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Abstract

We prove that a finitely generated group acting without fixed point on an-dimensional Cartan–Hadamard manifold of pinch
sectional curvature−a2 � K � −1 is either virtually nilpotent or has entropy Ent(Γ ) � C(n,a) > 0.To cite this article: G. Besson
et al., C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Croissance des groupes discrets d’isométries en courbure strictement négative : un minorant universel.Nous prouvons
qu’un sous groupe de type finiΓ , non virtuellement nilpotent, du groupe des isométries d’une variété de Cartan–Hadam
dimensionn et de courbure sectionnelle vérifiant−a2 � K � −1 est d’entropie algébrique minorée, Ent(Γ ) � C(n,a) > 0. Pour
citer cet article : G. Besson et al., C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

SoitΓ un groupe de type fini. À chaque système générateur finiS deΓ , on associe la distance des mots (notéedS )
et l’entropie associée, notée EntS(Γ ).

Le groupeΓ est dit à croissance exponentielle si, pour au moins un (et donc pour tout) système générS,
on a EntS(Γ ) > 0. Il est dit à croissance exponentielle uniforme si Ent(Γ ) := infS{EntS(Γ )} > 0 ou, de manière
équivalente, si EntS(Γ ) � C > 0, oùC est une constante ne dépendant que deΓ .

Gromov a posé la question de savoir si la croissance exponentielle implique la croissance exponentielle u
Bien que la réponse soit négative en général [15], elle est positive pour les groupes linéaires [10,4], pour les
résolubles [14], pour les groupes hyperboliques [13] et relativement hyperboliques [16], et pour les groupe
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métries discrets et géométriquement finis des variétés de Cartan–Hadamard [1]. Dans cette note nous étab
minoration universelle de Ent(Γ ) par une constanteC > 0 indépendante deΓ , c’est le

Théorème principal. Soit (Xn,g) une variété de Cartan–Hadamard dont la courbure sectionnelle vérifie−a2 �
Kg � −1. Il existe une constanteC(n,a) > 0 (ne dépendant que den et dea, voir (1)) telle que, siΓ est un groupe
discret de type fini qui agit surXn par isométries et sans point fixe alors soitΓ est virtuellement nilpotent, so
Ent(Γ ) � C(n,a).

Signalons que, dans une communication privée, M. Kapovitch nous a dit avoir un résultat analogue (par un
complètement différente) et nous a communiqué un schéma de preuve [12] et que E. Breuillard et T. Gela
récemment trouvé un résultat similaire pour les sous-groupes deGL(d,K) lorsqued est fixé (cf. [5]).

Schéma de preuve.SupposonsΓ non virtuellement nilpotent. De tout système générateur finiS, on peut extraire
deux élémentsσ1, σ2 qui engendrent un sous-groupeΛ non virtuellement nilpotent. Le lemme de Margulis don
alors une constanteµ(n,a) > 0 telle que

L := inf
x∈Xn

(
Max

{
ρ(x,σ1x),ρ(x,σ2x)

})
� µ(n,a).

Il nous suffit de prouver que EntΣ(Λ) � C(n,a), oùΣ = {σ1, σ2, σ
−1
1 , σ−1

2 }.
Deux cas se présentent : soit il existe un élément hyperbolique de longueur algébrique inférieure ou ég

de déplacement « grand », et on conclut alors par un argument de type Ping-Pong « quantifié » (cf. [3]), soi
éléments de longueur algébrique inférieure ou égale à 4 ont un « petit » déplacement, et alors on construit,
c > EntΣ(Λ) + L − η (où η = η(n, a) est une constante universelle), une application c-lipschitzienne du grap
Cayley deΛ dansXn, ce qui nous permet de minorer EntΣ(Λ) parη(n, a).

1. Introduction

Let Γ be a finitely generated group. For a finite set of generatorsS, the word lengthlS(γ ) of an elementγ ∈ Γ

is defined as the smallest integern � 0 such that there exists1, . . . , sn ∈ S ∪ S−1 with γ = s1s2 · · · sn. This gives rise
to a left invariant distancedS on Γ defined bydS(γ1, γ2) = lS(γ −1

2 γ1). The entropy ofΓ associated to the set o
generatorsS, is defined as

EntS(Γ ) = lim
n→∞n−1 log

(
#{γ ∈ Γ ; dS(e, γ ) � n}),

andthe algebraic entropy ofΓ asEnt(Γ ) = infS{EntS(Γ )}, whereS runs through the set of finite generating subs
of Γ .

A finitely generated groupΓ is said to have exponential growthif, for some (and hence for every) finite generat
subsetS, EntS(Γ ) > 0, and to haveuniform exponential growthif Ent(Γ ) > 0.

In 1980, Gromov raised the following question:does exponential growth imply uniform exponential growth?(cf.
[11, Remark 5.12]).

Wilson recently answered this question negatively (cf. [15]). Nevertheless, there are classes of groups for w
answer is positive, for example hyperbolic groups (Koubi [13]), relatively hyperbolic groups (Xiangdong Xie
non-elementary geometrically finite groups acting on a Cartan–Hadamard manifold (Alperin and Noskov [1
able groups (Osin [14]); to complete this list see the survey [8]. In 2005, Eskin, Mozes and Oh (cf. [10]) prov
the answer is also positive for finitely generated linear groups over a field of zero characteristic: more prec
such a groupΓ is not virtually nilpotent, it has uniform exponential growth. This was recently generalized to fi
generated linear groups with any characteristic by Breuillard and Gelander [4].

In the above results, the inequality which is proved writes: Ent(Γ ) � C > 0, where the constantC depends onΓ .
This allows the existence of sequences(Γn)n∈R of groups such that Ent(Γn) goes to 0, though eachΓn has uniform
exponential growth (cf. [9] for examples of such sequences of groups).

On the other hand, in view of geometric applications (such applications are given in [3]), we need a stron
result, i.e. an inequality of the type: for everyΓ in a class of groups, Ent(Γ ) � C > 0, whereC is an explicit universa
constantwhich does not depend onΓ . Such a gap-result is given by the
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Main Theorem. Let (Xn,g) be a Cartan–Hadamard manifold with sectional curvature−a2 � Kg � −1. There
exists a positive numberC(n,a) (depending only onn anda) such that, ifΓ is a finitely generated discrete group
isometries acting onXn without fixed point, then eitherΓ is virtually nilpotent orEnt(Γ ) � C(n,a).

In particular, the theorem says that any such groupΓ either has zero entropy or has its entropy bounded from b
by a uniform constant.

The exact value of the universal constant is

C(n,a) = Min

(
log(cosh(µ/4))

4+ log(cosh(µ/4))
· log2

6
,10−3

(
1− cosh(µ/4)

cosh(µ/2)

)4)
(1)

whereµ = µ(n,a) is the Margulis constant of(Xn,g) (see the definition in [6, p. 281]).
In a private communication, M. Kapovitch told us that he has a personal (and completely different) proo

analogous result and gave us a sketch of this proof [12].
Breuillard and Gelander recently prove a similar gap-result whenΓ is a discrete finitely generated subgroup

GL(d,K) (whereK is a local field of any characteristic): namely eitherΓ is virtually nilpotent or Ent(Γ ) � C(d),
whereC(d) is some constant which only depends ond (cf. [5]).

Notation. For a Cartan–Hadamard manifold(Xn,g), let us denote byρ the distance associated to the Riemann
metricg. For an isometryγ of (Xn,g), the displacement ofγ is defined byl(γ ) = infx∈Xn ρ(x, γ x). For two isome-
triesσ1 andσ2, let us define the numberL(σ1, σ2) as infx∈Xn(Max{ρ(x,σ1x),ρ(x,σ2x)}).

2. Sketch of proof

Consider a finite generating setS of Γ ; if Γ is not virtually nilpotent, there exist two elements inS, sayσ1, σ2,
such that the group〈σ1, σ2〉 generated byσ1 andσ2 is not virtually nilpotent and therefore, by the Margulis lemma
p. 281],L(σ1, σ2) � µ(n,a).

We now consider the subgroupΛ generated byΣ = {σ1, σ2, σ
−1
1 , σ−1

2 } and show that EntΣ(Λ) � C(n,a). The
proof is then divided in two cases: either there exists an elementγ of bounded word length (saylΣ(γ ) � 4) whose
displacementl(γ ) is ‘big’ or every such element has ‘small’ displacement. In the first case we use a Ping
argument to find a free semi-group at distance bounded by some universal constantD(n,a). In the second case, w
compute a universal constantη = η(n, a) and, for everyc > EntΣ(Λ) + L(σ1, σ2) − η, we construct aΓ -equivariant
Lipschitz map (with Lipschitz constantc) from the Cayley graph ofΛ to Xn. As c � L(σ1, σ2) by the definition of
L(σ1, σ2), we obtain EntΣ(Λ) � η(n, a).

3. Some details

We start with the following lemma:

Lemma 3.1. Let Γ be as above and moreover non-virtually nilpotent. For any finite generating systemS =
{σ1, . . . , σk, σ

−1
1 , . . . , σ−1

k }, there existsi, j (i �= j ) such that the group〈σi, σj 〉 generated byσi andσj is not virtually
nilpotent andL(σi, σj ) � µ(n,a).

Proof. The proof of the first statement is done by contradiction. Precisely, if it is not true, then for all 1� i, j � k the
subgroup generated byσi andσj is virtually nilpotent. Under our assumptions, discrete virtually nilpotent subgr
of (Xn,g) are either virtually Abelian preserving a geodesic line or fix a point at infinity and preserve all horos
centered at this point. One easily deduces thatΓ has the same behaviour and thus is virtually nilpotent. The inequ
L(σi, σj ) � µ(n,a) follows from the Margulis lemma, see [6, p. 281].�

For the sake of simplicity let us assume that(i, j) = (1,2) in Lemma 3.1. LetΛ be the discrete group generat
by σ1 andσ2 endowed with the generating systemΣ = {σ1, σ2, σ

−1
1 , σ−1

2 }. We denote byBΣ(N) the ball of radius
N in Λ with respect to the word metricdΣ , centered at the neutral elemente.
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Lemma 3.2.Let us assume that there existsγ ∈ BΣ(4) such that the displacementl(γ ) satisfiesl(γ ) � δ > 0 ( for
some positive numberδ). Then there existsi ∈ {1,2}, such that, forN = [4

δ
]+1, one of the two semi-groups genera

by {γ N, (σiγ σ−1
i )N } or {γ N, (σiγ σ−1

i )−N } is free. ThereforeEntΣ(Λ) � log 2
6N

.

For the proof of Lemma 3.2, see [3]; this proof is similar to the classical Ping-Pong argument (cf. [7, p.
except for the fact that our result computesN independently from the groupΓ .

In Lemma 3.2,δ is arbitrary and, later on, we shall choose it in terms ofL. Lemma 3.2 will then solve the first ca
of the sketch of proof, namely the case where there is a ‘big’ hyperbolic element inBΣ(4).

Let us now consider the second case, namely the case where the displacementl(γ ) of everyγ ∈ BΣ(4) − {e} is
less thanδ. Let us denote byG = G(Λ,Σ) the Cayley graph ofΛ, endowed with the generating systemΣ , and bydG

the distance onG such that the edges have length one and which coincides with the word distancedΣ on the vertices
For the sake of simplicity,let us denoteL(σ1, σ2) by L. We first construct a Lipschitz equivariant mapFc : G → Xn

with Lipschitz constantc > 0. For any such map, one has:

L � Max
i=1,2

{
ρ
(
Fc(e), σiFc(e)

)} = Max
i=1,2

{
ρ
(
Fc(e),Fc(σi)

)}
� c Max

i=1,2

{
dG(e,σi)

} = c. (2)

For the sake of simplicity let us assume that there exists a pointx0 ∈ Xn where the functionx �→ Maxi=1,2{ρ(x,σix)}
achieves its minimumL (in the general case, we approximateL by replacingx0 by a minimizing sequence of points
For everyy ∈ Xn and s ∈ G = G(Λ,Σ), if c is a positive real number andµ some compactly supported smoo
measure onXn, let us consider the measure

µc
s =

∑
γ∈Λ

e−c.dG(s,γ )γ∗µ

and let us define the functionPc by

Pc(y, s) =
∫
X

cosh
[
ρ(y, z)

]
dµc

s(z).

Roughly speaking,µ andPc(y, s) may be seen as smooth approximations ofδx0 and
∑

γ∈Λ e−c.dG(s,γ ) cosh[ρ(y, γ x0)],
respectively. For eachc such thatPc converges, the functiony → Pc(y, s) is strictly convex (and moreoverC2) and
goes to infinity withy. We thus defineFc(s) to be the unique point where this function achieves its minimum.

Lemma 3.3.The mapFc is equivariant and Lipschitz with Lipschitz constantc.

Sketch of proof. The mapFc is Lipschitz andDFc can be computed by the implicit function theorem at any p
s which is neither a vertex nor the middle of an edge. One can then check that‖DFc‖ � c at s, this estimate comin
from the fact that the sectional curvature of(Xn,g) is bounded above by−1, and thus that Hess(cosh(ρ)) � cosh(ρ).g

by the Rauch’s comparison theorem, see details in [2].�
Let us recall thatL = Max{ρ(x0, σ1x0), ρ(x0, σ2x0)}; thusρ(x0, γ x0) � L · lΣ(γ ) by the triangle inequality an

it is easy to deduce that, for everyy ands, the seriesPc(y, s) converges for everyc > EntΣ(Λ) + L. However, we
have to improve this estimate in such a way that this series will still converge for everyc > EntΣ(Λ) + L − η(n, a)

for some positive universal constantη(n, a). In order to prove this, let us settle the:

Definition 3.4. Let η > 0 be a positive number andγ an element ofΛ. We say thatγ is η-straight ifρ(x0, γ x0) >

(L − η)lΣ(γ ).

This definition depends on the choice ofx0 made before.

Lemma 3.5.Let δ = log(cosh(L/4)) andη = 10−3(1− cosh(L/4)
cosh(L/2)

)4. If, for everyγ ∈ BΣ(4) − {e}, one hasl(γ ) < δ,
then
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(i) None of theγ ’s such thatlΣ(γ ) = 6 is η-straight,
(ii) For everyγ ∈ Λ, we haveρ(x0, γ x0) � (L − η)dG(e, γ ) + 5η.

Sketch of proof. As (ii) is an obvious consequence of (i), we only have to prove (i). By easy computations, o
verify that any reduced word of length 6 contains a subword of the typeα2 or of the typeαβα, whereα andβ have
length 1 or 2. The part (i) then follows from the triangle inequality and from the

Lemma 3.6.Under the assumptions of Lemma3.5, for anyα andβ of length1 or 2, thenα2 (resp.αβα) cannot be
(Cη)-straight withC = 3 (resp.C = 2).

Lemma 3.6 is a corollary of the following geometric lemmas that we do not prove here (they can be deduc
the strong convexity of the distance functionρ).

Lemma 3.7.LetXn be a Cartan–Hadamard manifold with sectional curvatureK � −1. Letδ′ andL′ be two positive
numbers such thatL′ > Argcosh(eδ′

). For any isometryγ of Xn such thatl(γ ) < δ′ and for anyx0 ∈ Xn such that

ρ(x0, γ x0) � L′ we haveρ(x0, γ
2x0) < 2ρ(x0, γ x0) − (1− eδ′

cosh(L′) )
2.

Lemma 3.8.Let Xn be a Cartan–Hadamard manifold with sectional curvatureK � −1. Let us consider four point
y0, y1, y2, y3 such thatρ(y0, y1) + ρ(y1, y2) − ρ(y0, y2) � η1 and ρ(y1, y2) + ρ(y2, y3) − ρ(y1, y3) � η2, then
ρ(y0, y1) + ρ(y1, y2) + ρ(y2, y3) − ρ(y0, y3) � (1+ ρ(y2,y3)

ρ(y1,y2)
)(η1 + Argcosh(eη2)).

3.1. Sketch of proof of Lemma 3.6

Caseα2: If α2 is 3η-straight, then so isα (becauseα2 is a reduced word) and thus,ρ(x0, αx0) � (L − 3η)lΣ(α).
But lΣ(α) � 2, thus, by assumption, the displacement ofα satisfiesl(α) � δ and therefore the geometric Lemma 3
applied toγ = α, δ′ = δ andL′ = L/2, implies thatρ(x0, α

2x0) < 2ρ(x0, αx0) − (1− eδ

cosh(L/2)
)2, which contradicts

the fact thatα2 is 3η-straight.
Caseαβα: Let us choosey0 = x0, y1 = (αβ)x0, y2 = (αβα)x0 andy3 = (αβ)2x0. If αβα is (2η)-straight, then one

can show thatαβ is (C′η)-straight, whereC′ = 2 lΣ (αβα)
lΣ (αβ)

and thatα is (4η)-straight. By the triangle inequality an
Lemma 3.8 (applied withη1 = η2 = 12η), we get:

2ρ(x0, αβx0) − ρ
(
x0, (αβ)2x0

)
�

(
1− eδ

cosh(L/2)

)2

.

This inequality contradicts the geometrical Lemma 3.7 (this lemma applies here becauselΣ(αβ) � 4 impliesl(αβ) <

δ by assumption andρ(x0, αβx0) � 2(L − C′η) � L). �
Let us now finish the proof of the Main Theorem in the second case, namely the case where everyγ in BΣ(4) has

displacement less thanδ = log(cosh(L/4)). By Lemma 3.5(ii), one can see that the seriesPc(x0, e), and hence all the
Pc(y, s)’s, converges for everyc > EntΣ(Λ) + L − η. As we have seen in Eq. (2) thatc � L, we immediately deduc
that EntΣ(Λ) � η.

Summarizing the above estimates we obtain EntS(Γ ) � EntΣ(Λ) � Min{ δ
4+δ

log 2
6 , η}. To end the proof, let u

notice that the last inequality still gives a lower bound of EntS(Γ ) when one replacesL by µ(n,a) in the expression
of δ andη (this comes from the fact thatL � µ(n,a) by Lemma 3.1 and from the fact thatδ andη are increasing
functions ofL).
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