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Abstract

In this Note we present a proof of theHecke quantum unique ergodicity conjecturefor the Berry–Hannay model, a model
quantum mechanics on a two dimensional torus. This conjecture was stated in Z. Rudnick’s lectures at MSRI, Berkeley,
ECM, Barcelona, 2000.To cite this article: S. Gurevich, R. Hadani, C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Démonstration de la conjecture du taux de Kurlberg–Rudnick. Nous proposons une démonstration de la conjecture d’un
ergodicité quantique d’Hecke pour le modèle de Berry–Hannay, un modèle de mécanique quantique sur un tore de dimen
Cette conjecture a été proposée par Z. Rudnick à MSRI, Berkeley, 1999 et à l’ECM, Barcelona, 2000.Pour citer cet article : S. Gu-
revich, R. Hadani, C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Hannay–Berry model. In 1980 the physicists Hannay and Berry [4] explore a model for quantum mechanics
two dimensional symplectic torus(T,ω).

Quantum chaos. Consider the ergodic discrete dynamical system on the torus, which is generated by an hy
automorphismA ∈ SL2(Z). Quantizing the system, we replace: the classical phase space(T,ω) by a Hilbert spaceHh̄,
classical observables, i.e., functionsf ∈ C∞(T), by operatorsπ

h̄
(f ) ∈ End(Hh̄) and classical symmetries by a unita

representationρ
h̄

: SL2(Z) → U(Hh̄). A fundamental meta-question in the area of quantum chaos is todescribethe
spectral properties of the quantum systemρ

h̄
(A), at least in the semi-classical limit ash̄ → 0.

The rate conjecture. In [5] Kurlberg and Rudnick proved that eigenvectors that satisfy certain additional symm
of ρ

h̄
(A) are semi-classically equidistributed with respect to the Haar measure onT. In this paper we prove (se

Theorem 4) the Kurlberg–Rudnick conjecture [7,8] on the rate of convergence of the relevant distribution to t
measure.

E-mail addresses:shamgar@math.tau.ac.il (S. Gurevich), hadani@post.tau.ac.il (R. Hadani).
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2. Classical torus

Let (T,ω) be the two dimensional symplectic torus. Together with its linear symplectomorphismsΓ � SL2(Z) it
serves as a simple model of classical mechanics (a compact version of the phase space of the harmonic o
More precisely, letT = W/Λ where W is a two dimensional real vector space andΛ is a rank two unimodular lattic
in W. We denote byΛ∗ ⊆ W∗ the dual lattice, i.e.,Λ∗ = {ξ ∈ W∗ | ξ(Λ) ⊂ Z}. The latticeΛ∗ is identified with the
lattice of characters ofT by the mapξ ∈ Λ∗ �→ e2π i〈ξ,·〉 ∈ T∨, whereT∨ := Hom(T,C

∗).

Classical mechanical system.We consider a very simple discrete mechanical system. An hyperbolic elementA ∈ Γ ,
i.e., |Tr(A)| > 2, generates an ergodic discrete dynamical system onT.

3. Quantization of the torus

The Weyl quantization model.The Weyl quantization model works as follows. LetAh̄ be a one parameter deform
tion of the algebraA of trigonometric polynomials on the torus. This algebra is known in the literature as the R
torus [6]. The algebraAh̄ is constructed by taking the free algebra overC generated by the symbols{s(ξ) | ξ ∈ Λ∗}
and quotient out by the relations(ξ +η) = eπ ih̄ω(ξ,η)s(ξ)s(η). Hereω is the form on W∗ induced by the original form
ω on W. The algebraAh̄ contains as a standard basis the latticeΛ∗. Therefore, one can identify the algebrasAh̄ � A
as vector spaces. Hence, every functionf ∈ A can be viewed as an element ofAh̄. For a fixedh̄ a representatio
π

h̄
:Ah̄ → End(Hh̄) serves as a quantization protocol.

Equivariant Weyl quantization of the torus.The groupΓ acts on the latticeΛ∗, therefore it acts onAh̄. For an
elementB ∈ Γ , we denote byf �→ f B the action ofB on an elementf ∈ Ah̄. Let Γp � SL2(Fp) denotes the
quotient group ofΓ modulop.

Theorem 3.1 (Canonical equivariant quantization). Let h̄ = 1
p

, wherep is an odd prime. There exists a uniq
(up to isomorphism) pair of representationsπ

h̄
:Ah̄ → End(Hh̄) and ρ

h̄
:Γ → GL(Hh̄) satisfying the compatibil

ity condition(Egorov identity) ρ
h̄
(B)π

h̄
(f )ρ

h̄
(B)−1 = π

h̄
(f B), whereπ

h̄
is an irreducible representation andρ

h̄
is a

representation ofΓ that factors through the quotient groupΓp.

Quantum mechanical system.Let (π
h̄
, ρ

h̄
,Hh̄) be the canonical equivariant quantization. LetA be our fixed hyper

bolic element, considered as an element ofΓp. The elementA generates a quantum dynamical system. For e
(pure) quantum statev ∈ S(Hh̄) = {v ∈ Hh̄: ‖v‖ = 1}, v �→ vA := ρ

h̄
(A)v.

4. Hecke quantum unique ergodicity

Denote by TA the centralizer ofA in Γp � SL2(Fp). We call TA theHecke torus(cf. [5]). The precise stateme
of theKurlberg–Rudnick conjecture(cf. [1] and [7,8]) is given in the following theorem:

Theorem 4.1 (Hecke quantum unique ergodicity). Let h̄ = 1
p
, p an odd prime. For everyf ∈ Ah̄ andv ∈ S(Hh̄), we

have: ∣∣∣∣AvTA

(〈
v|π

h̄
(f )v

〉) −
∫

T

f ω

∣∣∣∣ � Cf√
p

, (1)

whereAvTA
(〈v|π

h̄
(f )v〉) := ∑

B∈TA
〈v|π

h̄
(f B)v〉 is the average with respect to the groupTA andCf is an explicit

constant depending only onf .

5. Proof of the Hecke quantum unique ergodicity conjecture

It is enough to prove the conjecture for the case whenf is a non-trivial characterξ ∈ Λ∗ and v is an Hecke
eigenvector with eigencharacterχ : TA → C∗. In this case Theorem 4.1 can be restated in the form:

Theorem 5.1 (Hecke quantum unique ergodicity (restated)). Let h̄ = 1
p

, wherep is an odd prime. For everyξ ∈ Λ∗
and every characterχ : TA → C∗ the following holds:
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∣∣∣∣
∑

B∈TA

Tr
(
ρ

h̄
(B)π

h̄
(ξ)

)
χ(B)

∣∣∣∣ � 2
√

p.

The trace function. Denote byF the functionF :Γ ×Λ∗ → C defined byF(B, ξ) = Tr(ρ(B)π
h̄
(ξ)). We denote by

V := Λ∗/pΛ∗ the quotient vector space, i.e., V� F
2
p. The symplectic formω specializes to give a symplectic for

on V. The groupΓp is the group of linear symplectomorphisms of V, i.e.,Γp = Sp(V,ω). SetY0 := Γ × Λ∗ and
Y := Γp × V. We have a natural quotient mapY0 → Y .

Lemma 5.2. The functionF :Y0 → C factors through the quotientY .

From now onY will be considered as the default domain of the functionF . The functionF :Y → C is invariant
with respect to the action ofΓp onY given by the following formula:

Γp × Y
α−→ Y,(

S, (B, ξ)
) −→ (

SBS−1, Sξ
)
.

(2)

Geometrization (sheafification).Next, we will phrase a geometric statement that will imply Theorem 5.1. Mo
into the geometric setting, we replace the setY by an algebraic variety and the functionsF andχ by sheaf theoretic
objects, also of a geometric flavor.

Step1. The setY is the set of rational points of an algebraic varietyY defined overFp. To be more precise
Y � Sp × V. The varietyY is equipped with an endomorphism Fr :Y → Y called Frobenius. The setY is identified
with the set of fixed points of FrobeniusY = Y

Fr = {y ∈ Y: Fr(y) = y}. Finally, we denote byα the algebraic action
of Sp on the varietyY (cf. (2)).

Step2. The following theorem proposes an appropriate sheaf theoretic object standing in place of the
F :Y → C. Denote byDb

c,w(Y) the bounded derived category of constructible
-adic Weil sheaves onY.

Theorem 5.3 (Geometrization theorem). There exists an objectF ∈ Db
c,w(Y) satisfying the following properties:

(i) (Function) It is associated, via the sheaf-to-function correspondence, to the functionF :Y → C, i.e.,fF = F .
(ii) (Weight) It is of weightw(F) � 0.
(iii) ( Equivariance) For every elementS ∈ Sp there exists an isomorphismα∗

SF � F .
(iv) (Formula) On introducing coordinatesV � A

2 we identifySp� SL2. Then there exists an isomorphismF|T×V
�

L
ψ( 1

2λµ a+1
a−1 )

⊗ Lσ(a).1

Here T := {(
a 0
0 a−1

)}
stands for the standard torus,(λ,µ) are the coordinates onV and Lψ, Lσ the Artin-

Schreier and Kummer sheaves.

Geometric statement.Fix an elementξ ∈ Λ∗ with ξ �= 0. We denote byiξ the inclusion mapiξ : TA × ξ → Y . Going
back to Theorem 5.1 and putting its content in a functorial notation, we write the following inequality:|pr!(i∗ξ (F ) ·χ)|
� 2

√
p. In words, taking the functionF :Y → C and restrictingF to TA × ξ and geti∗

ξ
(F ). Multiply i∗

ξ
F by the

characterχ to get i∗
ξ
(F ) · χ . Integratei∗

ξ
(F ) · χ to the point, this means to sum up all its values, and get a s

aχ := pr!(i∗ξ (F ) ·χ). Herepr stands for the projectionpr : TA × ξ → pt . Then Theorem 5.1 asserts that the scalaaχ

is of an absolute value less than 2
√

p.
Repeat the same steps in the geometric setting. We denote again byiξ the closed imbeddingiξ : TA × ξ → Y. Take

the sheafF on Y and apply the following sequence of operations. Pull-backF to the closed subvarietyTA × ξ and
get the sheafi∗

ξ
(F). Take the tensor product ofi∗

ξ
(F) with the Kummer sheafLχ and geti∗

ξ
(F) ⊗ Lχ . Integrate

i∗
ξ
(F) ⊗ Lχ to the point and get the sheafpr!(i∗ξ (F) ⊗ Lχ ) on the point.
Recallw(F) � 0. Knowing that the Kummer sheaf has weightw(Lχ ) � 0 we deduce thatw(i∗

ξ
(F) ⊗ Lχ ) � 0.

1 By this we mean thatF| is isomorphic to the extension of the sheaf defined by the formula in the right-hand side.

T×V
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Theorem 5.4 (Deligne, Weil II [2]). Let π :X1 → X2 be a morphism of algebraic varieties. LetL ∈ Db
c,w(X1) be a

sheaf of weightw(L) � w thenw(π!(L)) � w.

Using Theorem 5.4 we getw(pr!(i∗ξ (F) ⊗ Lχ )) � 0.

Now, consider the sheafG := pr!(i∗ξ (F) ⊗ Lχ ). It is an object inDb
c,w(pt). The sheafG is associated b

Grothendieck’s Sheaf-To-Function correspondenceto the scalaraχ :

aχ =
∑
i∈Z

(−1)i Tr(Fr|Hi (G)). (3)

Finally, we can give the geometric statement aboutG, which will imply Theorem 5.1.

Lemma 5.5 (Vanishing Lemma). LetG = pr!(i∗ξ (F) ⊗ Lχ ). All cohomologiesHi (G) vanish except fori = 1. More-

over,H1(G) is a two dimensional vector space.

Theorem 5.1 now follows easily. By Lemma 5.5 only the first cohomology H1(G) does not vanish and it is tw
dimensional. Having thatw(G) � 0 implies that the eigenvalues of Frobenius acting on H1(G) are of absolute valu
� √

p. Hence, using formula (3) we get|aχ | � 2
√

p.

Proof of the Vanishing Lemma. Step1. All tori in Sp are conjugated. On introducing coordinates, i.e.,V � A
2,

we make the identificationSp � SL2. In these terms there exists an elementS ∈ SL2 conjugating theHecketorus
TA ⊂ SL2 with the standard torusT = {(

a 0
0 a−1

)} ⊂ SL2, namelySTAS−1 = T.
Step2. Using the equivariance property of the sheafF (see Theorem 5.3, property (iii)) we see that it issufficient

to prove the Vanishing Lemma for the sheafGst := pr!(i∗η F ⊗ α
S !Lχ ), whereη = S · ξ andα

S
is the restriction of the

actionα to the elementS.
Step3. The Vanishing Lemma holds for the sheafGst . We writeη = (λ,µ). By Theorem 5.3 Property (iv) we hav

i∗
η
F � L

ψ( 1
2λµ a+1

a−1 )
⊗ Lσ(a), wherea is the coordinate of the standard torusT andλ · µ �= 02. The sheafα

S !Lχ is a

character sheaf on the torusT. A direct computation proves the Vanishing Lemma.�
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