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Abstract

We study how oscillations in the boundary of a domain affect the behavior of solutions of elliptic equations with nonlinear
boundary conditions of the type ∂u

∂n
+ g(x,u) = 0. We show that there exists a function γ defined on the boundary, that depends on

the oscillations at the boundary, such that, if γ is a bounded function, then, for all nonlinearities g, the limiting boundary condition
is given by ∂u

∂n
+ γ (x)g(x,u) = 0 (Theorem 2.1, Case 1). Moreover, if g is dissipative and γ ≡ ∞ then we obtain a Dirichlet

boundary condition (Theorem 2.1, Case 2). To cite this article: J.M. Arrieta, S.M. Bruschi, C. R. Acad. Sci. Paris, Ser. I 343
(2006).
© 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Oscillations dans la frontière et conditions aux limites non linéaires. On étudie comment les oscillations dans la frontière
d’un domaine affectent le comportement des solutions des équations elliptiques avec conditions aux limites non linéaires du type
∂u
∂n

+ g(x,u) = 0. On montre qu’il existe une fonction γ definie sur la frontière et dependant des oscillations sur la frontière,
telle que si γ est une fonction bornée, alors pour toute g non lineaire, la limite des conditions sur la frontière est donnée par
∂u
∂n

+ γ (x)g(x,u) = 0 (Théorème 2.1, Partie 1). De plus, si g est dissipative et γ = ∞, alors on obtient une condition aux limites
du type Dirichlet (Théorème 2.1, Partie 2). Pour citer cet article : J.M. Arrieta, S.M. Bruschi, C. R. Acad. Sci. Paris, Ser. I 343
(2006).
© 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Dans cette Note on étudie le comportement des solutions de l’équation elliptique avec des conditions aux limites
non linéaires (3) quand la frontière du domaine représente un comportement fortement oscillatoire quand le paramètre
ε → 0.

On considère une famille de domaines uniformément bornés et réguliers Ωε ⊂ R
N , 0 � ε � ε0, le quel satisfait

Ωε → Ω0 dans le sens de Hausdorff. Ceci entraîne que ∂Ωε → ∂Ω0 aussi dans le sens de Hausdorff, et, en particulier,
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on ne considère pas la possibilité de domaines perforés. On suppose aussi que les applications non-linéaires f :B ×
R → R, g :U × R → R sont continues en les deux variables et C2 en la deuxième, et qu’en plus B et U sont des
domaines bornés contenant tous les Ωε et tous les ∂Ωε , respectivement, pour tout 0 � ε � ε0.

Tant que le domaine Ω0 est régulier et borné, on peut supposer qu’il existe un δ > 0 et un nombre fini de points

ξh ∈ ∂Ω0, h = 1, . . . ,m, de manière que ∂Ω0 ⊂ ⋃m
h=1 Q

ξh

N , où Q
ξ
N = {x ∈ R

N : |xi − ξi | < δ, i = 1, . . . ,N}. En plus,
la frontière peut être exprimée localement, éventuellement après un changement de l’ordre des coordonnées, comme le

graphe de la fonction regulière φh :Qξh

N−1 → R, soit, Ω0 ∩ Q
ξh

N = {x ∈ R
N : |xi − ξh

i | < δ: xN < φh(x1, . . . , xN−1)}.
Par conséquent, supposons que Ωε ∩ Q

ξh

N = {x ∈ R
N : |xi − ξh

i | < δ: xN < φh
ε (x1, . . . , xN−1)}, pour une fonction

φh
ε :Qξh

N−1 → R, qui vérifie φh
ε → φh uniformément dans Q

ξh

N−1 pour tout h = 1, . . . ,m.
Le comportement de Jφh

ε quand ε → 0 sera très important pour déterminer le comportement des solutions de (3)
quand ε → 0. En fait, on distingue deux cas différents :

(F) ‖Jφh
ε ‖L∞ � C pour une constante C independante de ε ∈ (0, ε0) et h = 1, . . . ,m. En plus, on suppose qu’il existe

une fonction Jh
0 ∈ L∞(Q

ξh

N−1) telle que Jφh
ε → Jh

0 faiblement en L1.

Dans ce cas, si on défint la fonction γ : ∂Ω0 → R par γ (p) = γ (x′, φh(x′)) = Jh
0 (x′)/Jφ0(x

′) oú p = (x′, φ(x′)) ∈
∂Ω0 ∩ Q

ξh

N , alors on peut facilement obtenir que, pour toute fonction u, assez régulière, definie sur R
N , on a

∫
∂Ωε

u →
∫

∂Ω0

γ u. (1)

Il est possible de montrer que cette fonction γ vérifie γ � 1. Elle nous indique comment les mesures relatives de
la frontière de ∂Ωε et ∂Ω0 sont liées asymptotiquement quand ε → 0.

L’autre cas correspond à l’hypothése suivante :

(I) Pour chaque t > 1, l’ensemble {x ∈ Q
ξh

N−1: |Jφh
ε (x)| � t} est tel que sa mesure (N −1)-dimensionnelle tend vers

zéro quand ε → 0, pour tout h = 1, . . . ,m.

Notre résultat principal, établi dans le Théorème 2.1 indique que si la condition (F) est satisfaite, le problème
limitant est donné par l’équation 	u + f (x,u) = 0 en Ω0 avec la condition de frontière ∂u

∂n
+ γg(x,u) = 0, tandis

que si la condition (I) est vérifie et la non-linearité g satisfaite, avec une condition dissipative de type

∃b > 0, d � 1, s.t. g(x, s)s � b|s|d+1, ∀|s| � R + 1, x ∈ U (2)

alors, l’équation limitante est 	u + f (x,u) = 0 dans Ω0 avec les conditions aux limites u = 0.
On remarque aussi que dans le cas où la condition (I) est satisfaite, la condition dissipative (2) est essentielle. Par

exemple, si on considère la situation ou hypothèse (I) est satisfaite mais les nonlinearités sont f (u) ≡ 0 et g(u) =
u3 −u, la non-linéarité typique bistable, on obtient d’abord, par des arguments de comparison, que toutes les solutions
de l’équation elliptiqe (3) satisfont −1 � uε(x) � 1. De plus, quand ε → 0, la solution triviale devient de plus en plus
instable en même temps que les valeurs propres de la linéarisation autour de cette solution devienent de plus en plus
négatives. Les valeurs propres de la linéarisation sont données par les valeurs propres de l’opérateur −	 en Ωε avec
des conditions aux limites ∂w

∂n
= w en ∂Ωε . Le quotient de Raleigh est donné par

I (w) =
∫
Ωε

|∇w|2 − ∫
∂Ωε

w2∫
Ωε

w2

et il n’est pas difficile de montrer que, pour chaque entier positif n, les n premières valeurs propres tendent vers −∞
lorsque ε → 0. Tant que celui-ci est vérifie pour tout n, toutes les valeurs propres de la linéarisation tendent vers −∞
lorsque le paramètre tend vers zéro.
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1. Introduction

This Note is devoted to the study of the behavior of the solutions of an elliptic equation with nonlinear boundary
conditions of the type{

	u + f (x,u) = 0 in Ωε,
∂u
∂n

+ g(x,u) = 0 in ∂Ωε,
(3)

when the boundary of the domain presents a highly oscillatory behavior as the parameter ε → 0. For this, we consider
a family of domains Ωε , 0 � ε � ε0, satisfying the following hypothesis:

(H) (i) {Ωε}0�ε�ε0 is a family of uniformly bounded smooth domains in R
N , 0 � ε � ε0, which satisfy that

Ωε → Ω0 and ∂Ωε → ∂Ω0, both in the sense of Hausdorff, that is dist(Ωε,Ω0) + dist(∂Ωε, ∂Ω0) → 0 as
ε → 0, where dist is the symmetric Hausdorff distance of two sets in R

N (dist(A,B) = supx∈A infy∈B |x −
y| + supy∈B infx∈A |x − y|).

(ii) Since the domain Ω0 is smooth and bounded, we can assume that there exists a δ > 0 and a finite number

of points ξh ∈ ∂Ω0, h = 1, . . . ,m, such that ∂Ω0 ⊂ ⋃m
h=1 Q

ξh

N , where Q
ξ
N = {x ∈ R

N : |xi − ξi | < δ, i =
1, . . . ,N} and the boundary can be expressed, maybe after a re-ordering of the coordinates, as the graph of

the smooth function φh :Qξh

N−1 → R, that is, Ω0 ∩Q
ξh

N = {x ∈ R
N : |xi − ξh

i | < δ: xN < φh(x1, . . . , xN−1)}.
We will assume that Ωε ∩ Q

ξh

N = {x ∈ R
N : |xi − ξh

i | < δ: xN < φh
ε (x1, . . . , xN−1)}, for some function

φh
ε :Qξh

N−1 → R, which satisfy φh
ε → φh uniformly in Q

ξh

N−1 for all h = 1, . . . ,m.

Observe that this setting excludes the case of perforated domains.
Although the domains behave continuously as ε → 0, the way in which the boundary ∂Ωε approach ∂Ω0 may

be very irregular. In particular, this setting includes the case where the boundary ∂Ωε presents a highly oscillatory
behavior as ε → 0, as it is the case of boundary homogenization problems. The interaction of a highly oscillatory
behavior of the boundary and the nonlinear boundary condition in Eq. (3) is the main objective of the present Note.

We also assume that the nonlinearities f :B × R → R, g :U × R → R are continuous in both variables and C2 in
the second one, where B and U are bounded domains containing Ωε and ∂Ωε , respectively, for all 0 � ε � ε0.

Example 1.1. For instance, if N = 2 and if ∂Ω0 is given locally as the graph of the smooth function φ : (a, b) → R,
then, we may consider the case where ∂Ωε is given locally by the graph of φε(x) = φ(x)+ ε sin(x/εα)ϕ(x), for some
smooth positive function ϕ and with α > 0.

Boundary integrals over ∂Ωε can be expressed, using standard partition of unity and localization arguments, as a

sum of boundary integrals over ∂Ωε ∩ Q
ξh

N , h = 1, . . . ,m. But boundary integrals over ∂Ωε ∩ Q
ξh

N can be written as
∫
∂Ωε∩Q

ξh

N

u(x)dS = ∫
Q

ξh

N−1

u(x′, φh
ε (x′))Jφh

ε (x′)dx′, where Jφh
ε = √

1 + |∇φh
ε |2 =

√
1 + (

∂φh
i

∂x1
)2 + · · · + (

∂φh
i

∂xN−1
)2.

The behavior of Jφh
ε as ε → 0 will be very important to decide the behavior of the solutions of (3) as ε → 0.

Actually, we distinguish two different cases:

(F) ‖Jφh
ε ‖

L∞(Q
ξh

N−1)
� C, with C independent of ε ∈ (0, ε0) and h = 1, . . . ,m. Moreover, assume that there exist

functions Jh
0 ∈ L∞(Q

ξh

N−1) such that Jφh
ε → Jh

0 weakly in L1, h = 1, . . . ,m.

In this case, if we define the function γ : ∂Ω0 → R by γ (p) = γ (x′, φh(x′)) = Jh
0 (x′)/Jφ0(x

′), where p =
(x′, φ(x′)) ∈ ∂Ω0 ∩ Q

ξh

N , then, we can easily obtain that for any smooth enough function u defined in R
N , we have∫

u →
∫

γ u. (1)
∂Ωε ∂Ω0
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The function γ measures how the relative boundary measures of ∂Ωε and ∂Ω0 are related asymptotically when
ε → 0. It can be seen that γ � 1.

The other case is given by the following hypothesis

(I) For each t > 1 the set {x ∈ Q
ξh

N−1: |Jφh
ε (x)| � t} satisfies that its (N − 1)-dimensional measure goes to zero as

ε → 0, for all h = 1, . . . ,m.

Remark 1.1. Condition (I) represents the case where locally around almost every point of ∂Ω0, the (N − 1)-
dimensional measure of ∂Ωε diverges to +∞. This is the case of α > 1 in Example 1.1. Roughly speaking, we
refer to condition (I) as the case where γ ≡ +∞.

We will prove below in Theorem 2.1 that if condition (F) is satisfied then the boundary condition of the limit
problem is ∂u

∂n
+ γg(x,u) = 0 while if (I) is satisfied and the nonlinearity g satisfies a condition like g(x,u)u �

b|u|d+1 for some b > 0 and d � 1, then, the boundary condition of the limiting problem is u = 0, that is, homogeneous
Dirichlet boundary condition.

The behavior of solutions of elliptic partial differential equations in the presence of boundary oscillations is a
subject that has been addressed in the literature by different authors. We would like to mention [10] for a general
reference of homogenization, including boundary homogenization. Also, the work [4] deals with boundary homo-
genization with different boundary conditions and the coefficients appearing in the boundary condition depend also
on the parameter ε. In [8], the authors treat homogeneous Dirichlet boundary conditions for the Poisson problem in
the presence of boundary oscillations and they are able to obtain good estimates on the asymptotic expansion of the
solution in terms of the parameter ε. We also refer to [9] for an interesting application to a climatization problem.
The articles mentioned above and most of the references in the literature address linear problems. Moreover, the few
that deal with nonlinear problems consider a linear boundary condition. This is the case of [5], where the authors
study the problem with linear Robin boundary conditions of the type ∂u

∂n
+ bu = 0 with b > 0 and they show that the

limit behaves like in the present paper. Actually, our work differs from theirs since we are able to deal with nonlinear
boundary conditions and, in some situations, the boundary conditions do not need to be dissipative (in the sense that
g(x,u)u > 0). The fact that b > 0 (that is, the boundary condition is dissipative) is essential in the discussion of [5].

When g ≡ 0, that is, we have a homogeneous Neumann boundary condition, the results from [1] show that this
condition is also preserved in the limit, that is, in both cases, whether hypotheses (F) or (I) is satisfied (actually the
setting of [1] is much more general than the setting of the present paper), we always have that the limit problem
is 	u + f (x,u) = 0 in Ω0 with boundary condition ∂u

∂n
= 0. In a different context although related to this article,

the work [3] studies how the nonslip condition of the type u · n = 0 of a fluid passing through a wall with rugosity
converges to the condition u = 0 as the rugosity becomes finer and finer.

2. Main results

Since we will need to compare functions defined in Ωε with functions defined in the unperturbed domain Ω0, we
consider the operator Eε :H 1(Ω0) → H 1(Ωε), which is defined as Eε = Rε ◦ E, where E :H 1(Ω0) → H 1(RN) is
an extension operator constructed in the usual way and Rε is the restriction operator from functions defined in R

N to
functions defined in Ωε . Observe that we also have Eε :Lp(Ω0) → Lp(Ωε) for all 1 � p � ∞ and that in each case
we have ‖Eεu‖Xε → ‖u‖X0 where Xε = H 1(Ωε) or Lp(Ωε), ε � 0.

Our main results is the following

Theorem 2.1. Assume (H) is satisfied. Let uε , 0 < ε � ε0, be a family of solutions of problem (3) satisfying
‖uε‖L∞(Ωε) � R, for some constant R independent of ε. Assume that one of the following two possibilities hold,

Case 1: Hypothesis (F) holds.
Case 2: Hypothesis (I) holds and the nonlinearity g satisfies a dissipative condition of the type:

∃b > 0, d � 1, s.t. g(x, s)s � b|s|d+1, ∀|s| � R + 1, x ∈ U. (2)
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We have the following:

(i) There exists a subsequence, still denoted by uε , and a function u0 ∈ H 1(Ω0), solution of the problem

(Case 1)

{
	u + f (x,u) = 0 in Ω0,
∂u
∂n

+ γg(x,u) = 0 in ∂Ω0,
(Case 2)

{
	u + f (x,u) = 0 in Ω0,

u = 0 in ∂Ω0
(4)

with the property that ‖uε − Eεu0‖H 1(Ωε)
+ ‖uε − Eεu0‖L∞(Ωε) → 0 as ε → 0.

(ii) The eigenvalues and eigenfunctions of the linearization of (3) around uε converge to the eigenvalues and eigen-
functions of the linearization of (4) around u0. Moreover, in case the equilibrium point u0 is hyperbolic, in
the sense that λ = 0 is not an eigenvalue of the linearized problem of (4) around u0 and if d = 1 if we are
in Case (2), then, there exists a δ > 0 small such that problem (3) has one and only one solution uε satisfying
‖uε − Eεu0‖H 1(Ωε)

� δ.

Proof. We will give some ideas on how the proof of this result can be accomplished. In order to simplify and avoid
technicalities let us assume that Ω0 ⊂ Ωε .

(i) Multiplying Eq. (3) by a function ϕ ∈ C∞(RN) and integrating by parts, we get∫
Ωε

∇uε∇ϕ +
∫

∂Ωε

g(x,uε)ϕ dσ =
∫
Ωε

f (x,uε)ϕ dx. (5)

Taking ϕ = uε above, we have in both cases that ‖uε‖H 1(Ωε)
� C with C independent of ε. This implies that there

exists u0 ∈ H 1(Ω0) and a subsequence uε|Ω0 → u0 weakly in H 1(Ω0). Moreover, we easily obtain that u0 satisfies
the equation 	u0 + f (x,u0) = 0 in Ω in the sense of distributions.

Now we need to pass to the limit in (5). But it is easy to see that
∫
Ωε

∇uε∇ϕ → ∫
Ω0

∇u0∇ϕ, and
∫
Ωε

f (x,u0)ϕ →∫
Ω0

f (x,uε)ϕ. Let us focus on how to pass to the limit in the boundary term.
Case 1. Observe that∫

∂Ωε∩Q
ξh

N

g(x,uε)ϕ dσ =
∫

Q
ξh

N−1

g
((

x′, φh
ε (x′)

)
, uε

(
x′, φh

ε (x′)
))

ϕ
(
x′, φh

ε (x′)
)
Jφh

ε (x′)dx′.

Now, taking into account that φh
ε → φh

0 , that uε is a bounded sequence in H 1(Ωε), the definition of γ and (1) we can
pass to the limit in the expression above and show that

∫
∂Ωε∩Q

ξh

N

g(x,uε)ϕ dσ → ∫
∂Ω0∩Q

ξh

N

γg(x,u0)ϕ dσ .

From here we obtain that the limit boundary condition is ∂u
∂n

+ γg(x,u) = 0.
Also, notice that if condition (F) holds, we have that all domains Ωε are uniformly Lipschitz (locally uniformly

difeomorphic to a fixed domain Ω0). In particular, it is possible to show that Sobolev embeddings of the type
W 1,p(Ωε) ↪→ Lq(Ωε) with 1− N

p
� −N

q
and trace theorems W 1,p(Ωε) → Lr(∂Ωε) with 1− N

p
� −N−1

r
have cons-

tants independent of ε. This will allow us to obtain uniform Hölder estimates on the solutions, that is, estimates of the
type ‖uε‖Cη(Ωε) � C for η ∈ (0,1) and a constant C independent of ε. This can be obtained with the techniques from
[6] as applied in [2] and taking into account that the constant of the Sobolev embeddings and trace theorems can be
chosen uniform in ε. Once these uniform Hölder estimates are obtained we can easily deduce the convergence in L∞.

Case 2. If condition (I) holds, taking ϕ = uε in (5), using that the sequence uε is uniformly bounded and with the
aid of (2) we get that∫

∂Ωε

|uε|d+1 � C, (6)

for some constant C independent of ε. But since locally around each point of ∂Ω0 the (N − 1)-dimensional measure
of ∂Ωε goes to +∞, and using that uε → u0 weakly in H 1(Ω0) and hence strongly in L2(∂Ω0), then in order to get
that the integral in (6) is bounded we necessarily have that uε → 0 in L2(∂Ω0). This implies that u0 ∈ H 1

0 (Ω0) and it
is a weak solution of (4), Case 2.

Note also that in this case we cannot assume that the constant of the Sobolev embeddings of the type W 1,p(Ωε) ↪→
Lq(Ωε) can be chosen uniform in ε, apart when q = p. The domains are not uniformly Lipschitz and, similarly,
the constant of the trace theorems cannot be chosen independent of ε. Nevertheless, we can obtain convergence of
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uε to u0 in compact sets of Ω0 in strong norms, say C0. To show the L∞ convergence we analyze the behavior of
the solution uε near ∂Ω0 and with the techniques of [6] and with the aid of the following inequality ‖u‖Lp(Ω) �
C(‖u‖H 1(Ω) + ‖u‖L2(∂Ω)), for 1 � p � 2N/(N − 1) with C = C(N, |Ω|), due to Maz’ja, see [7] and [5], we can get
the L∞ convergence near ∂Ω0.

(ii) To prove the spectral convergence we show the convergence of the resolvents operators of the linearizations
around the equilibria. To show the uniqueness we follow similar arguments as in [1]. �
Remark 2.1. Requiring that we have an apriori estimate on the L∞ norm of the solutions is not so restrictive and,
in many instances, it can be proved through comparison and maximum principles. For instance, if f (x,u)u < 0 and
g(x,u)u > 0 both for |u| � M , then it is not difficult to see that all solutions satisfy ‖uε‖L∞(Ωε) � M , independently
of the behavior of the family of domains.

Remark 2.2. The hypothesis (F) corresponds to the case where α � 1 in Example 1.1. As a matter of fact, if
α = 1 and if for instance φ ≡ 0, that is, the boundary of ∂Ω0 is flat locally around certain point, then γ (x) =

1
2π

∫ 2π

0

√
1 + (ϕ(x) cos(z))2 dz.

The hypothesis (I) corresponds to the case where α > 1, that is, the wavelength of the oscillations is much smaller
than the amplitude.

Remark 2.3. Condition (2) is essential to obtain the results of Theorem 2.1 in Case 2. If we consider, for in-
stance, the case where hypothesis (I) holds but the nonlinearities are f (x,u) ≡ 0 and g(x,u) = u3 − u, the typical
bistable nonlinearity, we have first that by comparison arguments, all solutions of the elliptic equation (3) satisfy
−1 � uε(x) � 1. Moreover, when ε → 0 the trivial solution becomes more and more unstable since more and more
eigenvalues of the linearization around this solution become negative. The eigenvalues of the linearization are given
by the eigenvalues of the operator −	 in Ωε with boundary condition ∂w

∂n
= w in ∂Ωε . The Raleigh quotient is given

by I (w) = (
∫
Ωε

|∇w|2 − ∫
∂Ωε

w2)/
∫
Ωε

w2. For each positive integer n � 1, we can choose a sequence of points
ζ1, . . . , ζn ∈ ∂Ω0 and a positive small ρ such that the balls of radius ρ centered at ζi are pairwise disjoint. We define
the sequence of functions ψi ∈ C∞

0 (B(ζi, ρ)) such that 0 � ψi � 1 and ψi = 1 identically in B(ζi, ρ/2).
By the condition (I), we easily can check that

∫
∂Ωε

ψ2
i → +∞ as ε → 0. This implies that I (ψi) → −∞ as ε → 0

for all i = 1, . . . , n, which in turn implies that the first n eigenvalues diverge to −∞. Since this is done for arbitrary
n � 1, we have that all eigenvalues of the linearization go to −∞ as the parameter ε goes to zero.
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