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Abstract

We consider solutions to the time-harmonic Maxwell problem in R3. For such solution we propose a rigorous derivation of
the asymptotic expansions in the interesting practical situation when a finite number of inhomogeneities of small diameter are
embedded in the entire space. Then, we describe the behavior of the electromagnetic energy caused by the presence of these
inhomogeneities. To cite this article: C. Daveau, A. Khelifi, C. R. Acad. Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Sur la perturbation de I’énergie électromagnétique due a la présence d’inhomogénéités de petits diametres. Nous consi-
dérons des solutions des équations de Maxwell dans R3 en présence d’un nombre fini d’inhomogénéités de petits diametres. Pour
de telles solutions, nous obtenons des formules asymptotiques rigoureuses. Puis, nous décrivons le comportement de 1’énergie
électromagnétique. Pour citer cet article : C. Daveau, A. Khelifi, C. R. Acad. Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

L’objectif du travail décrit dans cette Note est de comprendre comment les solutions perturbées du probleme (3)
se comportent quand un nombre fini d’inhomogénéités {z; + aB;} de petits diametres sont introduites dans 1’espace
entier R3. Ceci nous amene, également, i étudier ’évolution de I’énergie électromagnétique correspondante selon
cette déformation du milieu de propagation.

On suppose que dans R on a m inhomogénéités {z j+aB j}’f‘zl, ol o est un petit parametre, B; C R3 est un
ouvert borné de diamétre borné indépendamment de j et les points {z; }’j’.’:1 vérifient I’hypothese (1). On suppose que
la perméabilité magnétique (1, et la permittivité électrique &, vérifient (2). Nous commencons notre analyse dans la
section 2 en obtenant rigoureusement des développements asymptotiques des champs électrique et magnétique, avec
des estimations d’erreurs uniformes dans R3. Ces formules asymptotiques sont construites par la méthode des déve-
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loppements asymptotiques raccordés. Concernant cette méthode, le lecteur peut consulter [7,10]. En domaine borné,
on peut voir aussi les travaux [1,3,5]. Le terme d’ordre principal dans des développements asymptotiques analogues
(mais pour le cas d’un domaine borné) a été obtenue par Vogelius et Volkov [14] et Ammari et al. [4]. Nos formules
asymptotiques utilisent des tenseurs de polarisation associés a des inhomogénéités électromagnétiques qui semblent
étre des généralisations naturelles des tenseurs qui ont été présentés par Schiffer et Szeg6 [13] et completement étudiés
par beaucoup d’autres auteurs [2,6,8,11].

1. Problem formulation

We suppose that there is a finite number of electromagnetic inclusions in R3, each of the form z j +aBj, where
B; C R? is a bounded and C*°-domain containing the origin. The total collection of inhomogeneities is:

By =|J{zj +aBj}.

j=1
The points z; € R3,j =1,...,m, which determine the location of the inhomogeneities, are assumed to satisfy the
following inequality:
Zj—alzc0 >0, Vj#L (1)

Let o and go denote the permeability and the permittivity of the free space, w > 0 is a given frequency and k =
w./eoito > 0 is the wave number. We denote by x = (x1, x2, x3) the Cartesian coordinates in R3. We shall assume
that 1o > 0 and g9 > 0 are positive constants. Let ;> 0 and ; > 0 denote the permeability and the real permittivity
of the j-th inhomogeneity, z; +a B;; these are also assumed to be positive constants. Introduce the piecewise-constant
magnetic permeability

ua<x>¢={”°’ N @

Mj, xezj+taBj, j=1,...,m.

The piecewise-constant electric permittivity &, (x) is defined analogously. If we allow the degenerate case o = 0, then

the function po(x) (resp. eo(x)) takes the constant value of g (resp. &9). We now suppose that the collection of

inclusions B, is contained in an open subset £2 of R? and that the source current density J; is supported in R® \ £2.
Let (Eo, Hy) € R? x R3 denote the time-harmonic electromagnetic fields, with pulsation w, in the presence of the

electromagnetic inclusions By. These time-harmonic fields are solutions of the Maxwell’s equations, see [9,12]:

V xEy =iowpugHy, in R3,

V x Hy = —iweqEq + I, in R?,

vxE, andvxH, are continuous across d(z; + o B;), 3
lim |x||:V><EO,—iki an:|=O and lim |x||:VxHa—ikixHa:|=O.

lxe|—00 |x| lx|—00 x|

Here v stands for the outgoing unit normal to d(z; + « B;). We eliminate the magnetic field from the above equations
by dividing the first equation in (3) by 1, and taking the curl. We obtain a problem for E:

V x u;'V x By — 0’e,Ey =iwJ;,  inR3,

v X Ey is continuous across d(z; + o B}),

N (4)
lim |x||VxEy—ik— xE,|=0.
|x|—o00 |x|
We obtain the magnetic field H, from E, through the formula, H, = mv x Ey. The electromagnetic energy is
defined by:
1 2 -1 2
Eo 1= B (8a|Ea(x)| + (ta) |Ha(x)| )dx~ o)
R3

The finiteness of the electromagnetic energy &, requires that both electric and magnetic field belong to a space of
fields with square integrable curls:

H(curl; R%) := {a e L*(R%)*; curlae L?(R%)*}.
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It can be shown that there exists a unique solution E, € H (curl; R3) to the problem (4), and this solution satisfies
the following Lippman—Schwinger integral representation formula:

Lemma 1.1. Let E, be the solution of (4). Then, the following integral representation formula holds

E,(x) =Eo(x) + ) / (—io(uj — no)V' x Gx,x') - Hy (x') + 0’ o (e — £0)G(x, x') - Eq (x)) dx’.
1= taB;

(6)

The 3 x 3 matrix valued function G means the Green’s function solution to
V x V xGx,x) —k*Gx,x") =T38(x — x), in R,

lim |x|[V x G(x,x") — ik x g(x,x’)] =0,
|x|—o00 |X|

where 73 is the 3 x 3 identity matrix. In the above notation the curl operator, V x, acts on matrices column by column
and V’x denotes the curl operator with respect to the second variable x’.

The proof of Lemma 1.1 consists of multiplying the first equation in (4) by G(x, x’) - v (v € R?) and integrating by
parts over the domain §2 which contains the set of inclusions {z; +aB;}7_;.

2. Asymptotic behavior

As mentioned in the introduction, our analysis will involve the polarization tensors M € R3*3. We recall that these
tensors are defined by

M(q;/q0; Bj)1=/Vv"(X)dx, (7
Bj
where {g;} (resp. go) denote either the set {¢;} or {u;} for 1 < j < m (resp. denote either &g or pp) and where the
functions v?, which depend on the contrast g /qo, are solutions of the following problem,

_ ; 3
{v.q(x)w(x)_o, inR3, (8

vi(x)—x—0 as x — 00,
where

3\ B,
g(x) = {QOa xeR \B],

qj, Xx€Bj.

The following proposition holds:
Proposition 2.1. Suppose that (1) and (7) are satisfied and let (Ey, Hy) be the solution of (3), then we have

(i) The electric field E, satisfies the following uniform expansion

m

Eq(x) =Eo() + o Y [—io(u; — o)V’ x G(x,2}) - M/ po; BjHo(z))
j=1

+wuolej — £0)G(x. 7;) - M(ej/e0: Bj)Eo(z))] + O(e*). ©9)

(i1) The magnetic field Hy, satisfies the following uniform expansion

H, (x) =Ho(x) + &’ Y [iw(e; — £0)V' x G(x.z;) - M(ej/20: Bj)Eo(z;)
j=1
— w?eo(ij — 10)G(x, z;) - M(j/po; Bj)Ho(z;)] + Oe™). (10)
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Proof. For simplicity, we may focus on the case of a single inhomogeneity, i.e. m = 1. The derivation of the asymp-
totic expansions for any fixed number m of well separated inhomogeneities follows by iteration of the arguments that
we will present for the case m = 1. In order to simplify the notations we assume that the single inhomogeneity has the
form z 4+ o B and denote the electric permittivity and magnetic permeability inside z + a B by &, and ., respectively.
For the problem (3) stated in section 1 the asymptotic expansion of the solution (E, Hy) which is uniformly valid in
space is constructed by the method of matched asymptotic expansions for « small, as done in [3,7,10]. To reveal the
nature of the perturbations in the electric and magnetic fields, we use the local variable £ = *-< and we set the field
eq(§) =Ey(z+ &) and hy(§) = Hy(z + a&). We expect that E, (x) and Hy (x) will appreciably differ from Eq(x)
and Hy(x), respectively for x near z, but will be close to Eg(x) and Ho(x) for x far from z. Therefore, in the spirit
of matched asymptotic expansions, we shall represent each of the fields E, and H,, by two different expansions, an
inner expansion for x near z, and an outer expansion for x far from z. The outer expansion is:

Eo(x) =Eo(x) + ¢ E1(x) + a2 Ey(x) + - - -, H,(x) =Hy(x) + o™ Hi(x) + a2 Hy(x) + - - (11)
for [x —z| > a, where 0 <71 <12 <---,and (E;, Hj) j>1 are to be found.
We write the inner expansions as
Eo(z+af) = ey (£) =eo(§) +aei(§) +a’er () +---, for [§] = O(1),
H, (z + o) =hg(§) =ho(§) + ahi (§) + a*ha(§) +---, for €] = O(1), (12)

where (e, h;)j>1 are to be found.
We try to equate the inner and the outer expansions in some ‘transition region’, as done in [3], within which the
stretched variable £ is large and x — z is small. In this domain the matching conditions are

Eo(x) +a™ E1(x) + a® Ex(x) 4 -+ ~ eo(§) + ae1 (§) + a’ex(€) + -+,
Ho(x) + ™ Hi (x) + ¢ Hy(x) + -+ ~ho(€) + ahi () + e’ hop(§) + -+ (13)

Observing that

X —2Z X —Z
&g =e¢0, and pu| —— | =po
o o

for |x — z| > «, we find that the stretched coefficients €(£) and ©(£€) can be defined by

_|e0. &eR\B, _ o EeR\B,
“9—{&,56& and M@‘{W,Sea

Inserting relation (12) into the Maxwell’s equations (3) and formally equating coefficients of «~!, we get from (13)
that

V x ep(§) =0, in R3,
V- (e(&)eg(§)) =0, inR3, (14)
eo(§) — Eo(2), as |§] — +o0,

and
V x hy(§) =0, in R3,
V- (u®ho(£)) =0, inR, (15)
ho(§) — Ho(2), as |§] — +oo0.

Therefore,

eo(§) = Vo' (§)(Eo(2)), ho(§) = Vo' (£)(Ho(2)).

where the function v?, for ¢ (&) = (&) or u(§), is defined in (8).
To finish, we use the definition (7) and we insert the inner expansions into the Lippman—Schwinger integral repre-
sentation formula (6) for the field E,, to find (9). The proof of (10) can be deduced similarly. O
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To evaluate the influence of the presence of the inhomogeneities on the electromagnetic energy defined by (5), we
introduce its density per unit of volume which is denoted by X, . According to Poynting’s theorem, the energy density
Ry 1s given by:

Ry =V Iy +Js - Eq, (16)
where I, is Poynting’s vector,
_ E, x H,

mo

I, a7

The following theorem justifies the behavior of the electromagnetic energy in the entire space.

Theorem 2.2. Suppose that (1) and (16) are satisfied and suppose that the inclusion Bj is a ball for each
jel{l,...,m}. Then, the following uniform expansion holds

“ i — &
Ry (1) — Ro(x) = o ;3|B,-|(8j’+—250[k% (G(x,z)) -Eo(z)))

1
+ —V - [iweoEg x (V' x G(x,2) - Eo(z))) + k*(G(x, z;) - Eo(zj)) x Ho(z)]]

1o
L 1
= %[iwms (VX G2 Bo)) -V - [jwmo(V x G 2)) - HoG))

+Kk*Eo x G(x, 2)) ‘Ho(z,‘)]]> +0(@).

Proof. Recall the following identity: V- (A x B)=B -V x A — A -V x B. Relation (17) immediately gives

1
V.-(Iy)=—[Hy -V xEy, —Ey -V x Hyl. (18)

Ko
Next, under the assumption that inclusion B; is a ball for all j € {1, ..., m}, it was proved in [6] that polarization

tensors (7) are simplified
310 3eg

M(u; :B;))=———|B;|13, d M(s; i B;))=———|B;|Z5. 19
(uj/1ro; Bj) Mj+2M0| ilZ3, an (ej/€0; Bj) e.,~+2£0| 173 (19)

Then, according to [5] the correction of order four in (9) is zero and the remainder is in fact o). Using this result
and inserting (19) into (9), one obtain the following expansions:

N 3wy — o) ,
Ea(x)=Eo(x)+a3;[—lwuowj+72£|3jlv x G(x,z;)-Ho(zj)
+k2M|B'IQ(x zj) - Eo(z)) |+ O@@?) (20)
&+ 2¢0 J ) J ’

In a similar fashion, we obtain the expansion for the magnetic field:

m

H, (x) = Hy(x) + o Z[ia)so

j=1

3(¢j — €0)
e 1BV X G 2)) o)
J
_ 23 = ro)
mj+2uo

Using relations (20) and (21), the following holds:

|Bj|G(x,z)) ~Ho(Zj)] +0(a”). (21)
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m
Hy -V xE,=Hy-V xEg+a’1 Y ciHo-V x (V' x G(x,z/)Ho) +c2Ho - V x (G(x, z))Eo)
j=1

+ Zc/l (V' x G(x,z,)Eq) - (V x Eg) + ¢4 (G(x,2)Ho) - (V x Eg) § + O(e),
=1

where the constants ¢, ¢a, c/1 and c’2 are given by

a1 G _ M mo

iopo k> T i+ 2u0
1) €l L& —&0

|Bjl,

S == |Bjl.
k2 iweg gj +2¢go

In the same manner we find the expansion of the term E, - V x Hy; therefore (18) becomes

m 1
V. (My) =V - (M) + o> Z %[clv (V' x G(x,zj)Hg) x Hp) + 2V - (G(x, z;)Eo x Hp)
j=1
+¢)V - (Eo x (V/ x G(x,2))Eo)) + 4V - (Eo x G(x, zj)Hp) ] + O(e”).

The proof is achieved by expanding the term J; - E, in (16) at order 5 with respectto . O
By using Theorem 2.2, we can prove the main result:

Theorem 2.3. Suppose that (1) is satisfied and suppose that the inclusion B; is a ball for each j € {1, ..., m}. Then,
there exists a positive constant C such that the following estimate holds:

|€a — Eol < CC(37

as a — 0. The constant C is independent of a and the set of points {z; ;”z 1» but this constant C depends on | Bj|.
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