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Abstract

A homogenization problem for infinite dimensional diffusion processes indexed byZd having periodic drift coefficients i
considered. By an application of the uniform ergodic theorem for the infinite dimensional diffusion processes based on log
Sobolev inequalities, anL1 type homogenization property of the processes with respect to an invariant measure is prove
is the, so far, best possible analogue in infinite dimensions to a known result in the finite dimensional case (cf. [G. Papa
S. Varadhan, Boundary value problems with rapidly oscillating random coefficients, Seria Coll. Math. Soc. Janos Bolyai,
North-Holland, 1979. [4]]).To cite this article: S. Albeverio et al., C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Homogénéisation par rapport aux mesures de Gibbs pour des diffusions périodiques dans des réseaux. On considère un
problème d’homogénéisation pour des processus de diffusion infini dimensionnels, indéxés parZd et avec coefficient de transfe
périodique. On démontre une propriété d’homogénéisation du typeL1 par rapport à une mesure invariante, en utilisant un théor
ergodique uniforme fondé sur les inégalités logarithmiques du type Sobolev. Ce résultat représente le meilleur analogue p
résultats correspondants en dimension finie (cf. [G. Papanicolaou, S. Varadhan, Boundary value problems with rapidly o
random coefficients, Seria Coll. Math. Soc. Janos Bolyai, vol. 27, North-Holland, 1979. [4]]).Pour citer cet article : S. Albeverio
et al., C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Formulation and main theorem

Let N andZ be the set of natural numbers and integers respectively. Ford ∈ N let Zd be thed-dimensional lattice
We consider diffusions taking values inRZd

. We use the following notions and notations: Letk = (k1, . . . , kd) ∈ Zd .
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For a subsetΛ ⊆ Zd , we define|Λ| ≡ cardΛ. For k ∈ Zd andΛ ⊆ Zd let Λ + k ≡ {l + k | l ∈ Λ}. For a non-empty
Λ ⊆ Zd , let RΛ be equipped with the direct product topology. For each non-emptyΛ ⊆ Zd , by xΛ we denote the
image of the projection ontoRΛ: RZd � x �→ xΛ ∈ RΛ. For eachp ∈ N ∪ {0} ∪ {∞} we define the set ofp-times
continuously differentiable functions with supportΛ: C

p
Λ(RZd

) ≡ {ϕ(xΛ) | ϕ ∈ Cp(RΛ)}, whereCp(RΛ) is the set of

real valuedp-times continuously differentiable functions onRΛ. Forp = 0, we simply denoteC0
Λ(RZd

) by CΛ(RZd
).

Also we denoteCp

0 (RZd
) ≡ {ϕ ∈ C

p
Λ(RZd

) | |Λ| < ∞}. B(RZd
) is the Borelσ -field of RZd

andBΛ(RZd
) is the sub

σ -field of B(RZd
) that is generated by the familyCΛ(RZd

). For eachk ∈ Zd , let ϑk be the shift operator onRZd

defined by(ϑkx){j} ≡ x{k+j}, x ∈ RZd
, j ∈ Zd , wherex{k+j} is thek + j-th component of the vectorx.

The infinite dimensional diffusions are solutions of stochastic differential equations (SDE). On a complete
bility space(Ω,F ,P ;Ft ) with an increasing family of subσ -fields {Ft }t∈R+ we are given a family of independe

1-dimensionalFt -standard Brownian motions{Bk(t)}t∈R+ , k ∈ Zd . For eachε ∈ (0,1] and eachx = {xk}k∈Zd ∈ RZd
,

we consider the SDE

Xε
k(t,x) = xk + √

2Bk(t) + 1

ε

t∫
0

bk

(
Xε(s,x)

ε

)
ds, t ∈ R+, k ∈ Zd . (1)

We setXε(s,x) ≡ {Xε
k(s,x)}k∈Zd , bk(x) ≡ ∑

k∈Λ(− ∂
∂xk

JΛ(x)), for a given family of potentialsJ ≡ {JΛ | Λ ⊂
Zd , |Λ| < ∞} satisfying the following properties:

(J-1) (Periodicity) for eachΛ ⊂ Zd such that|Λ| < ∞, JΛ ∈ C∞
Λ (RZd

), and it is a periodic function with respect
each variable with the period 2π ;

(J-2) (Shift invariance)JΛ+k = JΛ ◦ ϑk, ∀k ∈ Zd ;
(J-3) (Finite range) there exists anL < ∞ andJΛ = 0 holds for anyΛ such thatΛ � 0, andΛ � [−L,+L]d .

We define a metricρ on

W ≡
{

x ≡ {
xk(·)}k∈Zd , ∈ C

(
R+ → RZd ) ∣∣∣ ∑

k∈Zd

1

2|k| sup
0�t�T

∣∣xk(t)
∣∣2 < ∞, ∀T < ∞

}
,

by, for x(·) ≡ {xk(·)}k∈Zd , x′(·) ≡ {x′
k(·)}k∈Zd ∈ (C(R+ → R))Zd

,

ρ
(
x(·),x′(·)) ≡

∑
n∈N

1

2n

{{ ∑
k∈Zd

1

2|k| sup
0�t�n

∣∣xk(t) − x′
k(t)

∣∣2}1/2

∧ 1

}
. (2)

Let B(W) be the Borelσ -field of W . For eacht � 0, letξ t be the measurable map given by

ξ t :W � x(·) �−→ x(t) ∈ RZd

and defineBt (W) to be theσ -field generated byξ s , s ∈ [0, t]. We set

H ≡
{

x ∈ RZd
∣∣∣ ∑

k∈Zd

1

2|k| x
2
k < ∞

}
.

For eachx ∈ H and ε > 0, let P ε
x be the probability measure on(W,B(W)) given by the law of the proces

{Xε(t,x)}t∈R+ :

P ε
x (B) ≡ P

(
Xε(·,x) ∈ B

)
, ∀B ∈ B(W).

Let T = {y ∈ R2: |y| = 1} be the unit circle equipped with the Riemannian metric. LetT Zd
be the product space o

T endowed with the direct product topology, so thatT Zd
is a Polish space.WT , B(WT ) andBt (WT ) are defined anal

ogously toW , B(W) andBt (W) with T replacing byR. Analogously to the above notation we define the followi
For each non-emptyΛ ⊆ Zd , by yΛ we denote the image of the projection ontoT Λ :T Zd � y �→ yΛ ∈ T Λ. C

p
(T Zd

),
Λ
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0 (T Zd
), andCΛ(T Zd

) are defined analogously toCp
Λ(RZd

), etc. We use the notationy = {yk}k∈Zd for a point in

T Zd
. In order to give a correspondence between the points inRZd

and the points inT Zd
, we introduce the function

Θ :T Zd � {yk}k∈Zd �−→ {θk}k∈Zd ∈ [0,2π)Zd

whereθk = θ(yk) and the functionθ :T → [0,2π) is defined byy = (cosθ(y)
sinθ(y)

) ∈ T ⊂ R2. In addition we define

Φ(xk) = θk ∈ [0,2π) if xk = θk mod 2π . Then we can define a surjection fromRZd
to T Zd

such that

Θ−1 ◦ Φ : RZd � x = {xk}k∈Zd �−→ {
θ−1 ◦ Φ(xk)

}
k∈Zd ∈ T Zd

. (3)

Proposition 1.1 (Theorem 2.23 of [3], Proposition 1.2 of [5]). LetJ be a potential that satisfies the conditions(J-1),
(J-2)and (J-3).

(i) For eacht � 0, let ηt be the measurable function defined byηt :WT � y(·) �→ y(t) ∈ T Zd
. Let y ∈ T Zd

and take
x ∈ H such thaty = Θ−1 ◦ Φ(x). On (WT ,B(WT )) define the probability measureQy(B) ≡ P 1

x ({x(·) ∈ W |
Θ−1 ◦ Φ(x(·)) ∈ B}), ∀B ∈ B(WT ), where the probability measureP 1

x on (W,B(W)) is the law of the proces
{X1(t,x)}t∈R+ . Then,Qy satisfies the following: Qy(η0 = y) = 1 and (f (ηt ) − ∫ t

0(Lf )(ηs)ds, Bt (WT ), Qy) is

a martingale for eachf ∈ C∞
0 (T Zd

), where

(Lf )(y) =
∑
k∈Zd

{
∂2f

∂y2
k

(y) + bk
(
Θ(y)

) ∂

∂yk
f (y)

}
.

Furthermore,Qy is the unique solution of the above martingale problem.

(ii) Let p(t,y, ·) be the transition function associated with the diffusion process(ηt ,Qy: y ∈ T Zd
). Then

p(N)(t,y, dy(N)) has a densityp(N)(t,y,y(N)) with respect to the Lebesgue measure onT [−N,+N ]d whose
partial derivatives in the variabley(N) of all orders exist and are continuous functions of(t,y,y(N)) in

(0,∞) × T Zd × T [−N,+N ]d .
(iii) There exists at least one(Gibbs) probability measureµ on (T Zd

,B(T Zd
)) such that∫

T Zd

[EΛϕ](y)dµ(y) =
∫

T Zd

ϕ(y)dµ(y), ∀Λ ⊂ Zd s.t.|Λ| < ∞, ∀ϕ ∈ C0(T
Zd

), (4)

where [EΛϕ](y) = 1
ZΛ(yΛc )

∫
T Zd ϕ(y′

Λ · yΛc)e−UΛ(Θ(y′
Λ·yΛc )) dy′, with UΛ(x) ≡ ∑

Λ′∩Λ �=∅ JΛ′(x), x ∈ RZd
,

ZΛ(yΛc) = ∫
T Zd e−UΛ(Θ(y′

Λ·yΛc )) dy′.

Here we use the notationy′
Λ · yΛc ≡ y′′ ∈ T Zd

, so thaty′′
Λ = y′

Λ andy′′
Λc = yΛc .

We assume the following: For some Gibbs stateµ0, there exists ac = c(J ) > 0 and anα = α(J ) > 1 which
depend only onJ , such that for eachΛ ∈ Zd with |Λ| < ∞ there existsK(Λ) ∈ (0,∞) and∀t > 0, ∀ϕ ∈ C∞

Λ (T Zd
)

the following holds:∥∥∥∥
∫

T Zd

ϕ(yΛ)p(t, ·,dy) −
∫

T Zd

ϕ(y)dµ(y)

∥∥∥∥
L∞

� K(Λ)(c + t)−α
(‖∇ϕ‖L∞ + ‖ϕ‖L∞

)
. (5)

We note that (5) gives the uniqueness of the Gibbs state, since by (5) we see that a Gibbs stateµ0 that satisfies
(5) is the only invariant measure forp(t, ·,dy), but every Gibbs state is an invariant measure, and from now o
denote the unique Gibbs measure byµ0. If the potentialJ , that satisfies (J-1), (J-2) and (J-3), satisfies in addi
Dobrushin–Shlosman mixing condition, then (5) holds.
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Lemma 1.2. Assume that(J-1)–(J-3)and the condition(5) is satisfied. For anyk ∈ Zd ,

χk(y) ≡ EQy

[ ∞∫
0

{
bk

(
Θ

(
ηs(·)

))}
ds

]
,

is well defined as a measurable function ofy ∈ T Zd
. Let

E
(
u(·), v(·)) ≡

∑
j∈Zd

∫
T Zd

(
∂

∂yj
u(y)

)(
∂

∂yj
v(y)

)
µ0(dy).

Then for anyk ∈ Zd and anyv ∈ C∞
0 (T Zd

),

χk(·) ∈ C
(
T Zd )

, E(χk, χk) � 5

4
, E

(
χk(·), v(·)) = −

∫
T Zd

bk
(
Θ(y)

)
v(y)µ0(dy). (6)

By Lemma 1.2 we defineχ ′
k,j(y) = √

2 ∂
∂yj

χk(y) if j �= k andχ ′
k,j(y) = √

2(1 − ∂
∂yk

χk(y)) if j = k. We define the

constant matrix̄A ≡ (āk,j)k,j∈Zd by āk,l ≡ ∑
j∈Zd

∫
T Zd χ ′

k,j(y) · χ ′
l,j(y)µ0(dy).

We denote by{Yt }t∈R+ with Y0 = 0 the unique continuous Gaussian process taking values inRZd
with covariance

matrix t · Ā (t ∈ R+), defined on a complete probability space. The probability law of{Yt }t∈R+ is a Borel probability
measure on(W,B(W)). For eachx ∈ H, let Px be the probability measure on(W,B(W)) that is the probability law
of the process{x + Yt }t∈R+ .

Theorem 1.3. Assume that(J-1)–(J-3)and (5) are satisfied. LetP0 be the probability law of the process{Yt }t∈R+
defined above. Let̃y = Θ(y) for Θ :T Zd → [0,2π)Zd

, then

lim
ε↓0

∫
T Zd

∣∣EPε
εỹ

[
ϕ
(
ξ ·(·)

)] − EP0
[
ϕ
(
ξ ·(·)

)]∣∣µ0(dy) = 0, ∀ϕ ∈ Cb(W → R). (7)

Complete proofs of the results announced here are contained in [2] (cf. also [1]).
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