whereft = Ψ ◦ lt ◦ Ψ −1, has a noncompact automorphism group. Moreo
its boundary is given byE1 = ⋃

t∈R
ft (∂Ψ (H)) andE2 = {(ζ,1) ∈ C

2: |ζ | � 1}. The boundary is smooth onE1 but
only globally continuous.

Example 4. Let the boundary ofΨ (H) be defined byu = 1 − exp(−1/|z|2) on a neighborhood of(0,1) and as-
sume that the whole boundary is a smooth surface with respect tou, x, y. Then the domain

⋃
t∈R

ft (Ψ (H)) has a
noncompact automorphism group. The boundary of the domain isC1 smooth at(0,1).
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