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Abstract

We propose a method for collapsing simplicial complexes. For that purpose, we introduce the notion of an essential face, and the
one of a core of a cell. Then, we define the critical kernel of a complex. Our main result is that the critical kernel of a given complex
X is a collapse of X. We extend this result by giving a necessary and sufficient condition which characterizes a certain class of
subcomplexes of X which contain the critical kernel of X. In particular, any complex which belongs to this class is homotopy
equivalent to X. To cite this article: G. Bertrand, C. R. Acad. Sci. Paris, Ser. I 345 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Sur les noyaux critiques. Nous proposons une méthode pour rétracter homotopiquement des complexes simpliciaux. Pour
cela nous introduisons la notion de face essentielle, et celle de noyau d’une cellule. Nous définissons alors le noyau critique
d’un complexe. Notre principal résultat est que le noyau critique d’un complexe X est une rétraction homotopique de X. Nous
généralisons ce résultat en donnant une condition nécessaire et suffisante qui caractérise une certaine classe de sous-complexes
de X qui contiennent le noyau critique de X. En particulier, tout complexe qui appartient à cette classe est homotopiquement
équivalent à X. Pour citer cet article : G. Bertrand, C. R. Acad. Sci. Paris, Ser. I 345 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Un complexe (simplicial fini) X est une famille finie composée d’ensembles finis et non vides, telle que, si f est
un élément de X, alors tout sous-ensemble non vide de f appartient à X. Chaque élément d’un complexe X est une
face de X ; une facette de X est une face de X qui est maximale pour l’inclusion. On note K la collection composée
de tous les complexes.

Soit X ∈ K et f ∈ X. On note f̂ = {g ∈ X | g ⊆ f } et f̂ ∗ = f̂ \ {f }.
Une famille Y est un sous-complexe d’un complexe X, ce que l’on note Y � X, si Y est un complexe et si Y ⊆ X.
Soit X ∈ K et soit f une facette de X. S’il existe une face g ∈ f̂ ∗ telle que f soit la seule face de X qui contienne g,

alors on dit que g est une face libre de X et la paire (f, g) est une paire libre pour X. Si (f, g) est une paire libre
pour X, le complexe X \ {f,g} est une rétraction homotopique élémentaire de X. Soit X, Y ∈ K. On dit que Y est
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une rétraction homotopique de X, s’il existe une séquence de complexes 〈X0, . . . ,Xl〉 telle que X0 = X, Xl = Y , et
telle que Xi soit une rétraction homotopique élémentaire de Xi−1, i = 1, . . . , l.

Soit X ∈ K et f ∈ X. On dit que f est essentielle pour X si f est l’intersection de toutes les facettes de X qui
contiennent f . On note Ess(X) l’ensemble composé de toutes les faces qui sont essentielles pour X. Si X ∈ K, la
notation Y � X signifie que Y � X et que Ess(Y ) ⊆ Ess(X).

Soit X ∈ K et f ∈ Ess(X). Le noyau de f̂ pour X est le complexe, noté Core(f̂ ,X), tel que Core(f̂ ,X) = ⋃{ĝ |
g ∈ Ess(X) ∩ f̂ ∗}.

Soit X ∈ K. Une face f ∈ Ess(X) est régulière pour X si Core(f̂ ,X) est une rétraction homotopique de f̂ . Une
face f ∈ Ess(X) est critique pour X si f n’est pas régulière pour X. On note Critic(X) = ⋃{f̂ | f est critique
pour X}, Critic(X) est le noyau critique de X.

Notre résultat principal est le suivant :
Soit X ∈ K.

(i) Le noyau critique de X est une rétraction homotopique de X.
(ii) Si Y � X contient le noyau critique de X, alors Y est une rétraction homotopique de X.

(iii) Si Y � X contient le noyau critique de X, alors Y est une rétraction homotopique de tout Z tel que Y � Z � X.

Soit X ∈ K et Y � X. On dit que Y est une rétraction homotopique forte de X si T est une rétraction homotopique
de Z à chaque fois que l’on a Y � T � Z � X, T � X, et Z � X.

On a alors une généralisation du résultat précédent :
Soit X ∈ K et Y � X. Le complexe Y est une rétraction homotopique forte de X si et seulement si Y contient le

noyau critique de X.

1. Introduction

The operation of collapse leads to a combinatorial approach to homotopy theory [4,5]. This operation was originally
settled in the context of (finite) simplicial complexes [9]. A simplicial complex Y is an elementary collapse of a
simplicial complex X if Y = X \ {f,g}, where f , g are two distinct faces of X such that f is maximal for X (under
inclusion), and f is the only face which contains g; the face g is said to be free for X. We observe that, in general, it
is not possible to remove simultaneously all free faces (and their corresponding maximal faces) from a complex: the
result could be not homotopy equivalent to the original complex.

In this Note, we propose a method for collapsing simplicial complexes which allows to remove simultaneously a
set of faces of a complex. We introduce the notion of an essential face, and the one of a core of a cell. Then, we define
the critical kernel of a complex. Our main result is that the critical kernel of a given complex X is a collapse of X,
i.e., it may be obtained from X by a sequence of elementary collapses. We extend this result by showing that, if Y

belongs to a certain class of subcomplexes of X which contain the critical kernel of X, then Y is homotopy equivalent
to X. Finally, we give a necessary and sufficient condition for a subcomplex to belong to this class.

It is worth pointing out that homotopic retractions have received a lot of attention in the field of image analysis [6].
Many algorithms for extracting different kinds of ‘skeletons’ of an object have been proposed (e.g., curvilinear or
surfacic skeletons in the 3D cubic grid). These algorithms are often based on ad-hoc conditions for removing a set of
points while preserving the topology of the original object. In fact, critical kernels constitute a framework for such
algorithms [2,3] which may be seen as a generalization of the one presented in [1]. It should be noted that all the
results presented hereafter may be directly transposed to N -dimensional cubical complexes.

2. Collapse

A (finite simplicial) complex X is a finite family composed of finite nonempty sets such that, if f is an element
of X, then every nonempty subset of f is an element of X. Each element of a complex is a face of this complex. The
dimension of a face f is the number of its elements minus one. The dimension of a complex is the largest dimension
of its faces. We denote by K the collection of all complexes.
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Let f be a finite nonempty set. We set f̂ = {g | g ⊆ f,g 	= ∅} and f̂ ∗ = f̂ \ {f }. Any g ∈ f̂ is a face of f , and any
g ∈ f̂ ∗ is a proper face of f . If X is a finite family composed of finite nonempty sets, we write X− = ⋃{f̂ | f ∈ X},
X− is the (simplicial) closure of X. Thus, a finite family X of finite nonempty sets is a complex if and only if X = X−.

A complex X is a cell if there exists a face f ∈ X, such that X = f̂ .
A family Y is a subcomplex of a complex X, written Y � X, if Y is a complex and if Y ⊆ X.
Let X ∈ K. A face f ∈ X is a facet of X if there is no g ∈ X such that f ∈ ĝ∗. We denote by X+ the set composed

of all facets of X. Thus, we have [X+]− = X.
Let X,Y ∈ K. We set X � Y = [X+ \ Y+]−. The set X � Y is a complex which is the detachment of Y from X.
Let X ∈ K and let f ∈ X+. If there exists a face g ∈ f̂ ∗ such that f is the only face of X which contains g, we say

that g is a free face of X and the pair (f, g) is said to be a free pair for X. If (f, g) is a free pair for X, the complex
X \ {f,g} is an elementary collapse of X.

Let X, Y be two complexes. We say that X collapses onto Y if there exists a collapse sequence from X to Y ,
i.e., a sequence of complexes 〈X0, . . . ,Xl〉 such that X0 = X, Xl = Y , and Xi is an elementary collapse of Xi−1,
i = 1, . . . , l.

Let X,Y ∈ K. Let Z such that X ∩ Y � Z � Y , and let f , g ∈ Z \ X. The pair (f, g) is a free pair for X ∪ Z if and
only if (f, g) is a free pair for Z. Thus, by induction, we have the following property:

Proposition 2.1. Let X,Y ∈ K. The complex X ∪ Y collapses onto X if and only if Y collapses onto X ∩ Y .

In the following, we introduce the concepts of simplicity and attachment which may be seen as discrete counterparts
of the ones given by T.Y. Kong in [7,8], and which are based on continuous deformations in the N -dimensional
Euclidean space.

Definition 2.2. Let X,Y ∈ K. We say that Y is simple for X if X ∪ Y collapses onto X � Y . We define the attachment
of Y for X as the complex Attach(Y,X) = [X � Y ] ∩ Y .

Observe that if X+ ∩ Y+ = ∅, we have X � Y = X and then Attach(Y,X) = X ∩ Y . If X and Y are arbitrary
complexes, then X ∪ Y = (X � Y) ∪ Y , thus the following is a direct consequence of Proposition 2.1.

Corollary 2.3. Let X,Y ∈ K. The complex Y is simple for X if and only if Y collapses onto Attach(Y,X).

3. Essential faces

We introduce the notion of an essential face and the one of a core on which are based critical kernels.

Definition 3.1. Let X ∈ K and let f ∈ X. We say that f is essential for X if f is precisely the intersection of all facets
of X which contain f , i.e., if f = ⋂{g ∈ X+ | f ⊆ g}. We denote by Ess(X) the set composed of all faces which are
essential for X.

Let X ∈ K. If Y � X and if Ess(Y ) ⊆ Ess(X), we write Y � X.

Observe that a facet of X is necessarily essential for X, i.e., X+ ⊆ Ess(X). Note also that any face which is the
intersection of essential faces is itself essential. The following property may be easily checked:

Remark 3.2. Let X ∈ K and Y � X. We have Y � X if and only if Y+ ⊆ Ess(X).

Proposition 3.3. Let X,Y,Z ∈ K, with X � Z. Then X � Y � Z. Furthermore, if Y � Z, then we have X ∪ Y � Z,
and X ∩ Y � Z.

Proof. We have [X � Y ]+ ⊆ X+, thus, if X � Z, Remark 3.2 gives X � Y � Z. We also have [X ∪ Y ]+ ⊆ X+ ∪ Y+,
thus, if X � Z and Y � Z, Remark 3.2 gives X ∪ Y � Z. Now observe that, in general, we have not [X ∩ Y ]+ ⊆
X+ ∩ Y+. Let f ∈ [X ∩ Y ]+. We set f1 = ⋂{g ∈ X+ | f ⊆ g}, f2 = ⋂{g ∈ Y+ | f ⊆ g}, and f ′ = f1 ∩ f2. We have
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f ⊆ f ′. We note that f ′ is a face of X ∩Y . Thus, since f is a facet of X ∩Y , we have f = f ′. If X � Z and if Y � Z,
f1 and f2 are both essential for Z, so is f . In this case, by Remark 3.2, we have X ∩ Y � Z. �
Definition 3.4. Let X ∈ K and let f ∈ Ess(X). The core of f̂ for X is the complex

Core(f̂ ,X) =
⋃{

ĝ | g ∈ Ess(X) ∩ f̂ ∗}.

Proposition 3.5. Let X ∈ K and let f ∈ X+. The attachment of f̂ for X is precisely the core of f̂ for X, i.e., we have
Attach(f̂ ,X) = Core(f̂ ,X).

Proof.
– Let g ∈ Attach(f̂ ,X). By the very definition of the attachment, there exists a facet h 	= f of X such that g ⊆ h.

Thus, h ∩ f is not empty, h ∩ f is a face which is essential for X and which is in f̂ ∗, hence h ∩ f ∈ Core(f̂ ,X).
Since g ⊆ h ∩ f , we have g ∈ Core(f̂ ,X).

– Let g ∈ Core(f̂ ,X). There exists a face h ∈ Core(f̂ ,X) which is essential for X, and such that g ⊆ h. Since
h is not a facet and it is essential, there exists at least one facet distinct from f which contains h and g. Thus
g ∈ Attach(f̂ ,X). �
4. Critical kernels

We are now in position to introduce the critical kernel of a complex, see illustration Fig. 1. For that purpose, we
give the definition of a regular face which is based on a notion of local collapsibility that the two following theorems
translate into global collapses. Observe that, by Propositions 3.5 and 2.3, a facet f of X is regular for X if and only if
f̂ is simple for X.

Definition 4.1. Let X ∈ K. A face f ∈ Ess(X) is regular for X if f̂ collapses onto Core(f̂ ,X). A face f ∈ Ess(X) is
critical for X if f is not regular for X. We set Critic(X) = ⋃{f̂ | f is critical for X}. Critic(X) is the critical kernel
of X.

Theorem 4.2. Let X ∈ K.

(i) The complex X collapses onto its critical kernel.
(ii) If Y � X contains the critical kernel of X, then X collapses onto Y .

(iii) If Y � X contains the critical kernel of X, then any Z such that Y � Z � X collapses onto Y .

(a) (b) (c)

Fig. 1. (a): A complex X0. The set of facets of X0 is composed of five tetrahedra (abcd, bced, dcef, efgh, hijk), one triangle (fhi), and one
segment (kl). (b): The critical faces of X0 which determine X1 = Critic(X0) are highlighted (one tetrahedron, one triangle, three segments, and
four vertices). (c) The critical faces of X1 which determine X2 = Critic(X1) are highlighted (two segments and three vertices). The complex
X3 = Critic(X2) is such that X3 = {f }. At last, we have Critic(X3) = X3.

Fig. 1. (a) : Un complexe X0. L’ensemble des facettes de X0 est composé de cinq tétraèdres (abcd, bced, dcef, efgh, hijk), un triangle (fhi), et
un segment (kl). (b) : Les faces critiques de X0 qui déterminent X1 = Critic(X0) sont accentuées (un tétraèdre, un triangle, trois segments, et
quatre sommets). (c) : Les faces critiques de X1 qui déterminent X2 = Critic(X1) sont accentuées (deux segments et trois sommets). Le complexe
X3 = Critic(X2) est tel que X3 = {f }. Enfin, nous avons Critic(X3) = X3.
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Proof. It is clear that (iii) implies (ii) and, since Critic(X) � X, (ii) implies (i). So it suffices to prove property (iii).
Suppose that Y � X and that Y contains the critical kernel of X. Let Z be such that Y � Z � X. Let f be a face in

Z+ \ Y , and let Z′ = [Z � f̂ ] ∪ Core(f̂ ,X). We have Z′ � Z, and Z′ 	= Z (since f /∈ Z′). Note that if no such a face
f exists, then Z = Y . Observe also that we have not necessarily Z′ � Z.

1) By Proposition 3.3, since Z � X, we have Z � f̂ � X. Again by Proposition 3.3, since Core(f̂ ,X) � X, we
have Z′ � X.

2) We have Core(f̂ ,X) ⊆ f̂ ∩ Z′. Since f̂ � X and Z′ � X, by Proposition 3.3, f̂ ∩ Z′ � X. Consequently
[f̂ ∩ Z′]+ ⊆ Ess(X) and, since f̂ ∩ Z′ ⊆ f̂ ∗, it implies that f̂ ∩ Z′ ⊆ Core(f̂ ,X). Thus, f̂ ∩ Z′ = Core(f̂ ,X). Since
Critic(X) ⊆ Y , and f /∈ Y , the face f is regular for X, it means that f̂ collapses onto Core(f̂ ,X) = f̂ ∩ Z′. By
Proposition 2.1, this implies that Z′ ∪ f̂ collapses onto Z′. But Z = Z′ ∪ f̂ and so Z collapses onto Z′.

3) Let g ∈ Y+. Accordingly, we have g ∈ Z. As Z = Z′ ∪ f̂ , either g ∈ Z′, or g ∈ f̂ . Suppose g ∈ f̂ . Clearly
g 	= f (since f ∈ Z+ \Y ) and then g ∈ f̂ ∗. But, since g is essential for X, g ∈ Core(f̂ ,X) and therefore g ∈ Z′. Thus
Y+ ⊆ Z′ and it follows that Y � Z′.

By iteratively performing the operation Z → Z′, the property is proved by induction. �
Definition 4.3. Let X ∈ K and Y � X. We say that Y is a strong collapse of X if Z collapses onto T whenever
Y � T � Z � X, T � X, and Z � X.

Theorem 4.4. Let X ∈ K, and Y � X. The complex Y is a strong collapse of X if and only if Y contains the critical
kernel of X.

Proof. (i) If Y contains the critical kernel of X, then, by Theorem 4.2(iii), Y is a strong collapse of X.
(ii) Let Y be a strong collapse of X. Suppose Y does not contain the critical kernel of X. It means that there

exists f ∈ X \ Y which is critical for X. Let Z = Y ∪ f̂ and let T = Y ∪ Core(f̂ ,X). By Proposition 3.3, Z � X

and T � X. Clearly Core(f̂ ,X) ⊆ f̂ ∩ T . Since f̂ � X and T � X, by Proposition 3.3, f̂ ∩ T � X. Consequently
[f̂ ∩ T ]+ ⊆ Ess(X) and, since f̂ ∩ T ⊆ f̂ ∗, we must have f̂ ∩ T ⊆ Core(f̂ ,X). Thus, f̂ ∩ T = Core(f̂ ,X). Since f

is critical for X, it implies that f̂ does not collapse onto f̂ ∩ T . By Proposition 2.1, T ∪ f̂ = Z would not collapse
onto T , a contradiction. �
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