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Abstract

We present two new discrete inequalities of Poincaré–Friedrichs on discontinuous spaces for Maxwell’s equations. T
of the inequalities are based on some decompositions formulas ofL2(Ω)3. To cite this article: A. Zaghdani, C. Daveau, C. R.
Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Deux nouvèlles inégalités de type Poincaré–Friedrichs sur les espaces discontinus pour les équations de MaxwellOn
présente deux nouvelles inégalités de type Poincaré–Friedrichs sur les espaces discontinus. La preuve des inégalités e
des formules de décomposition orthogonale deL2(Ω)3. Pour citer cet article : A. Zaghdani, C. Daveau, C. R. Acad. Sci. Paris,
Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Some notations and spaces

Throughout this Note,Ω will denote a bounded Lipschitz polyhedron included inR
3 which is supposed to b

both connected and simply connected.Γ is the boundary ofΩ which is also assumed to be connected and sim
connected. Given a domainD in R

2 or R
3, we denote byHs(D)d , d = 1,2,3, the Sobolev space of real valu

functions with integer or fractional regularity exponents � 0, endowed with the norm‖ · ‖s,D ; see, e.g, [3]. Fo
D ⊂ R

3, H(∇×,D) andH(∇·,D) are the spaces of real valued vector functionsu ∈ L2(D)3 with ∇ × u ∈ L2(D)3

and∇ · u ∈ L2(D), respectively, endowed with the graph norms. We denote byH 1
0 (D),H0(∇×,D),H0(∇·,D) the

subspaces ofH 1(D),H(∇×,D),H(∇·,D) of functions with zero trace, tangential trace and normal trace on∂D,
respectively. The spacesH(∇ × 0,D) andH(∇ · 0,D) are the subspaces ofH(∇×,D) andH(∇·,D) consisting
of irrotational anddivergence-free functions, respectively. We assume thatΩ satisfiesH0(∇×,Ω) ∩ H(∇·,Ω) and
H(∇×,Ω) ∩ H0(∇·,Ω) are both continuously imbedded inH 1(Ω)3. Let Πh be a partition into tetrahedra forΩ . If
K in Πh we denote byhK the diameter ofK and seth := maxK∈Πh

hK .
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Faces. We define and characterise the faces of the triangulationΠh. An interior face ofΠh is defined as the (non
empty) two-dimensional interior of∂K1 ∩ ∂K2, whereK1 andK2 are two adjacent elements ofΠh. A boundary face
of Πh is defined as the (non-empty) two-dimensional interior of∂K ∩ ∂Ω , whereK is a boundary element ofΠh. We
denote byFI

h the union of all interior faces ofΠh, by FD
h the union of all boundary faces ofΠh and letFh denote the

union of all faces ofΠh. Furthermore we associateFD
h with Γ sinceΩ is a polyhedron.

Traces. Let Hs(Πh) = {v: v|K ∈ Hs(K) ∀K ∈ Πh} for s > 1
2 be endowed with the norm‖v‖2

s,Πh
= ∑

K∈Πh
‖v‖2

s,K .

Then the elementwise traces of functions inHs(Πh) belong to the space TR(Fh) := ΠK∈Πh
L2(∂K); they are double

valued onFI
h and single-valued onFD

h . The spaceL2(Fh) can be identified with the functions in TR(Fh) for which
the two traces values coincide.

Trace operators. Let us introduce the following trace operators for piecewise smooth functions. First, lew ∈
TR(Fh)

3 and e ⊂ Fh. If e is an interior face inFI
h , we denote byK1 and K2 the elements sharinge, by ni the

normal unit vector pointing exterior toKi and we setωi = ω|∂Ki
, i = 1,2. We define theaverage, tangential and

normal jumps of w atx ∈ e as

{ω} = ω1 + ω2

2
, [ω]T = n1 × ω1 + n2 × ω2 and [ω]N = n1 · ω1 + n2 · ω2.

If e ⊂ FD
h , we set forx ∈ e

{ω} = ω, [ω]T = n × ω and [ω]N = n · ω.

We denote by(·, ·) the scalar product inL2(Ω)3 or L2(Ω) and by‖ · ‖ = ‖ · ‖0,Ω = ‖ · ‖L2(Ω)3 or ‖ · ‖L2(Ω).
For e ⊂ Fh, we denote by〈·, ·〉e the scaler product inL2(e)3 or L2(e). Furthermore ifFD

h is identified to∂Ω , we
identify

∑
e⊂FD

h
〈·, ·〉e to 〈·, ·〉, the scalar product inL2(∂Ω)3 or L2(∂Ω). In the previous notation we can state

basic integration by parts formulas
∀v,u ∈ H 1(Πh)

3, ∀ψ ∈ H 1(Πh), we have

(∇ × u,v) = (u,∇ × v) + 〈n × u,v〉 +
∑
e⊂FI

h

〈[u]T , {v}〉
e
− 〈[v]T , {u}〉

e
(1)

and

(∇ · u,ψ) = (u,∇ψ) + 〈
u · n,ψ

〉 + ∑
e⊂FI

h

〈[u]N, {ψ}〉
e
+ 〈[ψ], {u} · n〉

e
. (2)

2. The first inequality

Lemma 2.1.Let u ∈ H 1(Πh)
3 and let σ = 1

h
. Then, there exists a constant C independent of h such that

‖u‖2 � C

(
‖∇ × u‖2 + ‖∇ · u‖2 +

∑
e⊂Fh

∥∥√
σ [u]T

∥∥2
0,e

+
∑
e⊂FI

h

∥∥√
σ [u]N

∥∥2
0,e

)
.

Proof. Let us first denote that the following orthogonal decomposition formula holds if∂Ω is simply-connected
(see [1])

L2(Ω)3 = H0(∇ × 0,Ω) ⊕ H(∇ · 0,Ω).

Now, letu ∈ H 1(Πh)
3, thenu ∈ L2(Ω)3 and we can decomposeu as

u = u1 + u2 with u1 ∈ H0(∇ × 0,Ω) andu2 ∈ H(∇ · 0,Ω). (3)

As in [1], we show thatu1 ∈ H0(∇×0,Ω) if and only ifu1 = ∇q with q ∈ H 1
0 (Ω). We also show thatu2 = ∇×φ with

φ ∈ H(∇×,Ω) ∩ H0(∇ · 0,Ω). In particular, the traces ofφ are well defined sinceφ ∈ H0(∇×,Ω) ∩ H(∇·,Ω) ↪→
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H 1(Ω)3. Note that (3) imply

‖u‖2 = (∇q + ∇ × φ,∇q + ∇ × φ) = (∇q,∇q) + (∇ × φ,∇ × φ) = ‖∇q‖2 + ‖∇ × φ‖2.

Now, by using (1) and (2), we obtain

‖u‖2 = (u,∇q) + (u,∇ × φ)

= −(∇ · u,q) + (∇ × u,φ) +
∑
e⊂FI

h

(〈[u]N,q
〉
e
− 〈[u]T ,φ

〉
e

) +
∑

e⊂FD
h

(〈
u · n,q

〉
e
+ 〈

n × u,φ
〉
e

)
.

Then, sinceq is in H 1
0 (Ω),

‖u‖2 = −(∇ · u,q) + (∇ × u,φ) +
∑
e⊂FI

h

(〈[u]N,q
〉
e
− 〈[u]T ,φ

〉
e

) +
∑

e⊂FD
h

〈
n × u,φ

〉
e
.

So

‖u‖2 � C

(
‖∇ · u‖2 + ‖∇ × u‖2 +

∑
e⊂FI

h

∥∥√
σ [u]N

∥∥2
0,e

+
∑
e⊂Fh

∥∥√
σ [u]T

∥∥2
0,e

)1/2

×
(

‖q‖2 + ‖φ‖2 +
∑
e⊂FI

h

∥∥∥∥ 1√
σ

q

∥∥∥∥
2

0,e

+
∑
e⊂Fh

∥∥∥∥ 1√
σ

φ

∥∥∥∥
2

0,e

)1/2

.

It is clear that

‖q‖2 � C(Ω)‖∇q‖2 � C(Ω)‖u‖2.

Sinceφ ∈ H(∇×,Ω) ∩ H0(∇·,Ω) and∇ · φ = 0, we obtain (see [1] for the first inequality)

‖φ‖2 � C(Ω)
(‖∇ × φ‖2 + ‖∇ · φ‖2)

� C(Ω)‖∇ × φ‖2

� C(Ω)‖u‖2.

Now, by using trace inequality (see [4]), we have for anye ⊂ Fh∥∥∥∥ 1√
σ

q

∥∥∥∥
2

0,e

� C

σ

(
1

hK

‖q‖2
0,K + ‖q‖0,K‖∇q‖0,K

)

� Ch

(
1

hK

‖q‖2
0,K + 1

hK

‖q‖2
0,K + hK‖∇q‖2

0,K

)

� Ch

(
1

hK

‖q‖2
0,K + 1

hK

‖q‖2
0,K + 1

hK

‖∇q‖2
0,K

)

� C
(‖q‖2

0,K + ‖∇q‖2
0,K

)
.

In particular

∑
e⊂FI

h

∥∥∥∥ 1√
σ

q

∥∥∥∥
2

0,e

� C
∑

K∈Πh

(‖q‖2
0,K + ‖∇q‖2

0,K

)

� C
(‖q‖2 + ‖∇q‖2)

� C‖u‖2.

In the same manner, using the imbedding ofH(∇×,Ω) ∩ H0(∇·,Ω) in H 1(Ω)3; we can bound
∑

e⊂Fh
‖ 1√

σ
φ‖2

0,e

and obtain
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209–221.

2000-27,
∥∥∥∥ 1√
σ

φ

∥∥∥∥
2

0,Fh

� C‖φ‖2
1,Ω � C‖φ‖2

H(∇×,Ω)∩H0(∇·,Ω) � C
(‖∇ × φ‖2 + ‖∇ · φ‖2)

� C‖∇ × φ‖2 � C‖u‖2.

Finally, we obtain

‖u‖2 � C

(
‖∇ · u‖2 + ‖∇ × u‖2 +

∑
e⊂FI

h

∥∥√
σ [u]N

∥∥2
0,e

+
∑
e⊂Fh

∥∥√
σ [u]T

∥∥2
0,e

)1/2

‖u‖,

which is equivalent to

‖u‖2 � C

(
‖∇ · u‖2 + ‖∇ × u‖2 +

∑
e⊂FI

h

∥∥√
σ [u]N

∥∥2
0,e

+
∑
e⊂Fh

∥∥√
σ [u]T

∥∥2
0,e

)
. �

3. The second inequality

Lemma 3.1.Let u ∈ H 1(Πh)
3 and let σ = 1

h
. Then, there exists C independent of h such that

‖u‖2 � C

(
‖∇ × u‖2 + ‖∇ · u‖2 +

∑
e⊂FI

h

∥∥√
σ [u]T

∥∥2
0,e

+
∑
e⊂Fh

∥∥√
σ [u]N

∥∥2
0,e

)
.

Proof. The proof is similar to the proof in the previous section. But here we use the following orthogonal dec
sition formula ifΩ is simply-connected (see also [1,2])

L2(Ω)3 = H(∇ × 0,Ω) ⊕ H0(∇ · 0,Ω).

Then, foru ∈ L2(Ω)3 we write

u = u1 + u2

with u1 ∈ H(∇ × 0,Ω) andu2 ∈ H0(∇ · 0,Ω). Since∇ × u1 = 0, we writeu1 = ∇q with q ∈ H 1(Ω) and since
u2 ∈ H0(∇ · 0,Ω), we writeu2 = ∇ × ϕ with ϕ ∈ H0(∇×,Ω) ∩ H(∇ · 0,Ω) (see [1,2]). �
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