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Abstract

We prove that a singular foliation on a compact manifold admitting an adapted Riemannian metric for which all lea
minimal must be regular.To cite this article: V. Miquel, R.A. Wolak, C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Feuilletages Riemanniens singuliers. Nous prouvons que tout feuilletage singulier sur une variété compacte qu’a une mé
riemannienne feuilletée avec feuilles minimales est régulier.Pour citer cet article : V. Miquel, R.A. Wolak, C. R. Acad. Sci. Paris,
Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Let M be a smooth manifold. A generalized differentiable distributionD ⊂ T M (i.e. dimDx x ∈ M is not constant)
is called a foliation if it is completely integrable, i.e. if at any pointx of M it admits a maximal integral subman
fold, called a leaf s of the foliationD. The Sussmann–Stefan–Frobenius theorem provides necessary and su
conditions for complete integrability of generalized differentiable distributions, cf. [6]. A foliationF on a smooth
manifoldM (cf. [3], p. 189 ) is aRiemannian foliation(RF for short) if there is a Riemannian metric onM adapted to
F in the sense that every geodesic which is orthogonal to a leaf at one point remains orthogonal to every leaf
A Riemannian foliationF is calledregular (RRF) if all the leaves have the same dimension. Otherwise, it is c
singular (SRF). In an SRF, the leaves of maximal dimension are called regular, and the others are called
leaves.

A foliation F on a manifoldM is taut if there is a metricg on M such that every leaf ofF is minimal. The study
of these foliations was stimulated by Haefliger’s paper cf. [1] in which the author demonstrated that in the
case ‘tautness’ is a transverse property. In 1983, Carrière proposed the following conjecture for compact m
A RRF is taut if and only if the basic cohomologyH codimF (M/F) �= 0. The problem was finally solved by Mas
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cf. [2], in the early nineties. In the case of RRF the minimal metric can be chosen to be adapted to the f
cf. [5], p. 96. In fact, Ph. Tondeur demands the existence of an adapted metric in the definition of ‘taut’. There
natural to formulate the following question:“Do there exist ‘taut’ singular Riemannian foliations, and if so, can th
be characterized cohomologically?”. In this Note we prove that the singular case is very different from the re
one.

Theorem 1.1. Let F be a singular Riemannian foliation on a compact manifoldM . Then, there is no Riemannia
metric onM adapted toF for which the leaves ofF are minimal.

2. Preliminaries

Given a SRFF on M , we shall fix an adapted Riemannian metric〈, 〉 on M . If x ∈ M , thenLx is the leaf ofF
passing through the pointx. Given any leafL of F and a connected open setP in L, we shall denote byPr (resp.∂Pr )
the tube (resp. the tubular hypersurface) of radiusr centered atP , that is

Pr = {exptu; u ∈ NxP, x ∈ P, 0� t < r}, ∂Pr = {expru; u ∈ NxP, x ∈ P }, (1)

whereNxP denotes the unit sphere fiber atx of the normal bundle ofP , and exp denotes the exponential map for
metric〈, 〉. Crucial for our result is the following structure theorem of a SRF:

Theorem 2.1 (Homothety Lemma, [3], p. 193). Givenx0 ∈ M compact, letP be a relatively compact connected op
neighborhood ofx0 in the leafLx0 throughx0. Then, there is aρ0 > 0 such that,

(i) for everyx ∈ Pρ0, the connected componentPx of x in Lx ∩ Pρ0 (called a plaque ofF throughx) is contained in
∂Pdist(P,x), and

(ii) for λ > 0 andρ > 0 such thatρ andλρ are both< ρ0, the diffeomorphism∂Pρ → ∂Pλρ defined byexpρu �→
expλρu sends one plaque onto one plaque.

Moreover, we shall use the well known first variation formula for the volume of a submanifoldR of M when we
take a normal variationRt = {expy tXy; y ∈ R} of R (X being a vector field normal toR called variation vector field

d

dt
volume(Rt )|t=0 =

∫
R

〈Hy,Xy〉η, (2)

whereη is the volume element ofR andH is the mean curvature vector ofR.

3. Proof of Theorem 1.1

The idea of the proof is the following: IfF is a SRF, the Homothety Lemma (Theorem 2.1) implies that,
suitable neighborhood of an open set of a singular leafL of dimensionq, the regular leavesR of dimensionq + k

look like tubular submanifolds aroundL, with spherical shaped slices of dimensionk (the vectorsZq+j (s) in the
formula (4) below are tangent to these slices). Then, in the direction fromR to L, and nearL, the contribution of thes
spherical shaped slices makes the volume of the regular leave to decrease (this is the meaning of formula (1
Since the mean curvature gives the variation of the volume of the regular leaves (formula (2)), it cannot be ze
incompatibility with minimality disappears only when there are no spherical shaped slices, that is, whenk = 0. Now,
let us go into the details.

Let us suppose thatF is a SRF. Letq + k be the maximal dimension of the leaves of the foliation, andq the
dimension of a singular leafL such that, beingS a relatively compact connected open set inL, in the tubeSρ0, with
theρ0 given in Theorem 2.1, there is a plaqueR of a leaf of maximal dimension. From Theorem 2.1(i) it follows t
R is at constant distancer from S and there is a subsetU of the unit normal bundleNS of S such thatR= exp(rU).

Moreover, it is a consequence of Theorem 2.1(ii) that, for anys ∈ (0, r), Rs = exp(sU) is a plaque of a leaf o
dimensionq + k of the foliation. The subsetU can be written as

U =
⋃

Ux, Ux = U ∩ NxS.
x∈S
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Let us consider onU the volume form dx ∧ dux , where dx is the volume form ofS and dux is the volume form of
Ux . AsRs = exp(sU), we have the following diffeomorphism:

ϕ :U ⊂ NS −→Rs ⊂ M defined byUx 
 ux �→ expsux.

Then the volume formηs of Rs has the pullbackϕ∗ηs that can be written as

ϕ∗ηs = φ(s, x,ux)dx ∧ dux, (3)

whereφ can be computed, taking orthonormal basis{e1, . . . , eq} on TxS and{eq+1, . . . , eq+k} of Tux Ux (recall that
k = dimUx = dimRs − dimS) as follows

φ(s, x,ux) = ϕ∗ηs(e1, . . . , eq, eq+1, . . . , eq+k)

= ηs(exp∗sux
se1, . . . ,exp∗sux

seq,exp∗sux
seq+1, . . . ,exp∗sux

seq+k)

= ηs

(
Y1(s), . . . Yq(s),Zq+1(s), . . . ,Zq+k(s)

)
, (4)

where Yi(t),Zq+j (t) (see, for instance [4], pages 36 and 58–60) are the Jacobi fields along the geodest �→
expx tux, 0� t � r , satisfying

Yi(0) = ei, Y ′
i (0) + Lux ei ∈ (TxS)⊥, (5)

whereLux is the Weingarten map ofS in the direction ofux ,

Zq+j (0) = 0, Z′
q+j (0) = eq+j , and (6)

lim
t→0

Zq+j (t)

t
= lim

t→0

1

t
exp∗tux

teq+j = eq+j . (7)

On the other hand, it follows from (3) that volume(Rs) = ∫
Rs

ηs = ∫
S

∫
Ux

φ(s, x,ux)dx ∧ dux , and

d

ds
volume(Rs) =

∫
S

∫
Ux

d

ds
φ(s, x,ux)dx ∧ dux =

∫
S

∫
Ux

d
dsφ(s, x,ux)

φ(s, x,ux)
φ(s, x,ux)dx ∧ dux

=
∫
Rs

d
dsφ(s, x,ux)

φ(s, x,ux)
ηs. (8)

On the other hand, when we apply formula (2) to the submanifoldRs and the variation vector field expx sux �→
d
ds(expx sux), we obtain

d

ds
volume(Rs)|s=s =

∫
Rs

〈
Hexpx sux ,

d

ds
(expx sux)

〉
ηs, (9)

Hexpx sux being the mean curvature ofRs at expx sux . Now, letf :Rs → R be theC∞ function

f (expx sux) = φ(s, x,ux)
−1 d

ds
φ(s, x,ux) −

〈
Hexpx sux ,

d

ds
(expx sux)

〉
.

Let R+
s (resp.R−

s ) be the set of points ofRs wheref is > 0 (resp.< 0). The same arguments used to pro
formulae (8) and (9) show that they are still true forR+

s andR−
s . Then∫

R+
s

f (expx sux)ηs = 0=
∫

R−
s

f (expx sux)ηs,

and these equalities imply thatR+
s = ∅ = R−

s . Then,f is identically zero, that is, for every expx sux ∈Rs ,

φ(s, x,ux)
−1 d

φ(s, x,ux) =
〈
Hexpx sux ,

d
(expx sux)

〉
. (10)
ds ds
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Let ξ1, . . . , ξl, l = n − q − k, be a family of unit orthogonal vector fields along expx tux which are orthogonal to
Y1, . . . ,Zq+k. Then, for everyt ∈ [0, s],

ηs(Y1, . . . , Yq,Zq+1, . . . ,Zq+k) = ω(Y1, . . . , Yq,Zq+1, . . . ,Zq+k, ξ1, . . . , ξl),

whereω is the volume form ofM. Then

d

ds
φ(s, x,ux) =

∑
i

ω(Y1, . . . , Y
′
i , . . . , Yq,Zq+1, . . . , ξl)

+
∑
j

ω(Y1, . . . Yq,Zq+1, . . . ,Z
′
q+j , . . . ,Zq+k, ξ1, . . . , ξl)

+
∑
α

ω(Y1, . . . ,Zq+k, ξ1, . . . , ξ
′
α, . . . , ξl).

Since〈ξα, ξα〉 = 1, the vector fieldsξ ′
s andξs are orthogonal. Therefore, the last term of the sum vanishes. Using

we can write

dφ/ds

sk−1
=

∑
i

ω

(
Y1, . . . , Y

′
i , . . . , Yq,Zq+1,

Zq+2

s
, . . . ,

Zq+k

s
, ξ1, . . . , ξl

)

+
∑
j

ω

(
Y1, . . . , Yq,

Zq+1

s
, . . . ,Z′

q+j , . . . ,
Zq+k

s
, ξ1, . . . , ξl

)
. (11)

From (6),Zq+1(0) = 0, then the first adding term in (11) goes to 0 ass tends to 0 (since the other vectors rem
bounded). From (5), (6) and (7) the second adding term in (11) has limit 1 whens goes to 0, then

lim
s→0

s−(k−1) dφ

ds
= 1, (12)

and therefore, nears = 0, d
dsφ(s, x,ux) �= 0. Thus, it follows from (10) that the mean curvature of thisRs is not

identically 0.
We have started with a SRFF onM , fixed an arbitrary adapted Riemannian metric〈, 〉, picked an arbitrary singula

leaf of dimensionq < q + k and showed that, in a neighborhood of it there are regular leaves whose mean cu
is not identically 0. So, the proof of Theorem 1.1 is finished.

References

[1] A. Haefliger, Some remarks on foliations with minimal leaves, J. Differential Geom. 15 (1980) 269–284.
[2] X. Masa, Duality and minimality in Riemannian foliations, Comment. Math. Helv. 67 (1992) 17–27.
[3] P. Molino, Riemannian Foliations, Progr. Math., vol. 73, Birkhäuser, 1988.
[4] T. Sakai, Riemannian Geometry, Transl. Math. Monogr., vol. 149, Amer. Math. Soc., 1996.
[5] Ph. Tondeur, Geometry of Foliations, Bikhäuser, 1997.
[6] I. Vaisman, Lectures on the Geometry of Poisson Manifolds, Progr. Math., vol. 118, Birkhäuser, 1994.


