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Abstract

This Note addresses the analysis of a new fictitious domain method for elliptic problems in order to handle general e
boundary conditions (E.B.C.): Fourier, Neumann and Dirichlet conditions on an immersed interface. Our method is ba
recent model of fracture combining flux and solution jumps on the interfaceΣ separating the original domaiñΩ from the auxiliary
exterior domainΩe. A class of methods is derived within the same unified formulation with either no penalty or exterior c
in Ωe, or surface penalty onΣ , volumeH1 or L2 penalty inΩe, or both. The consistency (no penalty) or optimal error estim
with respect to the penalty parameter are proved for such methods.To cite this article: Ph. Angot, C. R. Acad. Sci. Paris, Ser. I
341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Un modèle de domaine fictif unifié pour des conditions aux limites immergées générales.Cette Note analyse une nouve
méthode de domaine fictif pour des problèmes elliptiques afin d’imposer des conditions aux limites générales : Fourier, Ne
Dirichlet sur une frontière immergée. Notre méthode est basée sur un récent modèle de fracture combinant les sauts de
et du flux sur une interfaceΣ séparant le domaine originel̃Ω du domaine extérieur auxiliaireΩe. Une classe de méthodes e
proposée dans la même formulation unifiée avec soit, aucun contrôle extérieur ou pénalisation dansΩe, soit une pénalisation
de surface surΣ , ou une pénalisation volumiqueL2 ou H1 dansΩe ou les deux. La consistance (sans pénalisation) ou
estimations d’erreur optimales en fonction du paramètre de pénalisation sont démontrées pour de telles méthodes.Pour citer cet
article : Ph. Angot, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Dans la Section 1, le problème aux limites originel de Fourier ou Dirichlet, (1)–(3) défini dansΩ̃ , est d’abord « im-
mergé » dans le domaine fictif plus grandΩ , polygonal et de forme géométrique simple, voir Fig. 1. Cette exten
utilise le modèle de fracture récent (4), (7) proposé dans [5] où un schéma numérique en volumes finis y est é
décrit et analysé pour le résoudre. Les sauts de la solution[[u]]Σ et du flux normal[[ϕ · n]]Σ sur l’interface immergée

E-mail address:angot@cmi.univ-mrs.fr (Ph. Angot).
1631-073X/$ – see front matter 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2005.09.046
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Σ sont reliés par deux conditions de transmission algébriques (6), (7). Ce problème de domaine fictif est b
dansH 1(Ω̃ ∪ Ωe), cf. Théorème 1.1.

Les paramètres du modèle surΣ ou dansΩe sont ensuite déterminés dans la Section 2 pour satisfaire exact
ou de façon approchée la condition aux limites immergée (12) de Fourier ou de Neumann (avecαR = 0). Il apparaît
que le choix simpleα = 4β permet de satisfaire (12) avec (11), indépendamment de tout contrôle extérieur danΩe ou
pénalisation de surface surΣ . C’est la méthode (F ) définie dans le Tableau 1 et dont on montre qu’elle est consist
i.e.u|Ω̃ = ũ, cf Théorème 2.1. D’autres variantes sont aussi identifiées qui permettent soit à l’Éq. (9) ou à (10) d
de (6), (7), d’approcher (12) par des techniques de pénalisation. Il s’agit des méthodes(F1) avec pénalisation d
surface uniquement, et des méthodes(F2,F3) avec pénalisation volumiqueH 1 voireL2 dansΩe. On montre dans le
Théorème 2.2 que les méthodes(F1,F2,F3) convergent et vérifient l’estimation d’erreur :‖uε|Ω̃ − ũ‖H1(Ω̃) = O(ε) ;
cette estimation étant valable pour(F3) si on a la régularité elliptiquẽu ∈ H 2(Ω̃), cf. [12].

Dans la Section 3, la condition de Fourier immergée (12) surΣ est pénalisée pour imposer la condition de Dirich
de (3), cf. les méthodes(D,D1) définies dans le Tableau 2. La méthode(D2) utilise une pénalisation volumiqueH 1

dansΩe pour le modèle sans aucun saut surΣ . On montre dans le Théorème 3.1 que les méthodes(D,D1,D2)

convergent et vérifient l’estimation d’erreur :‖uε|Ω̃ − ũ‖H1(Ω̃) = O(
√

ε) pour des hypothèses de régularité usue
Cette estimation peut être améliorée jusqu’à l’optimalité enO(ε) si le domaineΩ̃ et les données sont suffisamme
réguliers pour avoir̃u ∈ H 2(Ω̃).

1. Fictitious domain method with embedded flux and solution jumps onΣ

Let the domainΩ ⊂ R
d (d = 2 or 3 in practice) be an open bounded set, generally chosen convex and poly

Let an interfaceΣ ⊂ R
d−1, Lipschitz continuous, separateΩ into two disjoint subdomains̃Ω and Ωe such that

Ω = Ω̃ ∪Σ ∪Ωe. The boundary of̃Ω is defined by∂Ω̃ = Γ ∪Σ and the boundary ofΩ by ∂Ω = Γ ∪Γe, see Fig. 1.
Let n be the unit normal vector onΣ oriented fromΩ̃ to Ωe. For a functionψ in H 1(Ω̃ ∪ Ωe), let ψ− andψ+ be
the traces ofψ |Ω̃ andψ |Ωe on each side ofΣ respectively,ψ̄ |Σ = (ψ+ + ψ−)/2 the arithmetic mean of traces ofψ ,
and[[ψ]]Σ = (ψ+ − ψ−) the jump of traces ofψ onΣ oriented byn.

Our objective is to solve, with a fictitious domain method inΩ , the following problem originally defined iñΩ ⊂ Ω

with either a Fourier, Neumann or Dirichlet boundary condition onΣ :

−∇ · (a · ∇ũ) + b ũ = f in Ω̃, (1)

ũ = 0 onΓ, (2)

ũ = uD, or (a · ∇ũ) · n + αR ũ = gR onΣ, (3)

where in particular,uD ∈ H
1/2
00 (Σ), 0� αR ∈ L∞(Σ) andgR ∈ L2(Σ) are given onΣ .

Many papers have been now dedicated to embedded Dirichlet or even Neumann boundary conditions wit
approaches, e.g. [11,6,8,3,4,10] and the references therein. However, only few studies are devoted to Fourier
boundary conditions [9,11,2]. Let us first notice that writing the Fourier boundary condition (3) onΣ in a fictitious
domain method inΩ ⊃ Ω̃ is not directly possible unless accepting flux or solution jumps onΣ , i.e. [[ϕ · n]]Σ �= 0
or [[u]]Σ �= 0, or both. This problem is thus ‘extended’ in the following manner to the whole fictitious domainΩ by
using the fracture model introduced in [5], where a finite volume solution method is also proposed and analy

(a) (b) (c)

Fig. 1. Configurations for embedding the original domainΩ̃ inside the fictitious domainΩ = Ω̃ ∪ Σ ∪ Ωe .
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For the dataf ∈ L2(Ω), g andh given in L2(Σ), we consider the second-order elliptic problem includingim-
mersed transmission conditionson the interfaceΣ which link the trace jumps of both the normal diffusive fl
ϕ(u) · n ≡ −(a · ∇u) · n and the solutionu through the interfaceΣ :

−∇ · (a · ∇u) + bu = f in Ω̃ ∪ Ωe, (4)

u = 0 onΓ ∪ Γe, (5)

[[(a · ∇u) · n]]Σ = α ū|Σ − h onΣ, (6)

(a · ∇u) · n|Σ = β[[u]]Σ − g onΣ, (7)

where the uniformly positive definite diffusion tensora≡ (aij )1�i,j�d , the reaction coefficientb � 0, and thetransfer
coefficientsα,β � 0 on Σ are measurable and bounded functions verifying classical ellipticity assumption
(A1,A2,A4) in [5]. The dataa, b, f in Ωe andα, β, g, h onΣ will be defined further in order to get:u|Ω̃ = ũ or at
leastuε|Ω̃ ≈ ũ when the model is penalized with a penalty parameterε → 0.

We now define the Hilbert space:

W = H 1
0Γ ∪Γe

(Ω̃ ∪ Ωe) ≡ {
v ∈ L2(Ω), v|Ω̃ ∈ H 1(Ω̃) andv|Ωe ∈ H 1(Ωe); γ0(v) ≡ v|Γ ∪Γe = 0 onΓ ∪ Γe

}
,

equipped with the natural inner product and associated norm inH 1(Ω̃ ∪ Ωe). Then we prove by the Lax–Milgram
theorem, e.g. [12], the well-posedness of the problem (4)–(7) inΩ which admits the nice weak formulation belo
Find u ∈ W such that∀v ∈ W ,∫

Ω

(a · ∇u) · ∇v dx +
∫
Ω

buv dx +
∫
Σ

αū|Σv̄|Σ ds +
∫
Σ

β[[u]]Σ [[v]]Σ ds

=
∫
Ω

f v dx +
∫
Σ

g[[v]]Σ ds +
∫
Σ

hv|Σ ds. (8)

Theorem 1.1(Global solvability of the fictitious domain model). If usual ellipticity assumptions hold, the proble
(4)–(7)with f ∈ L2(Ω) andg,h ∈ L2(Σ) has a unique weak solutionu ∈ W satisfying(8) for all v ∈ W , such that:
∃α0(Ω̃,Ωe, a0, b0, β0) > 0,

‖u‖W � 1

α0

(‖f ‖L2(Ω) + c(Ω̃,Ωe)
(‖g‖L2(Σ) + ‖h‖L2(Σ)

))
.

If meas(Γ ) or meas(Γe) = 0, the well-posedness can be still ensured with for example: b(x) � b0 > 0 a.e. inΩ , or
α(x) or β(x) � β0 > 0 a.e. onΣ .

A similar result holds for more general data: f ∈ W ′ ⊂ H−1(Ω) andg,h ∈ H−1/2(Σ) with duality pairing.

Whenα = g = h = 0 andβ → ∞, the perfect transmission problem is recovered withu ∈ H 1
0 (Ω), see Theorem 3.

in [2] and the proof written in [1].

2. Embedded Fourier or Neumann boundary conditions onΣ

Let ϕ−
Σ ≡ −(a · ∇u)− · n|Σ andϕ+

Σ ≡ −(a · ∇u)+ · n|Σ be the traces of the normal flux on each side ofΣ . In
the previous fictitious domain model, the four unknown quantitiesϕ−

Σ , ϕ+
Σ , u−

Σ andu+
Σ are linked with the algebrai

transmission conditions (6), (7) onΣ . Hence, by eliminating one of the two exterior quantities, eitherϕ+
Σ or u+

Σ , ϕ−
Σ

can be written in the two following equivalent ways, respectively:

ϕ−
Σ =

(
β + α

4

)
u−

Σ −
(

β − α

4

)
u+

Σ + g − h

2
, onΣ, (9)

ϕ−
Σ = 1

(β + α/4)

[
αβu−

Σ +
(

β − α

4

)
ϕ+

Σ + α

2
g − βh

]
, onΣ. (10)

Then, Eqs. (9) or (10) appear to be similar to a Fourier type boundary condition onΣ , as in (3), for the restriction t
Ω̃ of the fictitious domain solutionu|˜ if the exterior quantities, eitheru+ or ϕ+ , can be respectivelycontrolledby
Ω Σ Σ
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Table 1
Summary of data for Fourier or Neumann case

Fourier E.B.C. Exterior control Parameters inΩe Parameters onΣ

(F) by Eq. (11) No a|Ωe = 1, b|Ωe = f |Ωe = 0 α = 4β = 2αR, h
2 − g = gR

(F1) by Eq. (9) No a|Ωe = 1, b|Ωe = f |Ωe = 0 α = 2(αR − ε), β = αR+ε
2 , h

2 − g = gR

(F2) by Eq. (9) limε→0 u+
εΣ = 0 a|Ωe = 1

ε , b|Ωe = 1
ε , f |Ωe = 0 α + 4β = 4αR , h

2 − g = gR

(F3) by Eq. (10) limε→0 ϕ+
εΣ = 0 a|Ωe = ε, b|Ωe = 1

ε , f |Ωe = 0 4αβ
α+4β

= αR , 4β h − 2α g = (α + 4β)gR

the fictitious domain problem restricted to the exterior domainΩe. For example, eitheru+
Σ or ϕ+

Σ can be enforced t
tend to given values, let us say zero, by volumicH 1 or only L2 penalty methods performed with the parametersa, b

andf in Ωe, see [11,2,3]. Moreover, the particular choiceβ = α/4 requires noexterior controlsince both Eqs. (9
and (10) yield the same Fourier boundary condition below, independently ofu+

Σ or ϕ+
Σ :

ϕ−
Σ ≡ −(a · ∇u)− · n|Σ = α

2
u−

Σ + g − h

2
, onΣ. (11)

When the Fourier or Neumann boundary condition in (3) is desired for the original problem (1)–(3) inΩ̃ , the
following immersed boundary condition onΣ must be satisfied, or at least approximated, by the solution o
fictitious domain problem inΩ :

ϕ−
Σ ≡ −(a · ∇u)− · n|Σ = αRu−

Σ − gR, onΣ. (12)

Let 0< ε � 1 be a real penalty parameter which is intended to tend to zero. Then several variants of the fi
domain method are exhibited for the embedded Fourier boundary condition (12) onΣ . They are defined by givin
sufficient conditions for the data such that Eq. (11) satisfies (12) for(F ), or Eqs. (9) or (10) be approximations of (1
by surface penalty onΣ for (F1) or volume penalty inΩe for (F2) and(F3) respectively. They are summarized
Table 1 where theL2 penalty inΩe can be avoided by settingb|Ωe = 0 when meas(Γe) > 0 and thus the Poincar
inequality holds inΩe.

The Neumann boundary condition is obtained as the particular case whereαR = 0.
The first variant(F ) with no exterior or surface control is the most natural and simple choice, but it inv

both [[u]]Σ �= 0 and[[ϕ · n]]Σ �= 0, except for the Neumann case whereα = β = 0. The variant(F1), which is an
ε-perturbation of(F ) due for example to round-off errors, only requires a surface penalty onΣ . The variant(F2)

allows the use of the fictitious domain model with solution jumps only[[u]]Σ �= 0 sinceα = h = 0 is a possible choic
and then[[ϕ · n]]Σ = 0 with (6), as already proposed in [1,2].

The last variant(F3) allows to deal with flux jumps only[[ϕ · n]]Σ �= 0 sinceβ → +∞ is a possible choice whic
leads to[[u]]Σ = 0 with (7); in that case withα = αR , h = gR andg = 0 = b, it corresponds to Kop̌cenov’s method
[9] even if it was not originally presented in this form.

Theorem 2.1(Consistency of the Fourier E.B.C. method(F )). If usual ellipticity assumptions hold, the problem(4)–
(7) with f ∈ L2(Ω) andg,h ∈ L2(Σ) for the Fourier E.B.C. method(F ) (see Table1), has a unique weak solutio
u ∈ W such that: u|Ω̃ = ũ a.e. inΩ̃ , whereũ is the weak solution of the original Fourier problem(1)–(3) in Ω̃ .

Sketch of proof. By defining the following bilinear forma(·, ·) and the linear forml(·):
a(ũ, v) =

∫
Ω̃

(a · ∇ũ) · ∇v dx +
∫
Ω̃

b ũv dx +
∫
Σ

αR ũv ds and l(v) =
∫
Ω̃

f v dx +
∫
Σ

gRv ds, (13)

and using the Lax–Milgram theorem, the Fourier problem (1)–(3) inΩ̃ with the usual ellipticity assumptions has
unique weak solutioñu ∈ H 1

0Γ (Ω̃) such that:

a(ũ, v) = l(v), ∀v ∈ H 1
0Γ (Ω̃). (14)

Moreover, the weak formulation of the fictitious domain problem (4)–(7) inΩ reads, equivalently to (8):∫
(a · ∇u) · ∇v dx +

∫
buv dx +

∫
ϕ−

Σv− ds −
∫

ϕ+
Σv+ ds =

∫
f v dx, ∀v ∈ W. (15)
Ω Ω Σ Σ Ω
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In particular, for a test functionv ∈ W such thatv|Ω̃ ∈ H 1
0Γ (Ω̃) andv|Ωe = 0, we have:∫

Ω̃

(a · ∇u) · ∇v dx +
∫
Ω̃

b uv dx +
∫
Σ

ϕ−
Σv− ds =

∫
Ω̃

f v dx, ∀v ∈ W, v|Ωe = 0. (16)

For the variant(F ) verifying (11) and thus (12) with the parameters given in Table 1, the fictitious domain soluu
satisfies:

a(u, v) = l(v) = a(ũ, v), ∀v ∈ W, v|Ωe = 0. (17)

Hence, we geta(u|Ω̃ − ũ, v) = 0 for all v ∈ H 1
0Γ (Ω̃). It yieldsu|Ω̃ = ũ a.e. inΩ̃ which concludes the proof.�

Theorem 2.2(Convergence of the Fourier E.B.C. methods(F1), (F2) and (F3)). If usual ellipticity assumption
hold, the problem(4)–(7) with f ∈ L2(Ω) and g,h ∈ L2(Σ) for the Fourier E.B.C. methods(F1) or (F2) (see
Table1), has a unique weak solutionuε ∈ W such that:

‖uε|Ω̃ − ũ‖H1(Ω̃) = O(ε), whereũ is the weak solution of the original Fourier problem(1)–(3) in Ω̃ .

If Ω̃ , Σ and the data are regular enough such thatũ ∈ H 2(Ω̃), the same estimate holds for(F3).

Sketch of proof. With Eq. (8) and Theorem 1.1, we first establish for these methods that the sequence{uε}ε>0 remains
bounded inW independently ofε:

‖uε‖W � C, with C independent ofε. (18)

For the variants(F1) and(F2) verifying (9) with the parameters given in Table 1, the fictitious domain solutiouε

satisfies with (16) and (14) the error equation below:

a(uε − ũ, v) =
∫
Σ

(
β − α

4

)
u+

εΣv− ds, ∀v ∈ W, v|Ωe = 0. (19)

For (F1), we haveβ −α/4= ε. Then forv = uε − ũ, the previous equation with the coercivity, Cauchy–Schwarz
trace inequalities iñΩ andΩe yields the final estimate for(F1) with the bound of‖uε‖H1(Ωe)

:

‖uε|Ω̃ − ũ‖H1(Ω̃) � C ε, with C independent ofε. (20)

For(F2), we adapt the analysis of theH 1-penalty method for such elliptic problems with weak regularity assump
to the present problem with jumps onΣ , see Theorem 4.3 in [3] and more precisely the estimate (4.47) given
We get by the trace inequality inΩe:

‖u+
εΣ‖L2(Σ) � c(Ωe)‖uε|Ωe‖H1(Ωe)

� Cε. (21)

Hence, as for(F1) with (19), we get in the same way the estimate (20). For the variant(F3) verifying (10), the error
equation (19) becomes:

a(uε − ũ, v) =
∫
Σ

α − 4β

α + 4β
ϕ+

εΣv− ds, ∀v ∈ W, v|Ωe = 0. (22)

We show that‖ϕ+
εΣ‖L2(Σ) = O(ε) which require theH 2 regularity, e.g. [12], by adapting the proof made in [9] to o

case. Then, we get as before the final estimate (20) for(F3). �
3. Embedded Dirichlet boundary condition onΣ

When the Dirichlet conditionu−
Σ = uD is to be handled, the Fourier condition in Eq. (3) or (12) can be penalize

a surface penalty onΣ with αR = 1
ε

→ +∞ andgR = 1
ε
uD whenε → 0. The previous Fourier versions can be th

penalized as above, see(D) and(D1) in Table 2. Hence the fictitious domain model with no solution jump[[u]]Σ = 0
can be used for example with the parameters:α = β = 1

ε
, h = 1

ε
uD andg = 0.

Another type of method consists in using aL2 or H 1 volumic penalty in the exterior domainΩe such that
limε→0 u+ = uD for the model withβ → ∞, α = h = 0 and thus[[u]]Σ → 0, [[ϕ · n]]Σ = 0, as already proposed
εΣ
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Table 2
Summary of data for Dirichlet case

Dirichlet E.B.C. Exterior control Parameters inΩe Parameters onΣ

(D) with Eq. (11) No a|Ωe = 1, b|Ωe = f |Ωe = 0 α = 4β = 2
ε , h

2 − g = 1
ε uD

(D1) with Eq. (9) limε→0 u+
εΣ = 0 a|Ωe = 1

ε , b|Ωe = 1
ε , f |Ωe = 0 α + 4β = 4

ε , h
2 − g = 1

ε uD

(D2) with Eq. (4) limε→0 u+
εΣ = uD a|Ωe = 1

ε , b|Ωe = 1
ε , f |Ωe = 1

ε ue β = 1
ε ,α = g = h = 0

[11,2]. In that case, we consider an extensionue ∈ H 1(Ωe) of uD overΩe such thatγ0(ue) ≡ ue|Σ = uD , see(D2)

in Table 2.

Theorem 3.1(Convergence of the Dirichlet E.B.C. methods(D), (D1) and(D2)). If usual ellipticity assumption
hold, the problem(4)–(7)with f ∈ L2(Ω) andg,h ∈ L2(Σ) for the Dirichlet E.B.C. methods(D), (D1) or (D2) (see
Table2), has a unique weak solutionuε ∈ W such that: ‖uε|Ω̃ − ũ‖H1(Ω̃) = O(

√
ε), whereũ is the weak solution o

the original Dirichlet problem(1)–(3) in Ω̃ .
If Ω̃ , Σ and the data are regular enough such thatũ ∈ H 2(Ω̃), the estimate becomes optimal inO(ε).

Sketch of proof. We prove first the boundedness (18). The error estimates for(D − D1) result from the penalizatio
of a standard Fourier condition, Eqs. (4.178) or (4.185) withH 2 regularity in [7] pp. 362–363, combined for (D) with
the results obtained for the surface penalty onΣ whenβ → ∞: Theorem 3.2(ii) or (iii) withH 2 regularity in [2] and
the proof written in [1]. The latter results are also used for(D2).

Moreover for(D2), and also for(D1), we use the results of theH 1 volumic penalty inΩe, i.e. (4.46) or (4.54
with H 2 regularity in [3]; see also in [11] p. 119 the estimate (7.23) from Saul’ev (1963) and (7.24) for conti
solutions inΩ̃ by Kopčenov (1968). �
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