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Abstract

This Note deals with the linear ill-posed problem, described by operator equations in which the second member is measured
with random errors. We first show the existence and the unicity of the pseudo-solution for such a problem and later estimate it
using Landweber algorithm. We also show the ‘almost complete convergence’ (a.co) of this algorithm specifying its convergence
rate. We finally build a confidence domain for the so mentioned pseudo-solution. To cite this article: A. Dahmani, F. Bouhmila,
C. R. Acad. Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Consistance de l’algorithme de Landweber pour un problème mal posé avec des erreurs aléatoires. Dans cette Note, nous
considérons un problème mal posé linéaire décrit par une équation à opérateur où le second membre est mesuré avec des erreurs
aléatoires. Nous montrons l’existence et l’unicité de la pseudo-solution du problème puis nous l’estimons en utilisant l’algorithme
de Landweber. Par ailleurs, nous montrons la convergence presque complète (p.co) de celui-ci tout en précisant la vitesse de conver-
gence et nous construisons un domaine de confiance pour ladite pseudo-solution. Pour citer cet article : A. Dahmani, F. Bouhmila,
C. R. Acad. Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Soient (Ω,F ,P ) un espace probabilisé, H un espace de Hilbert séparable et A un opérateur linéaire injectif et
borné de H dans H. Sans nuire à la généralité, on suppose que ‖A‖ � 1.

Considérons l’équation à opérateur Ax = u où le second membre est le résultat de mesures et n’est donc connu
qu’approximativement [2,7,12].

En effectuant une série de n expériences indépendantes, on obtient un échantillon {u1, u2, . . . , un} où ui s’écrit sous
la forme de la somme de la valeur exacte, inconnue uex du second membre et d’une variable aléatoire fonctionnelle ξi .

Par ailleurs, (ξi)i∈N∗ est une suite de variables aléatoires fonctionnelles, indépendantes, centrées et identiquement
distribuées, définies sur (Ω,F) à valeurs dans H vérifiant E‖ξ1‖2 < +∞ ainsi que la condition de Cramer.
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L’objectif principal consiste à estimer la solution de l’équation précédente. Pour ceci, nous procédons en deux
étapes.

La première consiste à estimer son second membre. La loi forte des grands nombres donne naturellement la
moyenne empirique ū comme estimation exhaustive de celui-ci et le problème revient à résoudre l’équation Ax = ū.

Par ailleurs, AH pouvant être non fermé – ce qui est le cas lorsque l’opérateur A est compact, nous pouvons
considérer que ū /∈ AH. Par conséquent, le problème Ax = ū est un problème essentiellement mal posé [14] et n’a
donc pas de solution au sens classique, ce qui nous amène à introduire la notion de quasi-solution [6] et de pseudo-
solution [1,9].

Dans la deuxième étape, nous proposons un estimateur de la pseudo-solution de l’équation Ax = ū.
Nous démontrons dans un premier temps l’existence et l’unicité de la pseudo-solution puis nous l’estimons en

utilisant l’algorithme de Landweber [5,8].
Pour ce faire, nous établissons des inégalités exponentielles de type Bernstein–Fréchet qui vont nous permettre de

déduire la convergence presque complète ainsi que la vitesse de celle-ci et de construire un domaine de confiance pour
la pseudo-solution de l’équation Ax = ū.

1. Introduction

Let (Ω,F ,P) be a probability space, H a separable Hilbert space and A an injective linear operator which is
bounded from H to H. Without lost of generality, we assume that ‖A‖ � 1.

Let us consider the following operator equation:

Ax = u. (1)

In practice, the second member of Eq. (1) is the result of measurements, and it is usually known just approximately
[2,7,12].

When carrying out n independent experiments, we obtain a sample {u1, u2, . . . , un} which has the following prop-
erty

ui = uex + ξi, (2)

where uex represents the unknown exact value of the second member of Eq. (1) and (ξi)i∈N∗ a sequence of independent
and identically distributed functional random variables with zero mean defined on (Ω,F) with values into the Hilbert
space H, satisfying E‖ξ1‖2 < +∞ and Cramer condition:

E‖ξi‖q � q!
2

E‖ξ1‖2Lq−2; q ∈ N, q � 2, (3)

where E design the mathematical expectation and L a positive constant.
The main objective, here, is to estimate the solution of Eq. (1). The proposed approach has two main steps. The

first step is concerned by the estimation of its second member. The strong law of large numbers gives the empirical
mean ū as a natural exhaustive estimate. Therefore the problem becomes, solving the following equation:

Ax = ū. (4)

In addition, given that AH is not closed, we can consider that ū /∈ AH almost surely. Consequently, the problem (4)
is an ill-posed problem [14] and does not have a solution in the classical sense. This will lead to the introduction of
two new concepts: quasi-solution and pseudo-solution.

1.1. Quasi-solution [6]

Let M be a non-empty set of H. The quasi-solution on M of Eq. (4) is the element x∗ of M satisfying almost surely
the following equality

‖Ax∗ − ū‖ = inf
x∈M

‖Ax − ū‖. (5)
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1.2. Pseudo-solution [1,9]

The pseudo-solution is the quasi-solution of almost surely minimal norm.
In the second step, we describe an estimator for the pseudo-solution of Eq. (4).
Finally, we note that an ill-posed problem can be tackled in two different ways: a deterministic approach

[4,10,13,14] and a stochastic approach [2,3,7,11,12].

2. Results

We first show the existence and unicity of the pseudo-solution. Then we use the Landweber algorithm [5,8] to
estimate this pseudo-solution. This algorithm is defined by the sequence

xm+1 = xm − A∗Axm + A∗ū + amξm, (6)

x0 being an arbitrary random variable, A∗ the adjoint operator of A, and (am)m a sequence of real positive numbers
such that mam converges to a constant when m tends to infinity.

Following the procedure (6), we subsequently establish exponential inequalities of the Bernstein–Frechet type
which will enable us to deduce the almost complete (a.co) convergence with its rate and to build a confidence domain
for the pseudo-solution of Eq. (4).

Theorem 1. Let P be the orthogonal projection operator on ImA. If P ū ∈ ImA almost surely, then there exists both
a unique pseudo-solution on a convex set M of H of Eq. (4) and a set of the quasi-solutions denoted Qū, where

Qū = {
x∗ ∈ H: Ax∗ = P ū a.s.

}
. (7)

Theorem 2. Under the assumptions of Theorem 1, the pseudo-solution denoted x̄∗ satisfies the following exponential
inequality

∀ε > 0, P
{‖xm+1 − x̄∗‖ > ε

}
� 2 exp

{
− ε2

8(V 2
m + 1.62εLm)

}
, (8)

where V 2
m = ∑m

k=0 a2
m−k‖(I − A∗A)k‖2E‖ξ1‖2 and Lm = maxk am−k‖(I − A∗A)k‖L.

Corollary 1. Under the assumptions of Theorem 1, the algorithm (6) converges almost completely (a.co) to the pseudo-
solution x̄∗ of Eq. (4).

Moreover, if am = 1
m1+α with α being strictly positive in such a way that m1+αLm converges to a constant when m

tends to infinity, we will have then

xm+1 − x̄∗ = O

(
1

mα

)
a.co. (9)

Corollary 2. Under the assumptions of Theorem 1 and for a given level γ, we can find a natural integer mγ such that
the pseudo-solution belongs to the closed ball of center xmγ +1 and radius ε with a probability greater than or equal
to 1 − γ .

Appendix A

Proof of Theorem 1. Since ū − P ū is orthogonal to Ax − P ū then, we have

‖Ax − ū‖2 = ‖Ax − P ū‖2 + ‖ū − P ū‖2. (10)

If x∗ is a quasi-solution, then it satisfies the relation (5).
Applying (10) to both members of (5), we obtain P{‖Ax∗ − P ū‖2 > ε} = P{‖Ax∗ − ū‖2 − ‖ū − P ū‖2 > ε} =

P{infx∈M ‖Ax − ū‖2 − ‖ū − P ū‖2 > ε} = P{infx∈M ‖Ax − P ū‖2 > ε} = 0, then

Ax∗ = P ū a.s. (11)
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Inversely, if the relation (11) is true, then P{‖Ax∗ − ū‖2 > ε} = P{‖Ax∗ − P ū‖2 + ‖ū − P ū‖2 > ε} =
P{infx∈M ‖Ax − P ū‖2 + ‖ū − P ū‖2 > ε} = P{infx∈M ‖Ax − ū‖2 > ε}.

Consequently x∗ is a quasi-solution. Now, let us show the existence of the pseudo-solution.
As Qū is not empty, the set {‖x∗‖, x∗ ∈ Qū} is not empty and is bounded in R. Let β be its lower bound.
The lower bound property in R implies

∀m ∈ N∗, ∃x∗m ∈ Qū: β � ‖x∗m‖ < β + 1

m
a.s. (12)

Note that the sequence (‖x∗m‖)m converges almost surely towards β .
The parallelogram identity applied to x∗(m+p) and x∗m then to Ax∗(m+p) − ū and Ax∗m − ū implies, for any natural

integer p, that the sequences (x∗m)m and (Ax∗m)m are almost surely Cauchy sequences in the Hilbert space H.

Let x̄∗ = limm→∞ x∗m a.s.
As the sequence (x∗m)m belongs to Qū, then P{‖Ax∗m − ū‖ > ε} = P{infx∈M ‖Ax − ū‖ > ε}, and since A is

continuous, when taking the limit, we have P{‖Ax̄∗ − ū‖ > ε} = P{infx∈M ‖Ax − ū‖ > ε}, which means that x̄∗ is a
quasi-solution of the equation Ax = ū.

In addition, taking the limit in (12) we obtain the following equation ‖x̄∗‖ = β = infx∗∈Qū
‖x∗‖ a.s., such that x̄∗

is a pseudo-solution.
The unicity of the pseudo-solution results also from the parallelogram identity and the convexity of the set Qū. �

Proof of Theorem 2. Since P ū ∈ ImA, then the algorithm (6) can be described in the following form

xm+1 − x̄∗ = (I − A∗A)(xm − x̄∗) + amξm. (13)

By iterating this relation, we have

xm+1 − x̄∗ = (I − A∗A)m+1(x0 − x̄∗) +
m∑

k=0

am−k(I − A∗A)kξm−k. (14)

Thus, we obtain the following identity

P
{‖xm+1 − x̄∗‖ > ε

} = P

{∥∥∥∥∥(I − A∗A)m+1(x0 − x̄∗) +
m∑

k=0

am−k(I − A∗A)kξm−k

∥∥∥∥∥ > ε

}
. (15)

Which gives us

P
{‖xm+1 − x̄∗‖ > ε

}
� P

{∥∥∥∥∥
m∑

k=0

am−k(I − A∗A)kξm−k

∥∥∥∥∥ > ε − ∥∥(I − A∗A)m+1(x0 − x̄∗)
∥∥}

. (16)

For m large enough, we have:∥∥(I − A∗A)m+1(x0 − x̄∗)
∥∥ � ε

2
, (17)

and consequently,

P
{‖xm+1 − x̄∗‖ > ε

}
� P

{∥∥∥∥∥
m∑

k=0

am−k(I − A∗A)kξm−k

∥∥∥∥∥ >
ε

2

}
. (18)

Therefore, under the assumptions of (3), we can use the corollary of Yurinskii ([15], corollary of Lemma 4.3,
page 491) to obtain the result. �
Proof of Corollary 1. Applying the rule of Cauchy on the series of positive real terms to

vm = 2 exp

{
− ε2

8(V 2
m + 0.81εLm)

}
. (19)

It leads that

∀ε > 0,

∞∑
P
[‖xm − x̄∗‖ > ε

]
< +∞, (20)
m=1
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which ensures the almost complete convergence. �
To obtain (9), it is sufficient to choose ε = εmα in (19) to get

∑∞
m=1 P[‖xm − x̄∗‖ > ε

mα ] < +∞.

Proof of Corollary 2. Since limm→+∞ V 2
m = 0 and limm→∞ Lm = 0, then

lim
m→∞ 2 exp

{
− ε2

8(V 2
m + 0.81εLm)

}
= 0, (21)

which implies the existence of a natural integer mγ such that

m � mγ 	⇒ 2 exp

{
− ε2

8(V 2
m + 0.81εLm)

}
� γ, (22)

or furthermore

P
{‖xmγ +1 − x̄∗‖ � ε

}
� 1 − γ. � (23)
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