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Abstract

This Note defines generalized waves and fronts for reaction–diffusion equations in general domains. Some qualitative monotonic-
ity and uniqueness results are given for invasion and almost-planar fronts. To cite this article: H. Berestycki, F. Hamel, C. R. Acad.
Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Fronts et invasions dans des domaines quelconques. Cette Note définit des notions générales d’ondes et fronts pour des
équations de réaction–diffusion dans des domaines quelconques et donne des résultats qualitatifs de monotonie et d’unicité pour
des fronts d’invasion ou presque plans. Pour citer cet article : H. Berestycki, F. Hamel, C. R. Acad. Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

La formation de fronts progressifs est l’une des principales caractéristiques des équations de réaction–diffusion
dans des domaines non bornés. Par exemple, pour l’équation ut = �u + f (u) dans R

N , avec f (0) = f (1) = 0, des
solutions du type u(t, x) = φ(x · e − ct) avec e ∈ S

N−1, c � 0 et φ(−∞) = 1, φ(+∞) = 0 sont des fronts plans
reliant les états 0 et 1 (voir [4,8] pour une théorie générale).

Dans cette Note, nous géneralisons la notion de front progressif et donnons des propriétés qualitatives pour des
équations ou systèmes du type

ut = ∇x · (A(t, x)∇xu
) + q(t, x) · ∇xu + f (t, x,u) dans Ω, B(t, x)[u] = 0 sur ∂Ω, (1)

où u = (u1, . . . , um) ∈ R
m et Ω est un ouvert connexe régulier de R

N , de normale extérieure ν. Les conditions au
bord sur ∂Ω peuvent être de type Dirichlet, Neumann ou Robin, ou même non linéaires. La matrice de diffusion A

est uniformément elliptique et les coefficients A, q , f sont réguliers. On note dΩ la distance géodésique dans Ω et,
pour tous A, B ⊂ Ω , dΩ(A,B) = inf{dΩ(x, y), (x, y) ∈ A × B}.

Soient deux solutions classiques p± de (1), définies pour tout (t, x) ∈ R × Ω . Soient (Ω±
t )t∈R deux familles

d’ouverts non vides disjoints inclus dans Ω et satisfaisant l’hypothèse (4) ci-dessous.
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Définition 0.1. Nous appelons onde généralisée de transition entre p− et p+, une solution classique u, globale
en temps (t ∈ R), de (1), telle que u �≡ p± et pour laquelle il existe des ensembles Ω±

t comme ci-dessus tels que

u(t, x) − p±(t, x) → 0 uniformément quand t ∈ R, x ∈ Ω±
t et dΩ(x,Γt ) → +∞.

Notons p± = (p±
1 , . . . , p±

m). Nous disons qu’une onde u est un front si p−
i (t, x) < p+

i (t, x) (ou p−
i (t, x) >

p+
i (t, x)) pour tous (t, x) ∈ R × Ω et 1 � i � m. Nous disons que u est une onde solitaire spatialement étendue

si p− ≡ p+. Nous disons que p+ envahit p− (i.e. u est une invasion de p− par p+) si Ω+
t ⊃ Ω+

s pour tous t � s,
et dΩ(Γt ,Γs) → +∞ quand |t − s| → +∞. Nous disons qu’une onde u est presque plane dans la direction e si l’on
peut choisir Ω±

t tels que Γt = {x ∈ Ω, x · e = ξt } pour tout t ∈ R, avec ξt ∈ R.
Nous disons qu’une onde u a une vitesse moyenne globale c si dΩ(Γt ,Γs)/|t − s| → c quand |t − s| → +∞.

L’onde u sera dite presque stationnaire si elle a une vitesse moyenne globale c = 0, elle sera dite quasi-stationnaire si
sup(t,s) dΩ(Γt ,Γs) < +∞. Enfin, elle est dite stationnaire si elle ne dépend pas de t .

Par exemple, une fonction u(t, x) = φ(x · e − ct) avec c > 0, φ(−∞) = 1, φ(+∞) = 0 et Ω±
t = {x ∈ R

N,

±(x · e − ct) > 0} est un front d’invasion de 0 par 1, (presque) plan, avec la vitesse (moyenne) c.
Dans cette définition, l’uniformité des limites u(t, x) − p±(t, x) → 0 joue un rôle essentiel. Notons que, même si

les ensembles Ω±
t ne sont pas déterminés de façon unique, les frontières Γt reflètent en quelque sorte la position des

ensembles de niveau de u, dans le cas scalaire m = 1 avec p± constants (voir [3] et Proposition 1.2 ci-dessous pour
un énoncé précis).

Ces notions généralisent la notion de front progressif dans le cas d’équations homogènes, ainsi que celle de front
progressif pulsatoire dans le cas des milieux périodiques ou presque périodiques [1,12,15]. Cependant, il existe des
ondes non couvertes par ces notions usuelles mais qui rentrent dans le cadre de la Définition 0.1 : c’est le cas de
fronts dont les ensembles de niveau sont coniques dans R

N [7,9,10], ou de fronts qui n’ont pas de vitesse (de tels
fronts existent pour l’équation ut = uxx + f (u) dans R pour des non-linéarités de type KPP, [10]). Notons que,
sous l’hypothèse inf(t,x)∈R×Ω |p−(t, x) − p+(t, x)| > 0, la vitesse d’une onde, si elle existe, est intrinsèque à l’onde

et ne dépend pas du choix des ensembles Ω±
t (cf. [3] et Proposition 1.4 ci-dessous). Ces définitions permettent de

considérer d’autres situations plus générales, comme le cas où les coefficients de (1) sont des perturbations locales de
coefficients constants ou presque périodiques par exemple, ou encore le cas des domaines plus généraux (domaines
extérieurs, spirales, etc).

Cependant, ces notions sont suffisamment robustes pour permettre des résultats qualitatifs de monotonie et/ou
d’unicité. Plus précisément, supposons ici que m = 1 et que u est une onde de transition entre p− et p+ pour (1).
Supposons que : (1) les hypothèses (4) et (5) ci-dessous sont satisfaites ; (2) μ(x) · ∇xu(t, x) = μ(x) · ∇xp

±(t, x) = 0
sur R × ∂Ω , où μ est un champ unitaire régulier sur ∂Ω tel que inf{μ(x) · ν(x); x ∈ ∂Ω} > 0 ; (3) u et p± sont
globalement bornés ; (4) p+ envahit p− ; (5) inf{p+(t, x)− p−(t, x); (t, x) ∈ R ×Ω} > 0 ; (6) A = A(x), q = q(x) ;
(7) f et p± sont croissants en t ; (8) il existe β > 0 tel que s 
→ f (t, x, s) est décroissant sur (−∞,p−(t, x) + β] et
[p+(t, x) − β,+∞) pour tout (t, x) ∈ R × Ω .

Théorème 0.2. Sous les hypothèses précédentes, l’onde u est strictement croissante dans la variable t .
Supposons de plus que u est presque plane dans une direction e avec une vitesse moyenne c � 0 telle que

sup(t,s) |dΩ(Γt ,Γs) − c|t − s|| < +∞. Si u′ est un autre front d’invasion (associé à Ω ′±
t et Γ ′

t ) vérifiant le même
type d’hypothèses que u, presque plan dans la même direction e et avec une vitesse moyenne c′ � 0, alors c = c′ et il
existe T ∈ R tel que u(t + T ,x) � u′(t, x) pour tout (t, x). Si Ω = R

N et si A, q , f , p± ne dépendent pas de x, alors
u est unique à translation près et est une onde progressive plane, i.e. u(t, x) = φ(x · e − ct).

Dans le cas Ω = R
N avec Ω±

t = {x, ±(x · e − ξt ) < 0}, e ∈ S
N−1 et sup{|ξt+σ − ξt |; t ∈ R} < +∞ pour tout

σ ∈ R, si, au lieu de 6), A et q dépendent seulement de t , si p± dépendent seulement de t et x · e et sont décroissantes
par rapport à x · e, si f = f (t, x · e,u) est décroissante en x · e, alors l’onde u est plane, au sens que u ne dépend
que de t et x · e, et est strictement décroissante en x · e.

Ainsi, la première partie du théorème montre que cette définition, pour générale qu’elle apparaisse, se réduit dans
certains cas classiques aux notions connues.
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1. General notions of waves and some examples

One of the essential features of reaction–diffusion equations in unbounded domains is the formation of travelling
fronts. For instance, for the homogeneous scalar equation ut = �u+ f (u) in R

N with f (0) = f (1) = 0, a solution of
the type u(t, x) = φ(x · e − ct) with e ∈ S

N−1, c � 0, φ(−∞) = 1 and φ(+∞) = 0 is a planar travelling front which
propagates in the direction e with speed c (see [4,8] for a general theory).

In this Note, we first generalize the notion of travelling fronts for very general non homogeneous reaction–
diffusion–advection equations, or systems of equations, of the type

ut = ∇x · (A(t, x)∇xu
) + q(t, x) · ∇xu + f (t, x,u) in Ω, B(t, x)[u] = 0 on ∂Ω, (2)

where Ω is a globally smooth connected open subset of R
N with outward unit normal ν(x). The unknown u, defined

in R × Ω , is in general a vector u = (u1, . . . , um) ∈ R
m. The boundary conditions B(t, x)[u] = 0 on ∂Ω may be of

Dirichlet, Neumann or Robin types, or may be nonlinear as well. The diffusion matrix field A is uniformly elliptic
and A, q and f are smooth (see [3] for precise conditions). For any two subsets E and F of Ω , call dΩ(E,F ) =
inf{dΩ(x, y); (x, y) ∈ E × F }, where dΩ is the geodesic distance in Ω .

Let p± be two classical solutions of (2), defined for all (t, x) ∈ R × Ω . Let (Ω±
t )t∈R be two families of open

disjoint nonempty subsets of Ω such that

∀t ∈ R, ∂Ω−
t ∩ Ω = ∂Ω+

t ∩ Ω =: Γt , Ω−
t ∪ Γt ∪ Ω+

t = Ω, and
(3)

sup
{
dΩ(x,Γt ); t ∈ R, x ∈ Ω±

t

} = +∞.

Definition 1.1 (Generalized transition wave). A (generalized) transition wave between p− and p+ is a time-
global (t ∈ R) classical solution u of (2) such that u �≡ p± and such that there exist some sets Ω±

t as above with

u(t, x) − p±(t, x) → 0 uniformly as t ∈ R, x ∈ Ω±
t and dΩ(x,Γt ) → +∞.

In the above definition, the uniform character of the limits u(t, x) − p±(t, x) → 0 plays an essential role. In the
scalar case, under additional assumptions on p± and Ω±

t , in some sense the sets Γt reflect the location of the level
sets of u:

Proposition 1.2. Assume that m = 1, that p− < p+ are constant, and let u be a time-global classical solution of (2)

such that {u(t, x); (t, x) ∈ R × Ω} = (p−,p+) and B(t, x)[u] = μ(t, x) · ∇xu(t, x) = 0 on R × ∂Ω , for some unit
vector field μ such that inf{μ(t, x) · ν(x); (t, x) ∈ R × ∂Ω} > 0.

If u is a transition wave between p− and p+, if there exists τ > 0 such that

sup
{
dΩ(x,Γt−τ ); t ∈ R, x ∈ Γt

}
< +∞ (4)

and if

sup
{
dΩ(y,Γt ); y ∈ Ω±

t , dΩ(x, y) = r
} → +∞ as r → +∞ uniformly in t ∈ R, x ∈ Γt , (5)

then, for all λ ∈ (p−,p+) and C � 0,{
sup{dΩ(x,Γt ); u(t, x) = λ} < +∞,

p− < inf{u(t, x); dΩ(x,Γt ) � C} � sup{u(t, x); dΩ(x,Γt ) � C} < p+.
(6)

Conversely, if (4) and (6) hold and if there is d0 > 0 such that the sets {(t, x) ∈ R × Ω; x ∈ Ω±
t , dΩ(x,Γt ) � d}

are connected for all d � d0, then u is a transition wave between p− and p+.

Before describing explicit examples, we state more specific definitions which are related to some properties of
the limiting states p± or of the sets Ω±

t . First, denoting p± = (p±
1 , . . . , p±

m), we say that a (transition) wave u is a
front if the limiting states p± are ordered, that is p−

i (t, x) < p+
i (t, x) (or p−

i (t, x) > p+
i (t, x)) for all (t, x) ∈ R × Ω

and 1 � i � m. We say that u is a spatially extended pulse if p− ≡ p+. We say that u is almost planar if, for some
e ∈ S

N−1, the sets Ω±
t can be chosen so that, for all t ∈ R, Γt = {x ∈ Ω; x · e = ξt } for some ξt ∈ R. We say that

u is an invasion, say of p− by p+, if Ω+
t ⊃ Ω+

s for all t � s and dΩ(Γt ,Γs) → +∞ as |t − s| → +∞. Then,
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u(t, x) − p±(t, x) → 0 as t → ±∞ locally uniformly in Ω with respect to dΩ . Further notions (localized pulses, thin
waves, waves with multiple transitions, waves which are defined on a general time interval I ⊂ R, etc.) are specified
in [3].

A transition wave can thus be viewed as a spatial transition between p− and p+. An invasion wave can also be
viewed as a temporal connection between the states p− and p+.

Another essential notion which is naturally associated with transition waves is that of speed of propagation. The
global mean speed can then be defined through the sets Ω±

t and Γt , namely:

Definition 1.3 (Global mean speed of propagation). We say that the transition wave u has global mean speed c (� 0)

if

dΩ(Γt ,Γs)/|t − s| → c as |t − s| → +∞.

We say that the wave u is almost-stationary if it has global mean speed c = 0, quasi-stationary if sup{dΩ(Γt ,Γs);
(t, s) ∈ R

2} < +∞, and stationary if it does not depend on t .

As an example, for the homogeneous equation ut = �u + f (u) in R
N , a solution u(t, x) = φ(x · e − ct) with

φ(−∞) = 1, φ(+∞) = 0, e ∈ S
N−1 and c > 0 is an (almost) planar front with (global mean) speed c, and for which

1 invades 0. The sets Ω±
t can for instance be defined as Ω±

t = {x ∈ R
N, ±(x · e − ct) > 0}. Travelling fronts of

this type are usually completely classified. However, the above general definitions are broad enough to include more
general fronts which are not covered by the usual definitions for instance which have no specific speed, even for this
simple one-dimensional equation. Indeed, if f is C2, concave in [0,1], positive in (0,1), and f (0) = f (1) = 0, there
are invasion fronts between 1 and 0 for which Ω−

t = (−∞, xt ), Ω+
t = (xt ,+∞) and xt/t → c1 as t → −∞ and

xt/t → c2 as t → +∞ with 2
√

f ′(0) � c1 < c2 (see [10]). There are also some fronts for which xt/t → +∞ as
t → +∞ (see [2,10]).

Nevertheless, for a given transition wave, the global mean speed c, if any, is an intrinsic notion:

Proposition 1.4. Assume that inf(t,x)∈R×Ω |p−(t, x) − p+(t, x)| > 0. Let u be a transition wave between p− and p+

with a choice of sets Ω±
t satisfying (4) and (5), and with global mean speed c. Then, for any choice of sets Ω̃±

t , Γ̃t

satisfying (4) and (5) such that u is still a transition wave between p− and p+, u has the same global mean speed c,
that is: dΩ(Γ̃t , Γ̃s)/|t − s| → c as |t − s| → +∞.

Besides the usual planar fronts in the homogeneous framework, the above definitions also generalize the notions of
pulsating travelling waves in periodic frameworks. Consider first the periodic case in R

N : assume that both A, q and
f do not depend on t and depend periodically in x, namely there exist L1, . . . ,LN > 0 such that A(x + k) = A(x),
q(x + k) = q(x) and f (x + k, ·) = f (x, ·) for all k ∈ L1Z × · · · × LNZ and x ∈ R

N . Assume moreover that, say,
f (x,1) = f (x,0) = 0 for all x ∈ R

N . Given a unit direction e ∈ S
N−1, a pulsating travelling front which establishes

a transition between 1 and 0, and propagating with speed c �= 0 in the direction e is a solution u(t, x) of (2) such that

u(t + k · e/c, x) = u(t, x − k) (7)

for all (t, x) ∈ R × R
N and k ∈ L1Z × · · · × LNZ, and u(t, x) → 1 (resp. 0) as x · e → −∞ (resp. x · e → +∞).

These pulsating fronts can be viewed as invasion almost planar fronts with (p−,p+) = (1,0) and global mean speed
|c|. If the domain Ω has the same periodicity as the data, that is Ω + k = Ω for all k ∈ L1Z × · · · × LNZ and if u

satisfies (7), then its global mean speed is equal to γ |c|, where γ = γ (e) � 1 is such that dΩ(x, y)/|x − y| → γ as
(x, y) ∈ Ω ×Ω , |x −y| → +∞ and x −y is parallel to e. Existence results and formulæ for the speeds of propagation
are given in [1,6,14,15]. Time-periodic data and (t, x)-dependent limiting states p±(t, x) have also been considered
in the literature.

Moreover, it can also be shown that the definition introduced by H. Matano [12] for the almost-periodic case also
fits into our general definition (see [2] for details).

As already underlined, Definition 1.1 includes travelling fronts which have no specified speed, even in one
dimension. It can also include the case of fronts with more general shapes, which are not almost planar. For in-
stance, for C2([0,1]) nonlinearities f of the combustion type (f = 0 in [0, θ ] ∪ {1} and f > 0 in (θ,1) for some
θ ∈ (0,1)), of the bistable type (f (0) = f (θ) = f (1) = 0, f < 0 in (0, θ), f > 0 in (θ,1) with f ′(0) < 0, f ′(1) < 0
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and
∫ 1

0 f > 0) or of the KPP concave type (f (0) = f (1) = 0, f > 0 in (0,1) and f is concave), and for any
angle α ∈ (0,π/2), the equation ut = �u + f (u) admits ‘conical-shaped’ invasion fronts of the type u(t, x) =
φ(r, xN + ct), where r =

√
x2

1 + · · · + x2
N−1, φ(r, y) → 0 (resp. 1) uniformly as y − ψ(r) → −∞ (resp. +∞) and

ψ(r)/r → − cotα as r → +∞ (see [7,9,10,13]). Such waves are invasion fronts with (p−,p+) = (0,1) and, say,
Ω±

t = {x, ±(xN + ct − ψ(r)) < 0}. Conical-shaped fronts are also known to exist for systems of reaction–diffusion
equations and for aperture angles α close to π/2 under some stability assumptions (see [11]).

The general definitions can also take into account more general situations. The data and the medium may for
instance be locally perturbed. This is the case when the coefficients A, q or f (· , ·, u) in (2) are not constant and
converge to some constants A∞, q∞ and f∞(u) as dΩ(x,Γt ) → +∞. This situation is not almost periodic. More
general domains can also be considered, like exterior domains, infinite spirals, curved cylinders, etc. In particular,
in [5] with H. Matano, we prove the existence of an invasion almost planar front, in the sense of Definition 1.1, for
the equation ut = �u + f (u) set in an exterior connected domain Ω = R

N\K , where K is compact and star-shaped,
and f is of the unbalanced bistable type. Lastly, we point out that these general definitions are pertinent as well for
other evolution equations, which are not of the parabolic type.

2. Monotonicity and uniqueness properties

In this section, m = 1 and u denotes a transition wave between p− and p+. Assume that: (1) properties (4) and (5)
are satisfied; (2) μ(x) · ∇xu(t, x) = μ(x) · ∇xp

±(t, x) = 0 on R × ∂Ω for some C0,δ(∂Ω) unit vector field μ such
that inf{μ(x) · ν(x); x ∈ ∂Ω} > 0; (3) u and p± are globally bounded; (4) p+ invades p−; (5) inf{p+(t, x) −
p−(t, x); (t, x) ∈ R × Ω} > 0; (6) A and q do not depend on t ; (7) f and p± are nondecreasing in t ; (8) there is
β > 0 such that s 
→ f (t, x, s) is nonincreasing in (−∞,p−(t, x)+β] and [p+(t, x)−β,+∞) for all (t, x) ∈ R×Ω .
Under these assumptions, the following monotonicity result holds:

Theorem 2.1. The bounds p−(t, x) < u(t, x) < p+(t, x) hold for all (t, x) ∈ R × Ω and u is increasing in t .

Further qualitative properties for almost planar fronts follow:

Theorem 2.2.

(i) If f and p± are independent of t , if u is almost planar in some direction e ∈ S
N−1 and has global mean speed

c with sup{|dΩ(Γt ,Γs) − c|t − s||; (t, s) ∈ R
2} < +∞ and Ω±

t = {x ∈ Ω , ±(x · e − ξt ) < 0}, and if ũ is an-
other invasion front (associated with Ω̃±

t = {±(x · e − ξ̃t ) < 0} and Γ̃t ) satisfying the above hypotheses and
sup{|dΩ(Γ̃t , Γ̃s) − c̃|t − s||; (t, s) ∈ R

2} < +∞ for a global mean speed c̃, then c = c̃ and there is (the smallest)
T ∈ R such that ũ(t + T ,x) � u(t, x) for all (t, x) ∈ R × Ω .

(ii) Under the hypotheses of part (i), assume furthermore that Ω , A, q , f , μ p± are periodic in x in the sense
described in the previous section. Then u is a pulsating front, namely u(t + γ k · e/c, x) = u(t, x − k) for
all (t, x) ∈ R × Ω and k ∈ L1Z × · · · × LNZ, where γ = γ (e) � 1 is such that dΩ(x, y)/|x − y| → γ as
|x − y| → +∞, (x, y) ∈ Ω × Ω and x − y is parallel to e. Furthermore, u is unique up to shift in t .

(iii) If Ω = R
N , Ω±

t = {x, ±(x · e− ξt ) < 0} with e ∈ S
N−1 and t 
→ ξt ∈ R such that sup{|ξt+σ − ξt |; t ∈ R} < +∞

for all σ ∈ R, if A and q depend only on t (instead of condition (6)), if p± depend only on t and x · e and
are nonincreasing in x · e and if f = f (t, x · e,u) is nonincreasing in x · e, then u is planar in the sense that
u(t, x) = φ(t, x · e) for some function φ : R2 → R. Moreover, u is decreasing in x · e.

(iv) Under the hypotheses of part (i), in the case Ω = R
N with A, q , f , p± being independent of x · e, then u(t, x) =

φ(x · e − ct, x′) for some function φ which is decreasing in its first variable. Here, x′ denotes the variables of
R

N which are orthogonal to e. If A, q , f , p± are independent of x, then u is a planar travelling front, namely
u(t, x) = φ(x · e − ct) for some decreasing function φ such that φ(∓∞) = p±.

As already noticed, Definition 1.1 is broad enough to include new notions of waves. But, under the assumptions
of Theorem 2.2, part (i) implies that the global mean speed is unique and part (ii) means that Definition 1.1 is robust
enough in that almost planar invasion fronts with global mean speed in a periodic medium reduce to the pulsating
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travelling fronts. Part (iii) gives a characterization of one-dimensional fronts among almost planar fronts. Under the
notation of part (iii), if one further assumes that the function t 
→ ξt is bounded and that A, q , f and p± do not depend
on t , then u depends on x · e only, namely any quasi-stationary front is stationary. Proofs and further developments
are given in [2,3].
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