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Abstract

Let ϕ be the Euler totient function, and let k, r be fixed integers with k � 1 and |r| � 1. A positive integer n has the Lehmer
property if it is composite and ϕ(n) divides n − 1. We give a short proof that the set L(k, r) – of numbers n with the Lehmer property
that fulfil the extra condition ϕ(n)k ≡ r(mod n) – is finite. This is an extension of a result obtained recently by Deaconescu. To cite
this article: M. Wójtowicz, M. Skonieczna, C. R. Acad. Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

L’ensemble des entiers ayant la propriété de Lehmer. Soit ϕ la fonction indicatrice d’Euler, et soient k, r des entiers fixés tels
que k � 1 et |r| � 1. Un entier strictement positif n a la propriété de Lehmer s’il est composé et si ϕ(n) divise n − 1. On donne
une courte preuve du fait que l’ensemble L(k, r) – des nombres n possédant la propriété de Lehmer et qui vérifient la condition
supplémentaire suivante ϕ(n)k ≡ r(mod n) – est fini. Ceci est une extension d’un résultat obtenu récemment par Deaconescu. Pour
citer cet article : M. Wójtowicz, M. Skonieczna, C. R. Acad. Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Throughout this Note ϕ stands for Euler’s totient function, N denotes the set of positive integers, M ∈ N with
M � 2, and LM denotes the (possibly empty) set of solutions to the equation

M · ϕ(n) = n − 1. (∗)

Notice that ϕ(n) = n − 1 if n is prime. In 1932 Lehmer [5] asked whether the set L := ⋃∞
M=2 LM is nonempty.

Following Luca [6], the elements of L will be referred to as the numbers with the Lehmer property.
Although Lehmer’s problem is still open, there are many results on the members of L proven under the assumption

L �= ∅, e.g., Lehmer has proved that every n ∈ L is odd, squarefree, and the number ω(n) of prime factors of n is � 7
(for more recent results in this direction see [3] and the references given therein; cf. [1,4]).

Let L(k, r) denote the set consisting of numbers with the Lehmer property that fulfil the congruence

ϕ(n)k ≡ r(mod n), (1)

where k, r are integers with k � 1 and |r| � 1. In 2006 Deaconescu proved that
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– for every r � 1 the set L(2, r) is finite, and
– for every k � 2 the set L(k,1) is finite

([2, Theorems 1.1 and 1.2], plus remarks on p. 2).
In the theorem below we extend Deaconescu results and we give a short proof, based heavily on the following

estimate of the numbers nM := minLM obtained in [3, Corollary]:

nM > (M · 3M−1)3M

for all M � 8. (2)

For this purpose, we define a sequence (aM)∞M=2 which tends rapidly to ∞ as follows: a2 = 1020 +1, a3 = · · · = a7 =
108170 + 1, and aM = (M · 3M−1)3M + 1 for M � 8. The symbol 〈a, b〉N will denote the set {n ∈ N: a � n � b}.

Theorem. For every pair k, r of integers with k � 1 and |r| � 1 the set L(k, r) is finite. More exactly, this set is
included in the finite set

B(k, r) :=
∞⋃

M=2

〈
aM, |r| · Mk + 1

〉
N

(here 〈aM, |r| · Mk + 1〉N = ∅ for all but a finite number of M’s).

From the inclusion L(k, r) ⊂ B(k, r) one can evaluate the cardinality of L(k, r). For example, let us consider
an extreme case. It is easy to check that for k � 10 and |r| � 1016 (and for other cases listed below) we have
aM > |r| · Mk + 1 for all M � 2, whence B(k, r) = ∅. Thus from the theorem we immediately obtain

Corollary. If aM > |r| · Mk + 1 for all M � 2, then L(k, r) = ∅. In particular, this is so for the cases k � 10 and
|r| � 1016, k � 30 and |r| � 1010, and k � 50 and |r| � 104.

Proof of the Theorem. Assume L(k, r) �= ∅, and fix n ∈ L(k, r). Then n ∈ LM for some M , and from (∗) we obtain
Mk · ϕ(n)k ≡ (−1)k(mod n). Moreover, (1) implies that Mk · ϕ(n)k ≡ r · Mk(mod n). Hence n divides r · Mk +
(−1)k+1, and so

n � |r| · Mk + 1. (3)

Further, we obviously have n � nM , and since n2 � 1020 + 1 = a2 (Cohen and Hagis [1]), nM � 108170 + 1 = aM for
3 � M � 7 (Hagis [4]), and nM � aM for M � 8 (by (2) above), we get n � aM in any case. Combining the latter
inequality with (3) we obtain n ∈ 〈aM, |r| · Mk + 1〉N; this proves the required inclusion L(k, r) ⊂ B(k, r).

Moreover, since limM→∞ aM

|r|·Mk+1
= ∞, the sets 〈aM, |r| · Mk + 1〉N are empty for almost all M’s.
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