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Abstract

We consider the function f,, defined by fy,(0) =1 — )2 f1(e'?) with f; a regular strictly positive function and o a real
number with —% < «a. For such a number o we compute the inverse Ty ( fa)q of the Toeplitz matrix Ty (fy) and we obtain the
asymptotic behaviour of the entries of this matrix when N goes to infinity. This inversion allows us to obtain two new families
of kernels, Hy for —% <o <0, and Gy for @ > 0. We obtain also an asymptotic expansion of the coefficients of the orthogonal
polynomials associated to the function f,, and we give an answer to a question of H. Kesten (1961). To cite this article: P. Rambour,
A. Seghier, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Inversion asymptotique des matrices de Toeplitz dont le symbole présente une singularité. Considérons la fonction fy () =
11— e'? |2a fi (€'?) on f1 est une fonction réguliére strictement positive et « un nombre réel tel que —% < «. Pour un tel @ nous
calculons 'inverse Ty (fo)~! de la matrice de Toeplitz Ty (fo) et nous obtenons le comportement asymptotique des coefficients de
cet inverse quand N tend vers I'infini. Ceci nous permet de mettre en évidence deux nouvelles familles de noyaux Hy pour —% <
a <0, et G pour @ > 0. Nous obtenons également un développement asymptotique des coefficients des polynémes orthogonaux
associés au poids fy. Pour o = % nous répondons a une question énoncée par H. Kesten (1961). Pour citer cet article : P. Rambour,
A. Seghier, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Si & est une fonction de L!(T), on note Ty (k) la matrice (N + 1) x (N + 1) définie par Ty (W)k+1.14+1 = (fz(k —-1))
ou fz(s) est le coefficient de Fourier d’ordre s de /. Dans la suite, si o est un réel strictement supérieur a —%, on pose
fo =11 — x|? f1 en notant x (¢!?) = e'?, et ott f; est une fonction strictement positive sur le cercle unité. Nous sup-
posons de plus que f; appartient a 'ensemble C = {h: h > 0eth € A(T, %)} ou A(T, u) ={h € C(T): ||hllacr,p) =
ZnEZ |n + l|“|ﬁ(n)| < oo} [8]. Il est connu qu’on a alors les décompositions f1 = g181, fo = &a&a> avec g1, gl_lga,
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g; € H>*. Nous supposons egalement 02" ﬁ dr =1 ce qui ne réduit pas la généralité de nos énoncés. On

obtient alors les Théoremes 2.1 et 2.2. 11 faut noter que le Théoréme 2.2 donne 1’asymptotique lorsque N tend vers
I’infini des éléments (Tx (|1 — )(|2"‘f1))[*1\}x]+1’[1\,y]Jrl pour 0 <x,y < 1let —% < o < 0; par contre le Théoreme 2.1
nous donne une expression asymptotique valable pour tout exposant ¢ positif, ce qui nous permet de traiter un champs
beaucoup plus large que H. Kesten dans [9] qui n’obtient ce résultat que pour o € ]%, 1[. Dans ce méme article H. Kes-
ten propose une expression analytique pour (Ty (|1 — x| fl))[_]\}x] 1INy mais ne peut rien dire sur le cas x = y. Les
réponses a ces deux questions sont dans les Théorémes 2.1 et 2.6. Dans le cas ou « est un entier positif p le noyau
G, correspond au noyau de Green d’un opérateur différentiel d’ordre 2p [11,13].

Notre méthode est basée sur Iutilisation des polyndmes prédicteurs de |1 — x|?* f; dont les coefficients sont, a
normalisation pres, les éléments de la premiere colonne de (7Tn (L—\X |2°‘ fl))_l. Rappelons [10] que si Py est le
|PA1,1\2)(S) = fz(s), pour —M < s < M. On a alors

Ty (h) = TM(ﬁ) si Py est le polyndme prédicteur de degré M de h, et également Qy(x) = XNPM (x) si Om

polyndéme prédicteur de degré M d’une fonction & nous avons (

est le polyndome orthogonal de degré M associé au poids /. Notons ZMN:() Bu.a.nx" le polyndme prédicteur de degré
N de |1 — x|** f;. Dans une premiére étape nous calculons une asymptotique des f, 4.y pour o € ]—%, %[ avec
une formule d’inversion adéquate (voir [12] et [15]), et nous les relions ensuite avec les coefficients du polyndome
prédicteur de |1 — x|>** dont I’asymptotique est facile 2 déterminer (voir [5]). Puis par un passage 2 la limite nous
obtenons les coefficients B, 1,2, . Une seconde étape consiste a obtenir les coefficients B, 11,5 & partir des B, o N
grice a une formule de récursion établie dans [11,13]. Nous obtenons ainsi le Théoreme 2.5. Enfin une formule a la
Gohberg—Semencul [11,13] nous fournit 1’asymptotique des coefficients de (T (|1 — x|>* f1)) ™! a partir des By .a.§
pour tout réel o > — %

Application. En procédant de la méme maniere que H. Widom et H. Bottcher pour les exposants entiers [4] le
noyau G, permet d’obtenir une expression asymptotique quand N tend vers I’infini de la plus petite valeur propre de
(Ty (11— x> fi)~! pour tout o > 0.

Remerciements. Nous remercions le referee pour I’aide qu’il nous a apporté dans la rédaction de cette Note.
1. Introduction

Let h be a functlon belonging to L!(T). We denote by Ty (h) the (N + 1) x (N + 1) Toeplitz matrix with
Tn(M)k+1.0+1 = (h (k — 1)) constituted by the Fourier coefficients h(s) of h. It is well known that Ty (k) is invert-
ible for all N > 0 if & is positive. Let « be a real number in R \ Z and —5 < «. In this paper we study the asymptotic
behaviour of (T (|1 — x |** fl))k_il, 1+1 When N goes to infinity and where /1 is a regular function that satisfies some
natural hypothesis, and x stands for e/?. We say that f has a zero of fractionary order 2« if @ > 0 and a pole of
fractionary order 2« if o < 0.

The previous results about this asymptotic behaviour are those of H. Kesten [9] and P.M. Bleher [2]. For example
H. Kesten [9] has obtained the first result, dealing with « € ]1/2, 1[. The purpose of this work was to study random
walks with characteristic function @ such that 1 — & = |1 — x|?* f;. The second part of his paper was devoted to the
applications to Toeplitz matrices, and he obtained the following asymptotic relation, for 0 <k <IN
Kk(x,y)

20—1
y|20t—1 / wD{—l(l _ w)—ZC{ dw +0(1)

A= XAy p1= Fogr -

for
min(x(1 —x)~", y(1 =)~
max(x(1 —x)~!, y(1 —y)~h
and limy_, o k/N = x and limy_,[/N =y and x #y, 0 <x <1, 0 <y < 1. For x = y the expression in the
right-hand side of the previous formula has to be read as

1

AT (@)? e~ 1)

K(x,y)=

x2a71(1 _x)2a71.
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Moreover for o = % and x # y Kesten said that the asymptotic expression of the entries of the matrix (Tn (|1 —
x1f1))~! is given by the right-hand side of the previous formula with o = %, but he cannot conclude for x = y. The
answers to these questions are in Theorems 2.1 and 2.6.

However in [2] P.M. Bleher obtained by analytical methods the coefficients (T (|1 — x |2"‘ fl)) [Nx]+1.INy]+1 for

3
4<N<land0<ﬁ<zandoz>0.

In previous works [11,13] we treated the case where « is a positive integer p, and we obtained

1

(TN(|1—X| fl))[Nx +1,[Ny]+1 mszile(X, y)—i—o(NzP’l) (1)

where G is the Green kernel of a differential equation of order 2p with specific boundary conditions. It is a remark-
able fact that for o > 0 the kernel G has the same expression as the kernel G ,. The statement of the kernel G, for
an integer p required several steps (see [11] for the first version) and partly due H. Bottcher ([3], page 49 for the case
where f1 = 1). We obtain also an asymptotic expansion of the entries of the inverse for « = % This allows us to give
a positive answer to a question by H. Kesten [9].

An application of the kernel G, from Theorem 2.1 is to compute the extremal eigenvalues of the matrix T (|1 —
x1?% f1), for all & > 0. Indeed H. Widom and A. Béttcher [4] write an asymptotic relation when N goes to the infinity
of the minimal eigenvalue of the Toeplitz matrix of symbol i, =[1 — x |27 f1, for p a natural integer. Their result is

that Ayin (T (hp)) ~ p f1(1) where ¢, = \/Snp(%p)zl’(l + O(ﬁ)). The work of these authors is closely related

N2p
to the remark that m = Amax (T (h )~ 1) and that Amax (T (7)) ™1 = mN2 Amax(Gp) where G, is the
integral operator of kernel G ,. Then they obtain the previous expression of Amin(Tn (%1,)). Using Theorem 2.1 we can
extend this method to all matrices T (|1 — x|?* f1) with any positive real exponent « since the expression of G, for

any positive real « is the same as for the integers.
2. Main results

Let f, be the function f,(0) = |1 — x|** fi. We assume that f] belongs to the set C defined by C = {h: h >0
and h € A(T, %)} were

A(T, p) = {h € C(T): |hllacr =Y In+ 1[*h@)] < oo}

nez

(see [8]). Then it is known that f; = g1g1, g1, 1 € H?*T and v = 8a8u> La» ~1 ¢ H2+ We put also 1=
8181, 81, 84 8a8as Sas 8y p 20
E u>=0 ﬁ,‘j‘ x". Without loss of generality we may assume that

1 T 1
By =— dr=1
2n 0 8a(t)

2.1. Asymptotic expansion of the entries of the inverse matrix
Theorem 2.1. Fora > 0and 0 <x,y < 1,x # y, we obtain
_ A2a—1
fl(l)(TN(fOl )[Nx +1 [N} N Fz(a)
uniformly in (x,y) for 0 <81 <x, y < <1, x #y where

! o=l ya—1
G (X, ) = X%y / =" ="

t20t

(Galx.y) +o(N>*71)

max(x,y)

Theorem 2.2. For —% <a<0,and0<x,y <1, x#Yy, we have

w1 .
ATy = V! gy (Halx ) +o(N> )
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uniformly in (x,y) for0 <81 <x,y <82 <1, x # y where
€“ 1
Hy(x, y) = lim x%y% <Ie,a(x, M= =00y +x)°‘>
€—>
and

=)' —y*!

o dr

leo(x,y) =
max(x,y)(1+€p(x,y))
and
I —|x -yl

(%, y) = min(x, y)

A complete proof of Theorem 2.1 and Theorem 2.2 will be published in [15]. We can observe that G4 (x, x) and
H, (x, x) are not defined if o € ]—%, %[. In [14] we give an asymptotic expansion of the entries (Tx (f(,())k_i1 k1 for

0<k<N and —% << %, and this last result provides us an expression of Tr(Ty (fo) L.
2.2. Orthogonal polynomial, predictor polynomial

Definition 2.3. Let & € L'(T) be a non-negative function such (Ty (h))~! is defined for all integer N. Then the
predictor polynomial of degree M of the function /4 is the polynomial Zi”zo v, x* with

1 -1 2 —1
Vu = /’L_M(TM(h))u+l,l’ forOsu<M, and Fw = (TM(h))l‘l'

It is well known [6] (see also [10] page 53), that the predictor polynomial verifies the following fundamental property:

Proposition 2.4. If Py is the predictor polynomial of degree M of h we have

/l\ .
(|pM|2)“) =h(s), -M<s<M,

where £(s) denotes the sth Fourier coefficient of t.

Remark 1. If Py is the predictor polynomial of degree N of f, Ty (f) = TN(ﬁ).

Remark 2. If Qy is the is orthogonal polynomial of degree N associated with the weight 4 we have
onGO = x"NPn ().
We give now the asymptotic expansion of the coefficients of these polynomials.

Theorem 2.5. If « > —%, o # 0, we obtain for 0 < x < 1,

o -1 o— 1 o— o o—
W (Tw (11 = x P 1)) yapprs =N lmx "1 —x)* +o(N*T1),

uniformly for x in [81,82], 0 <61 <8 < L.
A particular but important case provides the asymptotic expression of (T ( fo[))kjl1 1 for —% < a < 0. This formula

allows to compute the correlation coefficients for long memory processes (see [5] and [1]). These quantities also play
an important role in prediction theory [7].
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2.3. The case o = %

Theorem 2.6. For o = % we have

_ 1
ST (1= X1))g 1 = - InN) + 0(n N)

uniformly in k in [8,1 — 8], with 0 < § < %
In this case we have the following trace formula

oy 1
AOT(Tn (1= x1A) ) = —NInN +o(NInN).

2.4. Trace Theorem
Theorem 2.7. If « > % we have

AQT(Ty (11 = % 1)) = N”"mma, 2a) +0(N*)

where B(x, y) =f01 N1 =y dr = Fr(’(‘iii?-

For —% <a< % and o 5 0 this trace has also been obtained in the previous paper of the authors [14].
3. A sketch of the proof

The main idea of the proof is the observation that the necessary information on (Tn (|1 — x 1% £1))~! can be
deduced from the formula for the predictor polynomial of degree N of |1 — x|>* f1. Denote it by

N
Zﬁu,a,NXu-
u=0

Using an adapted inversion formula, we compute an asymptotic expansion of the coefficients B, oy (see [12] and
[15]), which are closely related with the asymptotic expansion of the coefficients of the predictor polynomial of
[1 — x|?. These last coefficients can be easily computed (see [5]). Then we prove that

lim  (Bu,a,N) = Bu,1/2,N-
a—(1/2)~

At the second step we use a recursive formula relating the coefficients S, o, n to the coefficients B, o+1,n5 (see
[11,13]) to obtain Theorem 2.5.

At the last step, Gohberg—Semencul (see [11,13]) formula allows us to get the asymptotic expansion of the entries
of (TN(fa))_l from the coefficients B, o N-
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