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Abstract

Let G be a connected real reductive group and M a connected reductive subgroup of G with Lie algebras g and m respectively. We
assume that g and m have the same rank. We define a map from the space of orbital integrals of m into the space of orbital integrals
of g which we call a transfer. The transpose of the transfer can be viewed as a map from the space of G-invariant distributions of g

to the space of M-invariant distributions of m and can be considered as a restriction map from g to m. We prove that this restriction
map extends Harish Chandra’s method of descent and we obtain a generalization of Harish-Chandra’s radial component theorem.
To cite this article: F. Bernon, C. R. Acad. Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une extension de la méthode de descente de Harish-Chandra. Soient G un groupe réductif réel connexe et M un sous-groupe
réductif connexe de G d’algèbres de Lie respectivement g et m. On suppose que g et m ont le même rang. Nous prouvons qu’il existe
une application de l’espace des intégrales orbitales de m dans l’espace des intégrales orbitales de g que l’on appelle un transfert.
La transposée de ce transfert définit une application de l’espace des distributions G-invariante sur g dans l’espace des distributions
M-invariantes sur m et peut être considérée comme une restriction. On montre que cette application de restriction étend la méthode
de descente de Harish-Chandra et on obtient une généralisation du théorème de la composante radiale de Harish-Chandra. Pour
citer cet article : F. Bernon, C. R. Acad. Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Let G be a connected reductive group and M a connected reductive subgroup of G (the class of groups considered
is defined later) with Lie algebras g and m respectively. We throughout assume that g and m have the same rank. We
denote by Car(g) (resp. Car(m)) the set of Cartan subalgebras of g (resp. m). Then, Car(m) ⊂ Car(g). Consider the
adjoint action of G on g and of M on m. Notice first that for a semisimple regular element x of g, G.x ∩ m is a finite
union of M-orbits

G.x ∩ m = �
1�i�p

M.xi . (1)
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Let h be a Cartan subalgebra of m and Σg a set of positive roots of the root system Φg of (gC,hC). Let Σm = Σ ∩Φm

where Φm is the root system of (mC,hC). Here we write hC (resp. mC) for the complexification of h (resp. m) and
GC (resp. MC) for the adjoint group of gC (resp. mC). Fix a non degenerate GC-invariant bilinear form k on gC. For
x ∈ m, the endomorphism ad(x) is antisymmetric with respect to k therefore we can consider the following Pfaffian:

πg/m(x) = Pfaff
(
ad(x)gC/mC

)
,

for x ∈ mC. This polynomial function is MC-invariant. We denote by Dg and Dm the Weyl denominators on g and m

respectively. Note that

|πg/m| = Dg

Dm

.

Let greg be the set of regular semisimple elements of g. Let F(g) (resp. F(m)) be the space of G-invariant functions
(resp. M-invariant functions) f , smooth on greg (resp. on greg ∩ m) such that Dgf (resp. Dmf ) is bounded.

Let a be a subspace of g such that the restriction of k to a × a is non degenerate. Then we consider on a the
Lebesgue measure da attached to k|a×a. If A is a Lie subgroup of G such that a is the Lie algebra of A then we
consider on A the Haar measure tangential to da. Note that the subspace a can in particular be the Lie subalgebra m.

We denote by D(g) the space of test functions on g. We consider the space of functions

greg � x �−→
∫

G/H

φ(g.x)dġ

where φ ∈ D(g), H is the Cartan subgroup of G such that x belongs to the Lie algebra of H and dġ is a quotient
measure on G/H, dg/dh. This space is called the space of orbital integrals of g and is denoted by I(g). We know
from Harish-Chandra that I(g) is a subspace of F(g). We consider also the space I(m) of orbital integrals of m. As
the space m ∩ greg is a dense subspace of mreg and the orbital integrals on m are smooth on mreg, we can consider the
space I(m) as a subspace of F(m).

The space I(g) is well known and is characterized (see [1, Theorem 4.1.1]). We define a transfer from the space
F(m) to F(g) by:

m1 :F(m) −→ F(g)

ψ �−→ φ

where φ(x) = ∑
1�i�p((πg/m)−1ψ)(xi) (see Eq. (1)). We can also consider a restriction map from F(g) to F(m):

m2 :F(g) −→ F(m)

φ �−→ πg/mφ|m∩greg .

If M has only one class of Cartan subgroups then it can easily be proved that m1(I(m)) ⊂ I(g). The main result
of this paper is the following: We prove that the restriction of the map m1 to I(m) takes values in I(g). We denote by
Trg/m the restriction of m1 to I(m) and we say that the transfer (Trg/m) is defined.

We denote by D′,G(g) and D′,M(m) the space of G-invariant distributions on g and M-invariant distributions on m.
We can consider F(g) as a subspace of D′,G(g). Then, we prove that the map m2 extends to a map from D′,G(g) to
D′,M(m) (Theorem 2.2). We denote this map by Resg/m.

Harish-Chandra introduced a method of descent in Harmonic Analysis (see [2, Introduction]). Let x be a semisim-
ple element of g. Put m = gx and M = Gx . Let V be an open M-invariant neighborhood of x in m. We assume that V
is G-admissible (see [2, p. 27] or [1, Section 2] for the definition). Then, U = G.V is a G-invariant open neighborhood
of x in g. Harish-Chandra proved that we can restrict any G-invariant distributions d defined on U to V (d|V ) and this
map is a bijection. We prove that the maps Resg/m and |V coincide up to a known constant.

We prove also a generalization of Harish-Chandra’s radial component theorem (Theorem 2.3).

2. Main results

Let G be a real reductive Lie group with Lie algebra g. Write GC for the complex adjoint group of gC. We say that
G belongs to the class Ĥ if
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i. G has a finite number of connected components.
ii. Ad(G) is connected and Ad(G) ⊂ GC.

iii. The connected subgroup of G with Lie algebra [g,g] has a finite center.

The class Ĥ is contained in the class of Harish-Chandra. Throughout, G will denote a group in the class Ĥ and M a
reductive subgroup of G in the class Ĥ and we assume that G and M have the same rank.

The main result of this Note is the following:

Theorem 2.1. We have m1(I(m)) ⊂ I(g) hence the transfer Trg/m is defined.

We denote by D′,G(g) (resp. D′,M(m)) the space of G-invariant distributions of g (M-invariant distributions of m).
Considering the canonical isomorphisms I(m)′ 
 D′,M(m) and I(g)′ 
 D′,G(g) (see Theorem 4.1.1 of [1]), we see
that the transpose of Trg/m induces a linear map

Resg/m :D′,G(g) −→D′,M(m).

Notice that we have the canonical injections:

F(g) ↪→D′,G(g) and F(m) ↪→D′,M(m).

Theorem 2.2. The morphism Resg/m maps F(g) into F(m), and for φ ∈ F(g),

Resg/m(φ) = πg/mφ|m.

We want now to describe the action of the G-invariant differential operators with constant coefficients on the map
Resg/m.

Let V be a real finite dimensional vector space and let A be a group acting on VC. We denote by Sym(VC) the
symmetric algebra of VC and by SymA(VC) the subspace of A-invariant element of Sym(VC). Let D(VC) be the space
of differential operators with constant coefficients on V and DA(VC) the space of A-invariant differential operators of
D(VC). We consider an isomorphism of algebras between Sym(VC) and D(VC) given by

∂(u)f (x) = lim
t→0

t−1(f (x + tu) − f (x)
)
,

for u ∈ VC. This induces an isomorphism between SymA(VC) and DA(VC). Fix an A-invariant Lebesgue measure
on V . On D(VC), we consider the involution w �−→ wt such that∫

V

f (x)∂(w)g(x)dx =
∫
V

∂
(
wt

)
f (x)g(x)dx

for any f,g ∈D(V ). This involution stabilizes DA(V ).
Let D′(V ) denote the space of distributions on V . For u ∈ D′(V ) and w ∈ Sym(VC), we put〈

∂(w)u,φ
〉 = 〈

u, ∂
(
wt

)
φ
〉
,

for φ ∈D(V ).
There exists a canonical projection map

Sym(gC) −→ Sym(mC)w �−→ w|mC
.

This is an algebra homomorphism and for w ∈ SymGC(gC), we have w|mC
∈ SymMC(mC). The following theorem

can be viewed as a generalization of Harish-Chandra’s radial component theorem:

Theorem 2.3. Let w ∈ SymGC(gC) and u ∈ D′,G(g). We have

Resg/m

(
∂(w)u

) = ∂(w|mC
)Resg/m(u).
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3. Restriction of some fundamental invariant measures

Let x ∈ greg (resp. x ∈ mreg), we denote by μg,x (resp. μm,x ) the Borel measure supported on the orbit G.x

(resp. M.x). This is a G-invariant distribution (resp. M-invariant distribution). We normalize the measures as we
did for orbital integrals.

Theorem 3.1. Let x ∈ greg. Then, we have

Resg/m(μg,x) =
∑

i

πg/m(xi)μm,xi
,

where x1, . . . , xp satisfy (1).

Let δg (resp. δm) be the Dirac measure at the origin on g (resp. m). For h ∈ Car(g), we denote by WG(h) the
Weyl group of h in G. The same for WM(h) with h ∈ Car(m). Let K be a maximal compact subgroup of G and KM a
maximal compact subgroup of M such that KM ⊂ K.

Theorem 3.2. If g and m share a common fundamental Cartan subalgebra h, then we have

Resg/m(δg) = wg/m

|WG(h)|
|WM(h)|∂(πg/m)δm

where wg/m = (−1)
1
2 (dim(G/M)−dim(K/KM))

(2π)
1
2 dim(G/M). Otherwise, we have Resg/m(δg) = 0.

This result is a direct consequence of [3, Theorem 8.4.5.1] and Theorem 3.1.
In a forthcoming paper, we will prove these results and give some applications.

Acknowledgements

I would like to thank Abderrazak Bouaziz and Tomasz Przebinda for valuable discussions.

References

[1] A. Bouaziz, Intégrales orbitales sur les algèbres de Lie réductives, Invent. Math. 115 (1) (1994) 163–207.
[2] V.S. Varadarajan, Harmonic Analysis on Real Reductive Groups, Lecture Notes in Mathematics, vol. 576, Springer-Verlag, Berlin, 1977.
[3] G. Warner, Harmonic Analysis on Semi-Simple Lie Groups. II, Die Grundlehren der mathematischen Wissenschaften, Band 189, Springer-

Verlag, New York, 1972.


