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Abstract

A joint model for linear degradation and competing failure data with partial renewals is proposed. Non-parametric es
procedures for failure intensities and failure probabilities as functions of degradation level are given. Asymptotic properti
estimators are investigated.To cite this article: V. Bagdonavičius et al., C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Estimation non-paramétrique renouvellement–défaillance–dégradation simultanés avec des risques concurrents. Nous
proposons un modèle conjoint pour des données de dégradation linéaire à taux aléatoire et des défaillances à modalité
et compétitives, sous des hypothèses de renouvellement partiel. Les procédures d’estimation non-paramétrique pour
tés et les probabilités de panne comme fonctions du niveau de dégradation sont données ce qui permet d’obtenir les
asymptotiques des estimateurs.Pour citer cet article : V. Bagdonavičius et al., C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Soit Z(t) la valeur du processus de dégradation d’une unité à l’instantt . On suppose qu’une unité est renouve
dès qu’elle a atteint le niveau critiquez0.

Pourj � 1 notonsSj le moment dej -ième renouvellement(S1 = 0). On suppose que la dégradation est liné
dans l’intervalle]Sj ;Sj+1] avec un taux de dégradation aléatoire. NotonsAj l’inverse du taux de dégradation, suppo
constant, dans cet intervalle.

On suppose que les variables aléatoiresA1,A2, . . . sont indépendantes de fonctions de répartitionπ1,π2, . . . ,
respectivement. Le modèle est donné par (1).

E-mail addresses:vilius@sm.u-bordeaux2.fr (V. Bagdonavičius), nikou@sm.u-bordeaux2.fr (M. Nikulin).
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NotonsT (1), . . . , T (s) les moments de pannes compétitives dess modalités qui sont supposées conditionnellem
indépendantes sachantZ(s), s � 0. La loi conditionnelle deT (k) est donnée par (2).

On noteT = min(T (1), . . . , T (s)) le moment de panne observé etV l’indicatrice de la modalité de la panne obs
vée :V = k ⇔ T = T (k).

On s’intéresse à l’estimation des intensités cumulées (3) et des probabilités (6), (7).
Afin de définir les estimateurs et analyser leur propriétés asymptotiques, on obtient les décompositions

des processus de comptage (6).
A partir des données des moments de renouvellementSi1, . . . , Sim, des moments de défaillanceTi , des valeurs

de dégradationZi(Ti) et des modes de défaillanceVi (i = 1, . . . , n), et en utilisant la décomposition (10) on obtie
l’estimateur (11) de la fonction d’intensité cumuléeΛ(k) de la modalité de pannek. Les conditions pour la consistan
uniforme et la loi limite des estimateurŝΛ(1), . . . , Λ̂(s) sont données dans les Théorèmes 5.2 et 5.3 respective
Les lois limites des estimateurs des probabilitéspj etp(k)

j sont données par le Théorème 5.4.

1. Introduction

In this Note we consider non-parametric methods of estimation from joint linear degradation and failure tim
with partial renewals and competing failure modes.

Parametric and semiparametric methods for statistical analysis of simultaneous degradation–failure time d
out renewals for biometrical data are given in Henderson et al. [5], Hogan and Laird [6], Hu et al. [7], Song et
Tsiatis and Davidian [12], Wang and Taylor [13], Wulfsohn and Tsiatis [14], Xu and Zeger [15]; for reliability
in Bagdonavǐcius and Nikulin [3,4], Bagdonavičius et al. [2], Lehmann [10]. Non-parametric methods for statis
analysis of simultaneous linear degradation–failure time data without renewals are given in Bagdonavičius et al. [1].
Parametric methods for statistical analysis of degradation–failure time renewal data are given by Kahle [9].

2. Modelling

Let Z(t) be the value of the degradation process at timet . We assume that a unit is renewed when its degrada
attains some critical levelz0.

For j � 1, letSj denote the moment of thej th renewal (we assumeS1 = 0). Suppose that degradation is linear
the interval(Sj ;Sj+1] with constant degradation rate. Denote byAj the inverse to the degradation rate in this inter

Assume that the positive real random variablesA1,A2, . . . are independent with cumulative distribution functio
π1,π2, . . . .

Degradation process model:

Z(t) = (t − Sj )/Aj for Sj < t � Sj+1, whereSj+1 =
j∑

i=1

Aiz0. (1)

Denote byT (k) (k = 1, . . . , s) the failure time corresponding to thekth competing traumatic failure mode. We supp
that the random variablesT (1), . . . , T (s) are conditionally independent (givenZ(·)).

Let T = min(T (1), . . . , T (s)) denote the moment of a traumatic failure.

Failure model:

P
(
T (k) > t | Z(s),0 � s � t

) = exp

{
−

t∫
0

λ(k)
(
Z(s)

)
ds

}
, (2)

λ(k) being a positive function. Set

Λ(k)(z) =
z∫
λ(k)(y)dy, λ(z) =

s∑
k=1

λ(k)(z), Λ(z) =
s∑

k=1

Λ(k)(z). (3)
0
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ation
Setm(t) = j ⇔ t ∈ (Sj ;Sj+1], m = m(T ). The failure occurs in the interval(Sm,Sm+1].
Denote byV the indicator of the failure mode:V = k ⇔ T = T (k).
We are interested also in the probabilities

pj (z) = P(T � Sj + zAj | T > Sj ), (4)

p
(k)
j (z) = P(T � Sj + zAj , V = k | T > Sj ) (5)

that a failure (or a failure of thek mode) occurs before the level of degradation attains the levelz (0 � z � z0) given
that a unit had been renewed(j − 1) times (j = 1,2, . . .).

3. Decomposition of a counting process associated with Z(T )

For z ∈ [0; z0) set

N(z) = 1{Z(T )�z}, N(k)(z) = 1{Z(T )�z,V =k} (6)

and letFz denote theσ -algebra generated by the following collections of events:

{A1 � a1, . . . ,Aj � aj } ∩ {m = j} and {A1 � a1, . . . ,Aj � aj } ∩ {m = j} ∩ {
Z(T ) � y,V = k

};
herej � 1, k = 1, . . . , s, a1, . . . , aj > 0 andy � z.

Theorem 3.1. The processN(k)(z) can be written as the sum

N(k)(z) =
z∫

0

Y(y)dΛ(k)(y) + M(k)(z), (7)

whereM(k)(z) is a martingale with respect to the filtration(Fz | 0� z < z0) and

Y(y) = Am1{Z(T )�y}
1− e−Am(Λ(z0)−Λ(y))

.

Note that we can not use the Nelson–Aalen estimator based on the obtained decomposition because th
Y(y) depends on the values ofΛ in the pointz0 > y. On the other hand, the decomposition is useful for demonstr
of asymptotic properties of estimators.

Let us consider another decomposition of the processesN(z) andN(k)(z). Set

N∗(t) = 1{T �t}, N∗
k (t) = 1{T �t,V =k}, Y ∗(t) = 1{T �t}.

Denote byF ∗
t theσ -algebra generated byN∗

k (s), Y ∗(s),0 � s � t, k = 1, . . . , s. Then

N∗
k (t) =

t∫
0

λ(k)
(
Z(u)

)
Y ∗(u)du + M∗

k (t),

whereM∗
k (t) is a martingale with respect to the filtration(F ∗

t | t � 0). Set

Z = Z(T ), Zj =
{

z0, if j < m;
Z, if j = m.

Theorem 3.2. The processN(k)(z) can be written as the sum

N(k)(z) =
z∫

0

Y ∗∗
k (y)dΛ(k)(y) + M∗∗

k (z), (8)

whereY ∗∗
k (y) = ∑m

j=1 Aj 1{Zj �y}, M∗∗
k (z) = ∫ ∞

0 1{Z(u)�z} dM∗
k (u).
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Suppose thatn units are on test and, forith unit, denote bySij (j � 1) the moment ofj th renewal, byAij the
inverse of the degradation rate in the interval(Sij ;Si,j+1], by Zi(t) the degradation process, byTi the moment of the
failure, byVi the indicator of failure mode, byZi = Zi(Ti) the degradation level at the momentTi . The failureTi

occurs in the interval(Si,mi
;Si,mi+1].

The data can be defined as the following collection of vectors of a random length:

(Si1, . . . , Simi
, Ti,Zi,Vi), i = 1, . . . , n. (9)

Define the processesN(k)
i (z), Yi(y) andM

(k)
i (z) as in Theorem 3.1, withZ(T ), Am, Sm, V replaced byZi(Ti), Simi

,
Aimi

, Vi . Set

�N(k)(z) =
n∑

i=1

N
(k)
i (z), �Y (y) =

n∑
i=1

Yi(y), �M(k)(z) =
n∑

i=1

M
(k)
i (z)

and let�Fz denote theσ -algebra, generated by the events of the form given just before Theorem 3.1 withAj , m, Z(T )

replaced byAij , mi , Zi(Ti) (i = 1, . . . , n).
Theorem 3.2 implies decomposition:

�N(k)(z) =
z∫

0

Ỹ (y)dΛ(k)(y) + M̃(k)(z), (10)

where

Ỹ (y) =
n∑

i=1

mi∑
j=1

Aij 1{Zij �y}, M̃(k)(z) =
n∑

i=1

∞∫
0

1{Zi(u)�z} dM∗
ki(u);

M∗
ki is a martingale with respect to the filtration

F = {
F ∗

it = σ
(
N∗

i (s), Y ∗
i (s), 0� s � t

) | t � 0
}
, N∗

i (t) = 1{Ti�t,Vi=k}, Y ∗
i (t) = 1{Ti�t}.

5. Non-parametric estimation

Consider the problem of non-parametric estimation ofΛ(k). We suppose that the distribution functionsπj and the
cumulative intensity functionsΛ(k) are completely unknown. Note that we can not use the Nelson–Aalen esti
based on the decomposition (7) because the function�Y(y) depends on the values of the functionΛ in the interval
[y, z0].

The decomposition (10) implies the estimator

Λ̂(k)(z) =
z∫

0

d�N(k)(y)

Ỹ (y)
. (11)

Lemma 5.1. The processΛ̂(k) is a semi-martingale with the characteristics(B
(k)
h ,C

(k)
h , ν(k)) (see Jacod and Shir

aev[8]), where

B
(k)
h (z) =

z∫
0

h
(
Ỹ−1(y)

)�Y (y)dΛ(k)(y), C
(k)
h (z) =

z∫
0

h2(Ỹ−1(y)
)�Y (y)dΛ(k)(y),

ν(k)(dy,du) = �Y (y)dΛ(k)(y)εỸ−1(y)(du);
εu denotes the Dirac measure concentrated at pointu, h : R → R is a continuous function with compact suppo
which equalsu for u in some neighbourhood of0.
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To formulate the conditions under which the estimatorΛ̂(k) is consistent, we need the following notation:

b(z) = n−1E�Y(z) = E

[
Am1{Z(T )�z}

1− e−Am(Λ(z0)−Λ(y))

]
.

Theorem 5.2. Suppose that

(i) inf z�z0 b(z) > 0, supz�z0
b(z) < ∞,

(ii) supz�z0
|n−1�Y (z) − b(z)| P→ 0, supz�z0

|n−1Ỹ (z) − b(z)| P→ 0, asn → ∞.

Then the estimator̂Λ(k) is uniformly consistent, i.e.

sup
z�z0

∣∣Λ̂(k)(z) − Λ(k)(z)
∣∣ P→ 0, asn → ∞.

SetA0 = 0 for Am = ∑m−1
j=1 aj (m = 1,2, . . .) andσ 2

k (z) = ∫ z

0
dΛ(k)(y)

b(y)
.

Theorem 5.3. Suppose that the conditions of Theorem5.2are satisfied,E(Ai) < ∞ andσ 2
k (z) < ∞.

Then
√

n
(
Λ̂(1) − Λ(1), . . . , Λ̂(s) − Λ(s)

) D→ (
U(1), . . . ,U(s)

)
onDs[0, z0]; hereU(1), . . . ,U(s) are zero mean Gaussian processes with the covariance functions

cov
(
U(k)(z1),U

(l)(z2)
) = E

z1∫
0

z2∫
0

m−1∑
j=1

A2
j

1− e−Aj (Λ(z0)−Λ(u∧v))

dΛ(k)(u)Λ(l)(v)

b(u)b(v)
+ 1{k=l}σ 2

k (z1 ∧ z2).

The probabilitiespj (z) andp
(k)
j (z) are estimated by the statistics

p̂j (z) =
∞∫

0

exp
{−aΛ̂(z)

}
dπ̂j (a), p̂

(k)
j (z) =

∞∫
0

a

z∫
0

exp
{−aΛ̂(y)

}
dΛ̂(k)(y)dπ̂j (a),

where

π̂j (a) =
∑n

i=1 1{Aij �a, mi�j}
m(j)

, m(j) =
n∑

i=1

1{j�mi }.

Theorem 5.4. If the functionπj is continuous and the conditions of Theorem5.3are satisfied then

√
n
(
p̂j (z) − pj (z)

) D→ U(z)

∞∫
0

a e−aΛ(z) dπj (a) −
∞∫

0

e−aΛ(y) dWj(a)

and

√
n
(
p̂

(k)
j (z) − p

(k)
j (z)

) D→ U(z)

∞∫
0

a e−aΛ(z) dπj (a) +
∞∫

0

a

z∫
0

e−aΛ(y) dΛ(k)(y)dWj(a)

+
∞∫

a2 e−aΛ(z)
{
U(y)dΛ(k)(y) − U(k)(y)dΛ(y)

}
dπj (a)
0
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onD[0, z0], whereU = ∑s
k=1 U(k), Wj is a zero mean Gaussian process with the covariance function(a � a′)

E
{
Wj(a)Wj (a

′)
} = πj (a)(1− πj (a

′))
P (T > Sj )

,

the processesU(k) andW1,W2, . . . being independent.
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