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Abstract

Multiconfiguration methods are a natural generalization of well-known simple models for approximating the linear N body
Schrödinger equation for atomic and molecular systems with binary (Coulomb) interactions, like the Hartree and the Hartree–Fock
theories. This Note discusses the case of the multiconfiguration time-dependent Hartree–Fock (MCTDHF in short) method which
consists in approximating the high-dimensional wavefunction by a time-dependent linear combination of Slater determinants. We
formulate the system of equations of motion and we establish the well-posedness of this system in a convenient Hilbert space
framework, at least as long as the associated one-particle density matrix keeps the same rank. Our proof covers and simplifies
previous well-posedness results of the Cauchy problems associated to the time-dependent Hartree and the time-dependent Hartree–
Fock approximations obtained elsewhere. To cite this article: S. Trabelsi, C. R. Acad. Sci. Paris, Ser. I 345 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Solutions des équations de multi-configurations dépendant du temps en chimie quantique. Les méthodes de multi-
configurations améliorent des modèles simples d’approximation bien connus de l’équation de Schrödinger linéaire à N corps
pour les systèmes moléculaires sous interactions Coulombiennes, tels que les modèles de Hartree et de Hartree–Fock. Dans cette
Note, nous étudions le cas de la méthode dite de Multiconfigurations Hartree–Fock dépendante du temps, qui consiste à approcher
les fonctions d’onde antisymétriques d’un espace de Hilbert de dimension infinie par une combinaison linéaire dépendante du
temps de déterminants de Slater. Nous écrivons le système d’équations d’évolution et nous établissons que ce système est bien
posé dans un cadre fonctionnel adéquat, et ceci tant que la matrice densité associée ne change pas de rang. Notre preuve recouvre
et simplifie les résultats d’existence et unicité de solutions des problèmes de Cauchy associés aux approximations de Hartree et de
Hartree–Fock obtenus ailleurs. Pour citer cet article : S. Trabelsi, C. R. Acad. Sci. Paris, Ser. I 345 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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Version française abrégée

Cette Note présente un résultat d’existence et d’unicité d’une solution classique pour le problème de Cauchy associé
aux équations de multiconfigurations Hartree–Fock dépendante du temps. Elles fournissent une approximation de
l’équation linéaire de Schrödinger à N particules (1) (voir la version anglaise). Le Hamiltonien HN est composé, dans
l’ordre, d’un terme d’énergie cinétique, d’un terme d’interaction noyau-électron V (x) = −∑

1�i�M
zi|x−x̄i | où on a

considéré M noyaux fixés aux points x̄1, . . . , x̄M , enfin d’un terme d’interaction Coulombienne électron–électron.
La fonction Ψ = Ψ (x1, . . . , xN) ∈ H = L2(R3N ;C) est appelée fonction d’onde. Une contrainte d’antisymétrie lui
est imposée pour satisfaire au principe d’exclusion de Pauli pour les fermions. L’exemple le plus simple de telles
fonctions est le déterminant de Slater

Ψ (x1, . . . , xN) = 1√
N ! det

(
φi(xj )

)
1�i,j�N

où les N fonctions φi forment une famille orthonormale de L2(R3). Le facteur 1√
N ! est introduit pour normaliser Ψ

dans H. La restriction à un seul déterminant de Slater correspond à l’approximation bien connue de Hartree–Fock.
L’approximation multiconfigurations Hartree–Fock consiste à considérer une combinaison linéaire finie de tels déter-
minants. Pour N � K , on définit l’ensemble AK

N = {I = {i1 < · · · < iN } ⊂ {1, . . . ,K}: |I | = N � K} de cardinal
(
K
N

)
,

puis l’espace MK
N comme dans (2). La fonction d’onde est alors formée de

(
K
N

)
déterminants, et décrite par

(
K
N

)
coef-

ficients CI (t) et K fonctions « mono-électroniques » φi(t, x). Les équations qui régissent le mouvement du système
sont données par 4(a)–4(c). Elles satisfont le principe variationnel (5) et s’expriment comme un système couplé de

(
K
N

)
équations différentielles d’ordre 1 pour les coefficients et de K équations aux dérivées partielles non-linéaires pour les
fonctions de base. En multipliant (4a) par C̄I et en sommant, on obtient que

∑
I∈AK

N
|CI (t)|2 = 1 comme conséquence

directe du fait que W est réel. Dans cette note ainsi que dans la publication [1], on s’intérresse au système d’équations
(4a)–(4c). On démontre l’existence et l’unicité des solutions qui, en particulier, conservent l’énergie totale. Ceci est
prouvé directement à partir des équations d’évolution, sans faire appel à un principe variationnel. Techniquement, le
Théorème 1 est démontré, dans un premier temps, dans un voisinage de (C0,Φ0) en supposant que Γ 0 est inversible,
et en utilisant un argument de point fixe de Picard. Les estimations a priori nous permettent de prolonger le résultat
jusqu’à un certain temps T � au delà duquel la matrice densité peut éventuellement dégénèrer.

1. General setting and the MCTDHF equations

The aim of this Note is to present some results concerning the multiconfiguration (MC) Time-Dependent (TD)
Hartree–Fock (HF) equations (=MCTDHF). These methods are used in quantum physics/chemistry to approximate
the solutions of the time-dependent N particle linear Schrödinger equation with binary interactions. Using the appro-
priate scaling (‘atomic units’ with electron mass equal to 2 etc.) this equation reads

i∂tΨ = HNΨ :=
( ∑

1�i�N

(−�xi
+ V (xi)

) +
∑

1�i<j�N

1

|xi − xj |
)

Ψ, (1)

where Ψ = Ψ (x1, . . . , xN) ∈ H = L2(R3N ;C) is the so-called wavefunction which we normalize to one in H for
|Ψ |2 is interpreted as the probability density of the N electrons. The N -body Hamiltonian of the system is then the
self-adjoint operator HN acting on the Hilbert space H. The subscript xi of −�xi

means derivation with respect to
the ith variable of the function Ψ , V (x) = −∑

1�i�M
zi|x−x̄i | is the Coulomb potential created by the nuclei localized

at x̄i with charge zi > 0, and the last term of HN is the Coulomb repulsive potential between the electrons. Finally ∂t

denotes the partial time derivative. When dealing with electrons (fermions in general), the wavefunction Ψ has to sat-
isfy Ψ (x1, . . . , xN) = ε(σ )Ψ (xσ (1), . . . , xσ (N)) for all permutation σ ∈ SN with ε(σ ) being its parity. The simplest
skew-symmetric elements of H are the so-called Slater determinants, Ψ (x1, . . . , xN) = 1√

N ! det(φi(xj ))1�i,j�N with

the φi ’s being an orthonormal family of L2(R3). The basic idea of the MC method is then to approximate the space
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of skew-symmetric wavefunctions by subsets of finite linear combinations of Slater determinants. More precisely we
introduce

MK
N :=

{
Ψ : Ψ =

∑
I∈AK

N

CI√
N ! DetΦ(I), (C,Φ) ∈ SK

N

}
(2)

where AK
N = {I = {i1 < · · · < iN } ⊂ {1, . . . ,K}: |I | = N � K}; that is, Ψ is a linear combination of |AK

N | = (
K
N

)
determinants DetΦ(I) built from the (φik ) for all ik ∈ I . SK

N is the ‘unit sphere’ of the
(
K
N

)
vectors of coefficients (CI )

and the K vectors of functions (φ1, . . . , φK)T := Φ , that is

SK
N :=

{
(C,Φ) ∈ C(K

N) × L2(
R

3)K
,

∑
I∈AK

N

|CI |2 = 1,

∫

R3

φiφ̄j dx = δi,j

}
(3)

where the bar stands for the complex conjugate. Notice that an intrinsic definition of MK
N can be given in terms of

the so-called one-particle density matrix as follows. To every wavefunction Ψ in H one can associate a trace-class
self-adjoint operator ΓΨ acting on L2(R3;C) with kernel γΨ (x, y) = N

∫
R3(N−1) Ψ (x, x2, . . . , xN)Ψ (y, x2, . . . , xN)

dx2 · · ·dxN . Density matrices of finite rank are those that precisely correspond to wavefunctions Ψ which can be
written as finite linear combinations of Slater determinants. This result is due to Löwdin’s expansion theorem [11].
We may now define the increasing sequence of subsets MK

N = {Ψ ∈ ∧N
i=1 L2(R3): ‖Ψ ‖L2(R3N) = 1, rank(ΓΨ ) � K}

where K � N . Then in definitions (2) and (3), K corresponds to the rank of (ΓΨ ) and the family φ1, . . . , φK to
an orthonormal basis of the range, Ran(ΓΨ ). When K = N , we have |AN

N | = 1. Thus Ψ reduces to a single Slater
determinant and ΓΨ is the projector of finite rank N on Span{φi}1�i�K . This precisely corresponds to the Hartree–
Fock (HF) approximation. The corresponding Cauchy problem was investigated first in [3] for bounded interactions.
The Coulomb case was solved first in [7] and improved in [6,4,5]. On the other side, when K = +∞ we recover, at
least formally, the full space

∧N
i=1 L2(R3).

From now on we consider time-dependent coefficients CI (t) and time-dependent functions φi(t, x). The MCTDHF
equations constitute a system of coupled ODEs and non-linear PDEs as follows

i
d

dt
CI (t) =

∑
J∈AK

N

〈
W DetΦ(J ),DetΦ(I)

〉
CJ (t) ∀I ∈ AK

N, (4a)

iΓ (t)∂tΦ(t) = Γ (t)HΦ(t) + (I − PΦ)W(C,Φ)Φ(t), (4b)

C(0) = C0, Φ(0) = Φ0. (4c)

Eqs. (4a) form a system of
(
K
N

)
first-order ordinary differential equations where

〈
W DetΦ(J ),DetΦ(I)

〉 = ∑
1�i<j�N

∫

R3N

DetΦ(J )(t, x1, . . . , xN)DetΦ(I)(t, x1, . . . , xN)

|xi − xj | dx1 · · ·dxN

denotes the Coulomb interactions between the Slater determinants DetΦ(I) and DetΦ(J ). Eq. (4b) provides a system
of K PDEs on the φi ’s, where H = −� + V , and PΦ denotes the orthogonal projector onto Span{φi}1�i�K , PΦ =∑K

i=1〈·, φi〉L2(R3)φi . The K × K Hermitian matrices Γ (t) and W(C,Φ)(t, x) are given by

Γ i,j (t) =
∑

I,J∈AK
N \i∈I, j∈J

I\{i}=J\{j}

(−1)ς(i,I )+ς(j,J )C̄ICJ , with ς(l, I ) = k when ik = l,

(WC,Φ)ij (t, x) = 2
K∑

k,l=1

∑
I,J∈AK

N s.t. {i,k}∈I, {j,l}∈J

I\{i,k}=J\{j,l}, i 
=k,j 
=l

(−1)ς
′(i,k,I )+ς ′(j,l,I )C̄ICJ

[
(φ̄kφl) ∗ 1

|x|
]

with the convention ς ′(i, k, I ) = p + q if i = ip < k = iq and ς ′(i, k, I ) = p + q + 1 if k = iq < i = ip . Notice that Γ
is the representation of the density matrix Γ Ψ in Span{φi}1�i�K . Conversely, any “regular” solution of the Cauchy
problem (4a)–(4c) satisfies the so-called Dirac–Frenkel variational principle; more precisely〈

δΨ, (i∂t − HN)Ψ
〉 = 0, ∀δΨ ∈ TΨMK, (5)
N
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where TΨMK
N denotes the tangent space of MK

N at Ψ . However, in this Note and in [1], we work directly on the
equations, without recourse to a variational principle.

A crucial question is the following: does the time evolution by the MCTDHF equations conserve the rank of the
initial density matrix or might a loss of rank occur after a time T � > 0? For the time being, there is no definite answer
to this question (see however the paper of Lewin [10] and Friesecke [8] for such questions in the stationary case) and,
like in [9], we can only state a local in time result with a non-degeneracy assumption.

2. Main result and sketch of the proof

We first state an existence and uniqueness result on the system of Eqs. (4a)–(4c) under some assumption on the
initial data which ensures that the density matrix Γ (t) does not become degenerate.

Theorem 1. Given (C0,Φ0) ∈ SK
N (as defined in (3)) such that Γ Φ0 is invertible, that is rank(Γ Φ0) = K . Assume

in addition that Φ0 ∈ (H 1(R3))K . Then, there exists T � > 0 such that the system (4a)–(4c) admits a unique solution
(C,Φ) in SK

N for all t ∈ [0, T �) which satisfies

(C,Φ) ∈XT � := C1([0, T �);C(N
K)

) × (
C1([0, T �);L2(

R
3)K) ∩ C0([0, T �);H 1(R3)K

))
.

In addition, for every 0 � t < T �,

rank(Γ Φ(t)) = rank(Γ Φ0), more precisely T � = inf
{
t > 0: rank(Γ Φ(t)) � K − 1

}
.

Sketch of proof (see [1] for details). Observe that in a neighborhood of (C0,Φ0), the application Γ �→ Γ −1 is well-
defined since we assume Γ 0 invertible. By Cauchy–Schwarz and Hardy inequalities, the non-linear operator

Ω : (C,Φ) �→ ((〈
W DetΦ(J ),DetΦ(I)

〉)
I,J

C,Γ −1(I − PΦ)W(C,Φ)Φ
)

is locally Lipschitz in l2(C)(
K
N)×(H 1(R3))K . Then, the local well-posedness is obtained from the integral formulation

of the system by a Picard fixed point argument. Then, we prove that this solution satisfies the system (4a)–(4c) in
a strong sense and is unique by Gronwall Lemma in the class Xτ for τ > 0 small enough. Finally, the existence
and uniqueness of solution up to the time T � := inf{t > 0: rank(Γ Φ(t)) � K − 1} in the class XT � is equivalent
to the existence of uniform in time estimates which allow us to extend the solution beyond the time τ , [12]. The
estimates

∑
I⊂AK

N
|CI (t)|2 = 1 and ‖Φ‖(L2(R3))K = 1 are directly verified respectively from (4a) and (4b) using the

self-adjointness of W,H and I − PΦ . Further necessary estimate on Φ in (H 1(R3))K arises from the following:

Theorem 2. Given (C0,Φ0) ∈ MK
N as in Theorem 1. Then, for any solution in the class Xτ for τ small enough, one

has

EK
N (t) := 〈

HΓ (t)Φ(t),Φ(t)
〉
L2(R3N)

+ 〈
W(C,Φ)Φ(t),Φ(t)

〉
L2(R3N)

= EK
N (0). (6)

Moreover, there exist positive constants κ and γ̃ such that

γ̃ ‖∇Φ‖2
(L2(R3))K

� κEK
N (0).

The first part of the equality (6) is rather a simple computation (see also [10]). Since the solution satisfies the vari-
ational principle (5), setting δΨ = ∂tΨ ∈ TΨMK

N leads immediately to �(〈∂tΨ,HΨ 〉L2(R3N )) = 0 where � denotes
the real part, hence EK

N (t) = EK
N (0). Notice that setting K = N in this proof leads to the conservation of the energy of

the Hartree–Fock system. Finally,

γ̃ ‖√HΦ‖2
(L2(R3))K

� ‖√HΓ Φ‖2
(L2(R3))K

�
〈
HΓ (t)Φ(t),Φ(t)

〉
L2(R3N)

+ 〈
W(C,Φ)Φ(t),Φ(t)

〉
L2(R3N)

= EK
N (0).

The equivalence of the norms ‖√HΦ‖(L2(R3))K and ‖Φ‖(H 1(R3))K allows to conclude the proof. Since Γ (t) is invert-
ible for t ∈ [0, T �), we are able to bound γ̃ (t) := inf|ζ |2=1〈Γ (t)ζ, ζ 〉 for all ζ ∈ C

K from below for t ∈ [0, T �). This
leads to the desired estimate and proves Theorem 1.
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In [1], we prove that one can iterate on the H 1 bound and obtain higher regularity for the MCTDHF solution
following the regularity of the initial data. We also show how to take advantage from the gauge invariance of the
MCTDHF system in order to obtain the Hartree–Fock system and its energy conservation as limiting case only
by setting N = K . Moreover in this case the matrix Γ becomes the N × N identity matrix, hence T � = +∞.
A corollary yielding the global well-posedness of the Hartree–Fock system follows immediately, considerably sim-
plifying the proofs of [6,7]. In this note we presented our result on the MCTDHF for brevity, but our method and
result apply also to the MCTDH (the Multiconfigurations Time-Dependent Hartree) system which is the appro-
priate model for bosons, hence to its limiting case, namely the time-dependent Hartree approximation. In order
to emphasize the algebraic similarity between the two models, let us write the MCTDHF wavefunction as follows
Ψ (x1, . . . , xN) = ∑

1�i1,...,iN�K αi1,...,iN φi1(x1) · · ·φiN (xN) where we used the convention introduced by Lewin [10],

αi1,...,iN = ε(σ )√
N !C{iσ (1)<···<iσ(N)} with σ ∈ SN such that iσ (1) < · · · < iσ(N). The coefficients αi1,...,iN are then skew-

symmetric with respect to permutations of their indexes. Now, the MCTDH wavefunction is written as a linear
combination of Hartree products, that is Ψ (x1, . . . , xN) = ∑K

i1,...,iN=1 βi1,...,iN

∏N
k=1 φik (xk) where the βI ’s are com-

plex coefficients. The only difference then is the skew-symmetry of the combination coefficients. The MCTDH
equations of motion are similar to MCTDHF but only more complicated from the algebraic point of view in the
sense that we have different Γ k and W

k(C,Φ) for each space degree of freedom xk . The MCTDH equations are
widely used in quantum chemistry (see e.g. [2]). To our knowledge, the only mathematical result obtained for the
MCTD methods has been given by Lubich and Koch [9] who dealt with the MCTDH equations in parallel to our
work. Their existence and uniqueness result uses not only the assumption of the invertibility of Γ k(t) for 1 � k � K

and t � T for an arbitrary T , but also the technical assumption on the interactions potential between the electrons to
be bounded and twice continuously differentiable, with bounded first and second derivatives. The functional part of
the solution is proved to be in H 2. Their result uses Lie commutator method. We are able to deal with the singular
Coulomb interactions both for MCTDH and MCTDHF – of course, the case of bounded / regular potential follows
immediately.
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