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Abstract

In this Note we consider a discrete-time hidden semi-Markov model and we prove that the nonparametric maximum likelihood
estimators for the characteristics of such a model have nice asymptotic properties, namely consistency and asymptotic normality
Tocitethisarticle: V. Barbu, N. Limnios, C. R. Acad. Sci. Paris, Ser. | 342 (2006).
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Résumé

Estimation du maximum de vraisemblance d’un modéle semi-markovien caché. Dans cette Note nous introduisons un mo-
dele semi-markovien caché a temps discret et nous prouvons que les estimateurs du maximum de vraisemblance non-paramétrig
d'un tel modéle ont de bonnes propriétés asymptotiques, a savoir la convergence et la normalité asympdatiquier cet

article: V. Barbu, N. Limnios, C. R. Acad. Sci. Paris, Ser. | 342 (2006).
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Version francaise abr égée

Aprés avoir été introduits par Baum et Petrie [3], les modéles markoviens cachés (MMC) sont devenus trés popu:
laires dans des domaines trés variés, comme la biologie [5], la reconnaissance du texte et de la parole [16], etc. Le
processus markoviens cachés ont un désavantage important : les temps de séjour du processus caché suivent des
géomeétriques ou exponentielles. Pour résoudre ce probleme, Ferguson [9] a proposé un nouveau modele qui perm
d’'avoir des temps de séjour arbitrairement répartis pour le processus caché.

A notre connaissance, tous les travaux existants sur I'estimation des modéles semi-markoviens cachés consiste
seulement en des approches algorithmiques (voir [11,10,17]). Il n’existe pas de littérature concernant les proprié-
tés asymptotiques théoriques de I'estimateur du maximum de vraisemblance des modéles semi-markoviens caché
comme c’est le cas pour les modéles markoviens cachés.

Le travail présenté dans cet article porte sur les propriétés asymptotiques de I'estimateur du maximum de vraisem
blance d'un modéle semi-markovien caché.

SoientZ = (Z,),en Une chaine semi-markovienne homogéne, d'espace d'étak fini{l, ..., s}, et (J,S) =
(Jn, Sn)nen la chaine de renouvellement markovien associée [1]. Najohs:= (¢;; (k); i, j € E) le noyau semi-
markovien, f (k) := (fij(k); i, j € E) les lois conditionnelles de temps de séjoupet= (p;;);, jce la matrice de
transition de la chaine de Marka@V,,),en.
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Supposons que la chaing n'est pas directement observée. Les observations sont décrites par une suite
Y = (Y,)neny de variables aléatoires conditionnellement indépendantes, a valeursAdangl, ..., d} fini. Po-
SONSR = (R;.4; i € E,a € A) pour la loi conditionnelle de la suit®, R;., :=PY, =a| Z, =i). La chaine
(Z,Y)=(Z,, Y,)neN €st appeléehaine semi-markovienne cachéa, plus précisémenthaine cachée SMMO.

SoitU = (Uy)nen le temps de récurrence en arriere de la chaine semi-markovigghen, U, :=n — Snn)- La
chaine(Z,, Uy,)xen est une chaine de Markov d’espace d'dat N (voir [14]). Notonsp := (p(i,1)(j.1))i,j€E, 11,meN
sa matrice de transition.

Nous allons supposer dans le reste de cet article que pout,tput E, les lois conditionnelles des temps
de séjourf;;(-) ont des supports finis. Par conséquent, nous pouvons choisir un ensemble fini d’entiers positifs
D :={0,...,n} C N tel que supgi;(-) C D, pour touti, j € E. Grace a la condition d'indépendance condi-
tionnelle (2), nous avons associé la chaine markovienne caetiéd/0 ((Z,,U,), Y)zen @ la chaine semi-
markovienne cachée initiale. Sait := P x R I'espace de paramétres du modéle markovien cach® ot {p =
(P(i.11)(ju12))i jeE. t1.12eD € Myt xs@+1) | p matrice stochastiqyet R := {R = (Ria)icE, aca € Misxa | Ria >0,
D aca Ria =1} Notonsh? la vraie valeur du parameétre gty = yo, ..., Yy = yu} un échantillon des observations.

Théoréme 0.1. Sous des hypothéses de régulafitéir A1 et A2), I'estimateur du maximum de vraisemblart@/)
est fortement convergent vetd, lorsqueM tend vers l'infini.

A partir de ce théoréme, nous obtenons la convergence des estimateurs du maximum de vraisemblance des vale
vraies du noyau semi—markoviqu (k)i jeE, kep, de la matrice de transition de la chaine immergé%)i,jeE et

de la loi conditionnell&R® );c g 4ea deY.
Soito (89) la matrice d’information de Fisher asymptotique, calculée ddr(soir Eq. (3)).

Théoreme 0.2. Sous des hypothéses de régulafitéir A1, A2 et A3), le vecteur aléatoire
VM[(Ria(M)),; wen — (Ria)icE, aca]

est asymptotiquement normal, lorsgue— oo, d’espérance nulle et de matrice de covarialamévo)gz1 donnée par
I'Eq. (5).

Théoréme 0.3. Sous des hypothéses de régularité, le vecteur alégtaiie Al, A2 et A3)
eYine 0
M (Gij k, M))i,jeE, keD — (qij (k))i,jeE, keD]

est asymptotiguement normal, lorsqie — oo, d’espérance nulle et de matrice de covariange donnée par
lEq. (7).

1. Introduction and preliminaries

After having been introduced by Baum and Petrie [3], the hidden Markov models (HMM) have become very
popular in a wide range of applications, such as biology [5], speech and text recognition [16], etc.

In parallel with the extensive use of HMM in applications and with the related statistical inference work (see
[3,13,4,15,12,7,8]), a new type of model is derived, initially in the domain of speech recognition. In fact, the hidden
Markov processes has an important disadvantage, hamely the fact that the sojourn times of the hidden process «
geometrically or exponentially distributed. In order to solve this problem, Ferguson [9] was the first to propose a new
model, which allows arbitrary sojourn time distributions for the hidden process. As the unobserved process become
semi-Markovian, this model is called a hidden semi-Markov model (HSMM). Recent papers proposed computationa
techniques for HSMM (see [11,10,17]). To the best of our knowledge, all the existing works in HSMM area consist in
the construction of different types of models and in the design of adapted algorithms (usually of EM type). Therefore
we do not have in the HSMMs’ literature studies of asymptotic properties of the maximum likelihood estimator
(MLE), like it is the case in the HMM context. In the sequel we investigate the asymptotic properties of the MLE for
a HSMM, following the line of [4] and [3].

Firstly, let us set the basic notations of a discrete-time semi-Markov model. For more details, see [1,2] or [14]. Let
Z = (Z,)nenN be an homogeneous semi-Markov chain with finite state spaed1, ..., s}. Put(J, S) = (J,, Sp)neN
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for the associated Markov renewal chain atié= (X,,),en+ for the inter-jumps chain. Thus, for alle N we have
Z, = Inw), whereN (k) := max{n > 0| S, < k} is the discrete-time counting process of the number of jumps in
[1,k] Cc N.

Forn given setsEy, ..., E,, we denote byM g, «...x g, the set of nonnegative-dimensional arrays o1 x - - - x
E, and by Mg, (N) the set of matrix-valued function®N — Mg, g, .

Let us denote by (k) := (g;;(k); i, j € E) € Mg(N) the discrete semi-Markov kernej;{ (k) :=P(J,41 = J,
Xpy1=k| J, =1)), by p:= (pij; i, j € E) € Mg the transition matrix of the embedded Markov chaif),cn
(pij =P(py1=j | Ju =10)) and by f (k) := (fi;(k); i, j € E) € Mg(N) the conditional distribution of sojourn
times (fij(k) =P(Xpy1 =k | Jy =i, Jyuy1 = j)). We suppose thaj;;(k) =0 if i = j or k = 0. The following
assumption is needed in the sequel:

Al. The Markov chain(J,,),en is irreducible.
2. Results

Suppose that we have a stationary semi-Markov clfginvhich is not directly observed. The observations are
described by a chaiii = (Y;,),cn, With the state spaca := {1, ...,d}. The procesy = (Y¥,),en IS a sequence of
conditionally independent random variables, i.e., fouatl A, j € E, n € N*, the following relation holds true

PYy,=a|Yy-1=-,....Y0=2Zy=i,....,Z0=)=PYy,=a | Z, =1i). (1)

DefineR = (Ri.q)ick. aca € MEx 4 the conditional distribution of the chain, R;., :==P(Y,, =a | Z, =i).

The processZ,Y) = (Z,, Y)nen is calleda hidden semi-Markov chajior, more preciselya hidden SM—-MO0
chain, where the index 1 stands for the order of the semi-Markov caamd the index 0 stands for the orderlof
regarded as a Markov chain.

2.1. Consistency of MLE

Let U = (Uy)nen be the backward-recurrence times of the semi-Markov ct@jn, ey, U, :=n — Sy The
chain(Z,, U,),en is a Markov chain with state spadex N (see [14]). We denote by := (pg i) (j.1))i, jE, 11,0eN
the transition matrix of the Markov chaiz, U).

Reduced state spadé/e shall consider that all the conditional distributions of sojourn tinfgs;), i, j € E, have
finite support. Consequently, we can choose a finite set of intdgers{0, ..., i} such that supg;;(-) € D, for all
i,jeE.

Note that, especially from a practical point of view, there is only little loss of generality which follows from this
assumption, since in applications we always take into account just a finite support for a distribution. In conclusion, all
the work in the rest of the paper will be done under the assumption:

A2. The conditional sojourn time distributions have finite supoi®.

Taking into account the conditional independence relation (1), ferall, j € E andr € D we have
Ri.ow=PYy=al|Z,=i)=PY,=al|Z,=i, U,=t). (2)

Consequently, starting from the initial hidden semi-Markov ch@p, Y;).cn, We have an associated hidden
Markov chain((Z,, U,), Y,)nen. Let ® := P x R be the parameter space of the hidden Markov model, where
P :={p = (Pi.0).1)i.jeE, n.12eD € Ms@r1)xs@+1) | p stochastic matrixandR := {R = (Ria)icE, aea € Misxa |
Ria>0, Y ,cs Ria =1} Note#? the true value of the parameter.

For technical reasons, we consider that the time scale of all the proceZsestsad oiN. In conclusion, our work
is carried out within the framework of [3] and we have the following results.

Theorem 2.1. Under assumptionAl and A2, given a sample path of observatiofi§ = yo, ..., Yu = ym}, the
MLE 6(M) of #° is strongly consistent, a tends to infinity.

We stress the fact that the convergence in the preceding theorem is in the quotient topology, in order to render the
model identifiable. Thus, we have obtained the consistency of the maximum likelihood estimaﬁBF@ng, acA
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and(py) ,.)(;.)i i<k, nep, denoted DY Ria(M))icE, aca a(Pi.1y)(j.) (M))i je. .10~ The following theorem
uses these results in order to prove the consistency of the MI(‘E:,.(;Qk)),-,,-eE, rep and of(pgj),-,jeE.

Theorem 2.2. Under assumption&l and A2, given a sample path of observatiofi& = yo, ..., Y = yu}, the
MLES (i (k, M)); jeE, kep and(p;,j(M));, jeg Of (q,oj (k))i,jeE, kep and Of(ng)i,jeE are strongly consistent, ag

tends to infinity.

2.2. Asymptotic normality of MLE

For{Yo = yo, ..., Y, = y,} asample path of observations, denoteppyYy) the associated likelihood function and
a2 n
by oyy 09 := _Ego(%wﬁo)u,v the Fisher information matrix computedés.
Let

92logPy (Yo | Y1, Y_>,...)
0(90) — (au,v(eo))u’v = —E90< 96,90, e_go)u,v 3)

be the asymptotic Fisher information matrix computedSn(see [3] or [8] for the definition o (6°) as a limiting
matrix of Fisher information matrices).

From Theorem 3 of [6] we know that(6°) is nonsingular if and only if there exists an integee N such that
oyy (6%) is nonsingular. Consequently, all our work will be done under the following assumption:

A3. There exists an integere N such that the matrixryg (0°) is nonsingular.

Theorem 2.3. Under assumptional, A2 and A3, the random vector
il 0
M[(Ria(M))ieE, acA (Ria)ieE, aeA] (4)
is asymptotically normal, a8/ — oo, with zero mean and covariance matrb(@o)gzl, where we have considered
the following partition of the matrix (6%)~1:
s2x (14 1)? sd
—_— —_—
o-1_ | 0@ o |} $2x@+1)? ®)
0(9 ) = 0\—1 0\—1 } sd :
00751 007y
Before giving the result concerning the asymptotic normality of the semi-Markovian kernel estimator, we need to

introduce some notations. For &l=2, ..., 7 andi € E, let us consider the scalags; := ]'[f;g Pi.n.+1) andthe
matricesB;.x € M_1)x@—1), Whose element8;.;(u,v), u=1,...,s — 1L v=1,...,1n — 1, are defined by

0 ifv>k—1,
. k=2 . .
Bioik(u,v) =1 Pak-0w,0 [ [;—0 P01+ / Pv—1)G,v) ifv<k—1u<i,
_2 . .
Plik—-D@+1.0) [ 1026 PG.0Gr+D/ Plwv-DGwy T v <k—Lu>i.
Let us puts := o (6°)~L. We consider the following partition of the matix

rs—1 s—1 n—1 n—1 7
~ - Z ) =z
01,1 ... Ol Olsi+l  +--  Olsiits bos—1
Gl - Osisi Osisil - Osigits  0a [} s—1
Osii+1,1  --- Osit+lsin  Osa+lsn+l -+  Osi+lsi+s } n—1
Osiits, 1 --+ Osits,si Osi+s,si+1 -+  Osiits,si+s bon—-1
L 0B 6C _




V. Barbu, N. Limnios / C. R. Acad. Sci. Paris, Ser. | 342 (2006) 201-205 205

Theorem 2.4. Under assumptional, A2 and A3, the random vector
YN 0
M[(qij(k’ M))i,jeE, keD (qij(k))i,jeE, keD] (6)
is asymptotically normal, asf — oo, with zero mean and covariance matrix given by
Mia ... My;
Oq = : : ’ (7
Mﬁ’l e Mj;

s

where the block matrice¥,, , € M;—1)xs(s—1) are as follows

011 ... Olgs
Mii=| S
6?,1 &Y,s _
— ~ + ~ BT ~ 4 ~ BT
01,001, sv—s+1 T OLsi+1Dq1.y -+ Os;v0Lsv T Ol sii+s Dy
for2<v<n, Mi,= : : ,
~ ~ T ~ ~ T
| @1;005,5v—s+1+ Us,sﬁ+1Bl;v cee Qg0 5y + O siits Bs;v
o1u0su—s+1,1 T BLuOsit11 -+ QLuOsu—s+1s + BLuOsi+1.s
for2<u<n, M,1= : : ,
as;u&su,l + Bs;u&sﬁ+s,1 ce as;u&su,s + Bs;u&sﬁ+s,s

for2<u,v<n, My, =My, r))r=1..5 IS ablock matrix, having the matrix
. ~ ~ ~ ~ T
Mu,v(la r):= (Ofl;uo—su—sﬂ—l,sv—s—ﬁ—r + Bl;uo—sﬁ+[,xvfs+r)ar;v + (al;uo'xufs+l,sﬁ+r + Bl;uasﬁ+l,sﬁ+r)Br;v

on the position(l, r), 1 <1, r <s.
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