
1/

hedron is
l

nt des
liques pavés
t ont la

group of

f
he sphere

e regular
e [6].
e sense
operty
C. R. Acad. Sci. Paris, Ser. I 342 (2006) 125–128
http://france.elsevier.com/direct/CRASS

Geometry/Algebra

Triangular hyperbolic buildings

Riikka Kangaslampia, Alina Vdovinab

a Institute of Mathematics, Helsinki University of Technology, P.O. Box 1100, FIN-02015 TKK, Finland
b School of Mathematics and Statistics, University of Newcastle upon Tyne, Newcastle NE1 7RU, UK

Received 5 October 2005; accepted after revision 24 November 2005

Presented by Mikhaël Gromov

Abstract

We construct triangular hyperbolic polyhedra whose links are generalized 4-gons. The universal cover of such a poly
a hyperbolic building, whose apartments are hyperbolic planes tessellated by regular triangles with anglesπ/4. The fundamenta
groups of the polyhedra are hyperbolic, torsion free, with property (T).To cite this article: R. Kangaslampi, A. Vdovina, C. R.
Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Immeubles hyperboliques triangulaires.On construit des polyèdres hyperboliques dont les links en chaque sommet so
4-gones généralizées. Leurs revêtements universels sont des immeubles dont les appartements sont des plans hyperbo
par des triangles réguliers d’anglesπ/4. Les groupes fondamentaux de nos polyédres sont hyperboliques, sans torsion e
propriété (T).Pour citer cet article : R. Kangaslampi, A. Vdovina, C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Hyperbolic torsion free groups with property (T) have uncountably many nonisomorphic quotient groups(Γα)α∈I

which are simple and with infinitely many conjugacy classes (see [8,10,11]). Such groups exist: the random
Gromov [9], cocompact lattices of Sp(1, n) etc.

We give new examples of groups of this kind which are explicitly presented by generators and relations.
A polyhedron is a two-dimensional complex which is obtained from several orientedp-gons by identification o

corresponding sides. Let us take a sphere of a small radius at a point of the polyhedron. The intersection of t
with the polyhedron is a graph, which is called thelink at this point.

In this Note we construct polyhedra whose links at vertices are generalized 4-gons and whose faces ar
hyperbolic triangles with anglesπ/4. The universal covering of such a polyhedron is a hyperbolic building, se
Moreover, with the metric introduced in [1, p. 165] it is a complete metric space of non-positive curvature in th
of Alexandrov and Busemann [7]. It follows from [2] that the fundamental groups of our polyhedra satisfy the pr
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(T) of Kazhdan. (Another relevant reference is [15].) So, our groups, which are explicitly presented by genera
relations, are hyperbolic, torsion free and they have property (T).

Definition 1.1. Let P(p,m) be a tessellation of the hyperbolic plane by regular polygons withp sides, with angle
π/m at each vertex wherem is an integer. Ahyperbolic building is a polygonal complexX, which can be expresse
as the union of subcomplexes called apartments such that:

1. Every apartment is isomorphic toP(p,m).
2. For any two polygons ofX, there is an apartment containing both of them.
3. For any two apartmentsA1,A2 ∈ X containing the same polygon, there exists an isomorphismA1 → A2 fixing

A1 ∩ A2.

Our construction gives new examples of hyperbolic triangular buildings with regular triangles as chambe
amples of hyperbolic buildings with right-angled triangles were constructed by Bourdon in [3]. His construct
been generalized býSwia̧tkowski in [12].

2. Polygonal presentation and construction of polyhedra

Recall that ageneralized m-gon is a connected, bipartite graph of diameterm and girth 2m, in which each vertex
lies on at least two edges. A graph isbipartite if its set of vertices can be partitioned into two disjoint subsets s
that no two vertices in the same subset lie on a common edge. The vertices of one subset we will call black
denoted byxi , and the vertices of the other subset the white ones, denoted byyi , i ∈ Z+. Thediameter is the maximum
distance between two vertices and thegirth is the length of a shortest circuit.

We recall also the definition of a polygonal presentation introduced in [14]:

Definition 2.1. Suppose we haven disjoint connected bipartite graphsG1,G2, . . . ,Gn. Let Pi andQi be the sets o
black and white vertices respectively inGi , i = 1, . . . , n; let P = ⋃

Pi , Q = ⋃
Qi , Pi ∩ Pj = ∅, Qi ∩ Qj = ∅ for

i �= j and letλ be a bijectionλ :P → Q.
A setK of k-tuples(x1, x2, . . . , xk), xi ∈ P , will be called apolygonal presentation overP compatible withλ if

(1) (x1, x2, x3, . . . , xk) ∈K implies that(x2, x3, . . . , xk, x1) ∈K;
(2) givenx1, x2 ∈ P , then(x1, x2, x3, . . . , xk) ∈ K for somex3, . . . , xk if and only if x2 andλ(x1) are incident in

someGi ;
(3) givenx1, x2 ∈ P , then(x1, x2, x3, . . . , xk) ∈K for at most onex3 ∈ P .

If there exists suchK, we will call λ a basic bijection.

The polygonal presentations withk = 3, n = 1, andG1 a generalized 3-gon have been listed in [4,5].
We can associate a polyhedronK on n vertices with each polygonal presentationK as follows: for every cyclic

k-tuple(x1, x2, x3, . . . , xk) we take an orientedk-gon on the boundary of which the wordx1x2x3 · · ·xk is written. To
obtain the polyhedron we identify the corresponding sides of our polygons, respecting orientation.

Lemma 2.2 [14]. A polyhedron K which corresponds to a polygonal presentation K has graphs G1,G2, . . . ,Gn as
vertex-links.

Now we construct two polygonal presentations withk = 3 andn = 1, but for which the graphG1 is a generalized
4-gon. We denote the elements ofP by xi and the elements ofQ by yi , i = 1,2, . . . ,15. LetT1 andT2 be the two
following sets of triples, and in both cases define the basic bijectionλ :P → Q by λ(xi) = yi for all i = 1,2, . . . ,15.

T1:
{
(x1, x2, x7), (x1, x8, x11), (x1, x14, x5), (x2, x4, x13), (x12, x4, x2),

(x4, x9, x3), (x6, x8, x3), (x14, x6, x3), (x12, x10, x5), (x13, x15, x5),

(x , x , x ), (x , x , x ), (x , x , x ), (x , x , x ), (x , x , x )
}
,
12 9 6 11 10 7 14 13 7 9 15 8 11 15 10
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Fig. 1. GraphG1 for T1 with basic projectionλ(xi ) = yi .

T2:
{
(x1, x10, x1), (x1, x15, x2), (x2, x11, x9), (x2, x14, x3), (x3, x7, x4),

(x3, x15, x13), (x4, x8, x6), (x4, x12, x11), (x5, x8, x5), (x5, x10, x12),

(x6, x14, x6), (x7, x12, x7), (x8, x13, x9), (x9, x14, x15), (x10, x13, x11)
}
.

We can draw the bipartite graphG1 for T1 (Fig. 1). For every triple(xi, xj , xk) in T1 the pointsyi andxj as well as
yj andxk and alsoyk andxi have to be incident in the graph. ForT2 we obtain a similar graph, only with a differe
labeling of the points.

Let us check that these sets are desired polygonal presentations. Remark, that the smallest thick general
can be presented in the following way: its ‘points’ are pairs(i, j), wherei, j = 1, . . . ,6, i �= j and ‘lines’ are triples
(i1, j1), (i2, j2), (i3, j3) of those pairs, wherei1, i2, i3, j1, j2 andj3 are all different. We mark pairs(i, j), where
i, j = 1, . . . ,6, i �= j by x1 to x15. Now one can check by direct examination, that the graphG1 is really the smalles
thick generalized 4-gon. (See [13] for classification of generalized quadrangles.)

Definition 2.3. Let K1 andK2 be two polygonal presentations withk = 3, n = 1, and for which the graphG1 is a
generalized 4-gon. ThenK1 andK2 areequivalent, if there exists an automorphism of the generalized 4-gon w
transforms the 4-gon ofK1 to the 4-gon ofK2.

In our case there is no such automorphism transformingT1 to T2, since inT1 no element appears twice in one trip
but inT2 there are triples of the form(xi, xj , xi). Thus the polygonal presentationsT1 andT2 are not equivalent.

For polygonal presentationTi , i = 1,2, take 15 oriented regular hyperbolic triangles with anglesπ/4, write words
from the presentation on their boundaries and glue together sides with the same letters, respecting orienta
result is a hyperbolic polyhedron with one vertex and 15 faces and its universal covering is a triangular hy
building. The fundamental groupΓi , i = 1,2, of the polyhedron acts simply transitively on vertices of the build
The groupΓi , i = 1,2, has 15 generators and 15 relations, which come naturally from the polygonal presentaTi ,
i = 1,2.

For the first homology groups we getH1(Γ1) = Z/162Z andH1(Γ2) = Z/9Z.
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