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Abstract

In this Note, we present several results concerning vector potentials and scalar potentials in a bounded, not necessarily simply-
connected, three-dimensional domain. In particular, we consider singular potentials corresponding to data in negative order Sobolev
spaces. We also give some applications to Poincaré’s theorem and to Korn’s inequality. To cite this article: C. Amrouche et al.,
C. R. Acad. Sci. Paris, Ser. I 345 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Potentiels vecteurs et scalaires, théoréme de Poincaré et inégalité de Korn. Dans cette Note, nous présentons plusieurs
résultats concernant les potentiels vecteurs et les potentiels scalaires dans des domaines bornés tridimensionnels, éventuellement
multiplement connexes. En particulier, on considere des potentiels singuliers correspondant a des données dans des espaces de
Sobolev d’exposant négatif. On donne également des applications au théoreme de Poincaré et a I’inégalité de Korn. Pour citer cet
article : C. Amrouche et al., C. R. Acad. Sci. Paris, Ser. I 345 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Weak versions of a classical theorem of Poincaré

In this work, we assume that £2 is a bounded open connected of R with a Lipschitz-continuous boundary. The
notation x/(, )x denotes a duality pairing between a topological space X and its dual X’. The letter C denotes a
constant that is not necessarily the same at its various occurrences.

Theorem 1. Let f € H"(£2) for some integer m > 0. Then, the following assertions are equivalent:
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@) w2y (f, @) Hr(2)=0forany ¢ €V, ={g € H'(2)3; dive =0},
(D) g-m2)(f, @)uy2) =0foranyp eV ={gp € D(2)3; dive =0},
(iii) There exists a distribution x € H™"11(82), unique up to an additive constant, such that f = grad x in £2.

If §2 is in addition simply-connected, then the three previous statements are equivalent to:
(iv) curl f =0in 2.

Proof. For the equivalence between (i), (ii) and (iii), we refer to [4]. The implication (iii) = (iv) clearly holds. It thus
remains to prove that (iv) = (iii). To begin with, let f € H~"(£2)3 be such that curl f = 0 in £2. We then use the
same argument as in [6]. We know that there exist a unique u € Hy' (£2)% and a unique p € H -m+1((2) /R (see [3])
such that

A"u+gradp=f and dive=0 in£2. (1)

Hence A" curlu = 0 in §2, so that the hypoellipticity of the polyharmonic operator A™ implies that curlu €
C>®(£2)3. Since divu = 0, we deduce that Au = curlcurlu € C*°(£2)3. This also implies that A™u belongs to
600(9)3 and is an irrotational vector field. By the classical Poincaré lemma, there exists g € (900({2)3 such that
A"u = grad q. Thus, we see that f = grad(p + ¢) and thanks to [4] Proposition 2.10, the function p + ¢ belongs to
the space H"T1(2). O

We can give another proof of this implication (iv) = (iii) by using the following theorem:
Theorem 2. Assume that the sets 2 and R> \ 2 are simply-connected. Let u € Hy' (£2)3, m >0, be a function that
satisfies divu = 0 in §2. Then there exists a vector potential ¥ in H(;"'H (£2)3 such that
u=curly, divA"Tly =0 ing, )
and the following estimate holds:
IVl g1 (2y3 < Cllull gm gy (3)

Proof. Let u € H6”(.Q)3 be such that divu = 0 in £2 and let & denote the extension of u by 0 in R3 \ £2. Thus

uc Hy' (R?)3, divit = 0 in R3, and there exist an open ball B containing £ and a vector field w € H(;”‘H (B)3 such
that # = curlw in B, and

lwll gm+1(gys < Cllwell gm(py3-

The open set 2’ := B \ £ is bounded, has a Lipschitz-continuous boundary and is simply-connected. Furthermore,
the vector field w’ := w|o/ belongs to H™*1(£2’)? and satisfies curlw’ = 0 in £2’. Hence there exists a function
x' € H'(£2') such that w’ = grad x’ in £2’. Hence in fact x’ € H"+2(£2’) and the estimate

||X/||Hm+2(g/) < C||w/||Hm+l(Q/)3
holds. Since the function x’ € H”+2(£2’) can be extended to a function ¥ in H”2(R3), with
X 23y < Cllx Mgz < CHW s ny3,

the vector field ¢ := w — grad j belongs to the space H™*!(B)3 and satisfies @| o = 0. Then the restriction ¢ := @|
is in the space H6”+1(52)3, satisfies the estimate (3), and curl¢ = curlw = # in B. Thus u = curl¢ in £2, with

Q< H(')"‘Jrl (£2)3. Letnow p € HS”H(.Q) denote the unique solution of A2 p = div A”*1g, so that the estimate

||P||Hm+2(_Q) < C||‘p||[-[ln+l(g)3
holds. Then the function ¥ = ¢ — grad p satisfies (2), (3). O
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We can now give another proof of the above implication (iv) = (iii): Consider again the solution u € Hy' ()3 of

(1) and let v € H(;"H (£2)3 denote the vector potential of u as given by Theorem 2. We then have A™ curlu = 0. If
m =2k, with k > 1, then

-1y (A" curlu, v)Hgl+1(Q)3 = g-1(2) (A* curlu, Ak'l))HOl(Q)3

=fAku-Akcurlvdx=||Aku||i2(9)3.

2

This implies that Afu =0 in £2 and thus u = 0 since u € Hy' (£2)3. The case m = 2k + 1 follows by a similar
argument. O

2. Scalar potentials

Let I7, 0 <i < I, denote the connected components of the boundary I of the domain £2, Iy being the boundary
of the only unbounded connected component of R \ £2. We do not assume that £2 is simply-connected, but we
suppose that there exist J connected, oriented and open surfaces X';, 1 < j < J, called ‘cuts’, contained in §2, such
that each surface X'; is an open subset of a smooth manifold, the boundary of X'; is contained in I" for 1 < j < J,
the intersection X; N ¥ j is empty for i # j, and finally the open set £2° = £2 \ U/J: | & is simply-connected and
pseudo-Lipschitz (see [1]). Finally, let [-]; denote the jump of a function over X', for 1 < j < J.

We then define the spaces

H(curl, 2) = {v e L*(2)*; curlv € L?(22)*}, H(div, 2) = {ve L*(2)*; divv e L*(2)},
which are provided with the graph norm, and their subspaces
Ho(curl, 2) = {v € H(curl, 2);v x n=0o0n T}, Hy(div, 2) ={v e H(div, 2);v-n=0o0n I'}.

For any function ¢ in H'(£2°), grad g is the gradient of ¢ in the sense of distributions in £’(£2°). It belongs to
L?(£2°)3 and therefore can be extended to L%(£2)3. In order to distinguish this extension from the gradient of g in
D'(£2), we denote it by grad g. We finally observe that the space

Kr(£2):= {w € H(curl, £2) N Hy(div, £2); carlw = 0 and divw =0 in .Q}

r
j
each qu € H'(£2°) is unique up to an additive constant and satisfies quT =01in £2°, anjT =0on I, [qu]k =djk,

is of dimension equal to J. As shown in [1] Prop. 3.14, it is spanned by the functions g};dq , 1< j<J, where

[a,,qu]k =0and y-12(5,) < anqu, 1> p1205,)=8k for 1 <k < J.

Theorem 3. For any function f € L>(2)° that satisfies

curl f=0 in2 and /f-vdx:O forallve Kr(£2), (@Y)
2

there exists a scalar potential x in H'(2) such that f = grad x and the following estimate holds:
||X||H1(_Q) < C||f||L2(Q)3. )

Proof. It suffices to show that, given any v € Hy(div, £2) such that divv = 0 in £2, there holds (f,v);2(g) = 0.
For such v € Hy(div, £2), let z = ij'zl H-12(x;) < VN, 1 >HI2(5;) g;‘;dqu and w = v — z. According to [1],

Theorem 3.17, there exists a vector potential ¥ € L>(£2)> satisfying w = curly, divy =0in 2 and ¥ x n =0
on I". Hence

Q/f-vdxzb/fwurll/fdxzo.

The result is then a consequence of Theorem 1: there exists a function y € H'!(£2) satisfying f = grad x and the
estimate (5) holds. O
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Remark 4. Any function f € L?(£2)? that satisfies curl f = 0 in £2 can be decomposed as:

f=gradxy +grad p, withy e H'(£2) and g};dp € Kr(£2).
Such a result is alluded to in [7] (page 959); however it is not proven there.
The second condition in (4) is trivially satisfied when 2 is simply-connected since K7 (£2) = {0} in this case.
Theorem 5. For any distribution f in the dual space of Hy(div, $2) that satisfies
curlf =0 in2 and Ho(div,.Q)’(fv v)HO(div,g) =0 fOV all v e KT(.Q), (6)
there exists a scalar potential x in L*(§2) such that f = grad x and the following estimate holds:

Il 22y < CIF Nl aocaiv. 2y %

Proof. Let f be in the dual space of Hy(div, £2) with curl f =0 in £2. We know that there exists ¥ € L2(£2)3 and
X0 € L?(£2) such that f = ¢ + grad xo, with the estimate (see Proposition 1 of [5])

V12202 + 10l L2(2) < CllLf Il Hydiv.2) -

Observe that, thanks to the density of D(2)? in Hy(div, £2), we have Ho(div,2) (grad X0, v) gydiv,s2) = 0 for all
v € K7(£2). Therefore, the function ¥ € L?(£2)3 satisfies the conditions (4). By Theorem 3, there exists a function
p € H'(£2) such that ¥ = grad p, with the estimate

||P||Hl(_Q) < C||'/’||L2(Q)3 < CILf N Ho(div, 2y -

Hence, the function y = p + xo satisfies the announced properties. 0O

More generally, for any integer m > 1, let us introduce the space
H{'(div, 2) = {v € Hy(div, 22); divv € HJ'($2)}.

We can prove that D(2)3 is dense in H(’)” (div, £2). Moreover, we can characterize its dual space, denoted by
H~"(div, £2):

H "(div, 2) = {1ﬁ +grad x; ¥ € Ho(div, 2)', x € H_m(.Q)}.

As a consequence of Theorem 5, it is easy to prove that, for any distribution f € H " (div, £2) that satisfies (6), there
exists a scalar potential x in H~"(§2) such that f = grad y. We thus obtain an extension of part (iv) in Theorem 1
in the case where §2 is multiply-connected.

3. ‘Weak’ vector potentials

First, we note that the continuous embeddings Hy(curl, 2)" < H —1(£2)3 and Hy(div, 2) — H~1(£2)3 hold.
Besides, for any f € H~1(£2)3, we know that there exist a unique u € H(} (£2)3 such that dive = 0 in §2, and X €
L?(£2) such that f = Au + grad x and the estimate

Nl 12y + Ixli2)r < CULF Il g-1(02)

holds. Letting £ = curlu, we obtain f = curl£ + grad x. Since £ € L*(£2)3 and x € L?(£2), it follows that curl £ €
Hy(curl, £2)" and grad x € Hy(div, £2)’. Therefore

H™'(2)? = Hy(curl, 2) + Hy(div, 2)'.
Here, we consider the other kernel
Kn(£2) = {w € Hy(curl, ) N H(div, £2); curlw = 0 and divw = 0 in £2},

which is of dimension equal to I. It is spanned (see Proposition 3.18 of [1] for a proof) by the functions grad qiN ,
1 <i < N, where each qiN € Hl(.Q) is the unique solution to the problem AqiN =0 in £, qiN =0 on Iy,
121 0ndl s 1) g2y = — 1, and g = const on Tk, 1201 (00 1) 12y = Sik for 1 <k < 1.
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Theorem 6. For any distribution f in the dual space Hy(curl, 2)’ that satisfies

divf=0 in2 and pgyecurt,2y(f V) Hycur,2) =0 forallve Ky(£2), (8
there exists a vector potential & in L*>(2)3 such that
f=curlé, withdivE=0in22 and &-n=0 onT, )

and such that the following estimate holds:

1§ 22(2)3 < CILS 1 Ho(curt, 2y - 10)

Proof. Let f be in the dual space Hy(curl, £2)’. According to Corollary 5 of [5], there exist ¥ € L%(£2)3 and &y e
L2(£2)3 with divéy=0in £2 and §;-n=0o0n I', such that f = ¢ + curl&, and such that the estimate

V12202 + 1§0ll 22y < ClLS Il Hy(curt. 2y

holds. Thanks to the density of D(£2)3 in Hy(curl, £2), we deduce that for all v € Ky (£2), we have
Ho(curl, 2y {€url &g, v) gy curt,2) = 0.

Since div f =0, it follows that div ¢ = 0. Then, thanks to the orthogonality condition,

Hoteurl, 2y (f > grad g ) o (curt, 2) = 0

foralli =1,..., 1, the condition H71/2(1~i)(1li -n, l)Hl/z(m =0 is satisfied for all i =0, ..., I. There thus exists a
vector potential ¢ € L?(£2)3 (see Theorem 3.12 of [1]) such that ¥ = curl g, withdivg =0in 2 and@-n=0o0n I,
and such that the estimate

lell22p3 < CllY 2 o)

holds. Hence, the vector function § = &, + ¢ possesses the announced properties. O
Remark 7. Theorem 6 has been established in [S] when I” is connected, in which case Ky = {0}.

For any integer m > 1, let us now introduce the space
H{'(curl, 22) := {v € Ho(curl, 2); curlv € HJ'(2)*}.
We can prove that D(£2)3 is dense in Hom (curl, £2). Moreover, we can characterize its dual space as
H™"(curl, 2) = {¢ +curl§; ¥ € Ho(eurl, 2), & € H"(2)%}.

Like in Section 3, given any distribution f € H " (curl, £2), with m > 1, that satisfies (8), there exists a vector
potential £ € H™"(£2)? such that f = curl£. Finally, using the decomposition (1) with m replaced by m + 1, it is
easy to prove, as in Section 3 , that

H"1(2)> = H ™ (curl, 2) + H " (div, 2), for m > 1.
4. Generalized Korn’s inequality
Finally, we consider tensor fields. The next theorem extends [6] Theorem 3.2; see also [2] Theorem 7.2.

Theorem 8. Assume that $2 is simply-connected. Given any integer m > 0, lete = (e;;) € H™™ (£2)3*3 be a symmetric
matrix field that satisfies the following compatibility conditions for all i, j, k,l € {1, 2, 3}:
326ik 326J'1 328‘/]( 826’,'[

- =0 in H " (). (1)
0x;0x;  Oxxdx;  0x0x;  Oxx0x;

Rijui =
Then there exists a vector field v € H"tY2)3 such that ejj = %(27”; + g—i{) and v is unique up to vector fields in
the space R(£2) ={a +b Aidg;a, b e R3}.
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_ . . . de: de;
Proof. Let e = (¢;;) € H; m(2)3%3 (the subscript s denotes a symmetric matrix field), and let f;j := ‘;eT’" — ;;k
J i
Then fijx € H —m=1((2) and, thanks to the compatibility conditions (11), we have 8% fijk = % fiji. Hence the impli-
cation (iii) = (iv) in Theorem 1 shows that there exist distributions p;; € H™"™(£2), unique up to additive constants,
such that % pij = fijk- Besides, since % pij = —% pji» we can choose the distributions p;; in such a way that
pij + pji = 0. Noting that the distributions g;; := e;; + p;; belong to H ™" (£2) and satisfy %qij = %qik, we again
J
resort to Theorem 1 to assert the existence of distributions v; € H~"11(£2), unique up to additive constants, such that

o, __ .
W;_qu‘ O

Define, for any integer m > 0, the following spaces:
E(2):=ec H,™(2)>3, Rijule)=0} and H"T'(2)*:= H " (2)°/R(%2).

By the previous theorem, for any e = (e;;) € E(§2), there exists a unique v = (v;) € H~"+1(2)3 such that ejj =
%(% + g%) We may thus define a linear mapping F : E(2) — H "t1(£2)? by F(e) = v. Using the same method

ax]'
as in [6], we can then prove the following result:

Theorem 9. The linear mapping F : E($2) — H~"11(2)3 is an isomorphism. Besides, there exists a constant C > 0

such that
. B —m+1 3
’elllel(fg) 0+ 7l gg-n+1 @y < C izj:||e,1(v) lty-m@ forallveH (£2)3,
and

10l -mt1 2y < c<||v||H_m(m3 + ) Jleij () ||Hm(m> forallve H™(2)3
ij

1, dy; dv;
where e;;(v) = E(Wvli + 7)-
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