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Abstract

We give a classification of polycyclic groups of orientation-preserving C2-diffeom0rphisrns of the closed interval. This
shows that many polycyclic groups of Cz—diffeomorphisms of the half-open interval are not the restriction of groups of c2-
diffeomorphisms of the closed interval. To cite this article: Y. Matsuda, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Groupes polycycliques de difféomorphismes de I’intervalle fermé. On donne une classification des groupes polycycliques
de difféomorphismes directs et de classe C 2 de I'intervalle fermé. Cela montre que il y a des groupes polycycliques de difféo-
morphsmes de classe €2 de I'intervalle demi-ouvert qui ne sont pas des restrictions des groupes de difféomorphsmes de classe c?
de I'intervalle fermée. Pour citer cet article : Y. Matsuda, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The purpose of this note is to describe a contrast between the groups of diffeomorphisms of the half-open in-
terval and those of the closed interval. Precisely, we compare the group Diffi([O, 1]) of orientation-preserving
C2-diffeomorphisms of the closed interval [0, 1] with the group Diff?([0, 1[) of C2-diffeomorphisms of the half-open
interval [0, 1[. The former can be regarded as a subgroup of the later by considering the restriction to the half-open
interval. We focus on polycyclic subgroups of these two groups.

Recall that a group I” is said to be polycyclic if there exists a finite sequence of subgroups

Ir=rpy>nh>--->I,,={1}

such that forevery i = 1,...,n, I3 isnormal in I;_1 and I;_1 /I is cyclic. It follows from the definition that every
polycyclic group is solvable. On the other hand, it is known that a solvable group is polycyclic if and only if each of
its subgroup is finitely generated (see [13], pp. 432—433, Proposition 4.1). Therefore every polycyclic group I" has
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a unique non-trivial nilpotent normal subgroup N which is maximal with respect to inclusion. This subgroup N is
called the nilradical of I (see Chapter IV of [11], pp. 56-58 for the details).

After the works of Kopell [3] and Plante—Thurston [10] on abelian and nilpotent subgroups of Diffz( [0, 1]) respec-
tively, Plante studied solvable subgroups of Diffz([O, 1[) in [8] and [9]. Examples of non-nilpotent polycyclic groups
are obtained as subgroups of the group Affy (R) of orientation-preserving affine transformations of the real line R.
Based on this fact, Plante constructed polycyclic subgroups of Diff?([0, 1[) by choosing a diffeomorphism ¢ from the
real line R onto the open-interval ]0, 1[ such that the conjugates of elements of Aff, (R) by ¢ are extended to C2-
diffeomorphisms on the half-open interval [0, 1[ (see [9], p. 48). By an appropriate choice of the diffeomorphism ¢,
these conjugates are extended to C2-diffeomorphisms on the closed interval [0, 1]. Thus the affine group Aff, (R) can
be regarded as a subgroup of Diffi([O, 1]) c Diff?([0, 1[) and we obtain polycyclic subgroups of Diffi([O, 1]). For
the details and another construction by using the action of Aff (R) on the circle, see [12], pp. 231-232.

Plante also gave the following partial classification of polycyclic subgroups of Diff?([0, 1[) based on Corollary 4.6
in [8] (see [9], p. 48, Theorem B):

Theorem (Plante). Let I" be a polycyclic subgroup of Diff?([0, 1[). If the nilradical of I" has no global fixed points
in 10, 1[, then I' is topologically conjugate to a subgroup of Aff (R).

Note that in the original statement of Theorem B in [9] Plante assumed only that I" has no global fixed points in
10, 1[ and failed to write the assumption on the fixed point set of the nilradical though his argument in the proof shows
the above theorem.

Later Moriyama [S] showed that the assumption on the fixed point set of the nilradical in Plante’s theorem is
necessary. In fact, he constructed polycyclic subgroups of Diff>([0, 1[) such that they have no global fixed points
in ]0, 1[ and their restrictions to ]0, 1[ do not conjugate to subgroups of Aff; (R) (see [5], p. 415). He also classified
polycyclic subgroups of Diff?([0, 1[) into two types in accordance with the dynamics of the nilradical (see [5], p. 399).
His ideas were pursued by Navas [6,7] to give a classification of solvable subgroups of Diffz([O, 1]).

In this paper we show that a different situation arises when we restrict ourselves to Diffi ([0, 1]). In fact, when we
replace Diffz([O, 1D by Diff%r([O, 1]) in Plante’s theorem, the assumption on the nilradical must necessarily hold if
the group I" has no global fixed point in ]O, 1[. Our main result is the following:

Theorem 1.1. Let I" be a polycyclic subgroup of Diffﬁ_([O, 11). If I has no global fixed points in 10, 1], then it is
topologically conjugate to a subgroup of Aff, (R).

This shows that Moriyama’s polycyclic subgroups of Diff>([0, 1[) are not restrictions of polycyclic subgroups of
Diffi([O, 1]). Note that Theorem 1.1 does not hold true if we replace I" by a solvable (but not polycyclic) subgroup
of Diffi([O, 1]) (see Remark 2).

The key ingredient of the proof of Theorem 1.1 is a variation of Kopell’s lemma for Diffi([O, 1]) due to S. Druck
and S. Firmo (see Theorem 2.1).

2. A variation of Kopell’s lemma
We begin by recalling Kopell’s lemma ([3], Lemma 1).

Lemma (Kopell’s lemma). Let f and g be commuting elements of Diff>([0, 1[). If f fixes no points in 10, 1[ and g
fixes a point in 10, 1[, then g is the identity.

Note that in this lemma the group generated by g is a normal subgroup of the group generated by f and g. This
observation results in the following fact:

Let " be a subgroup of Diff>([0, 1[). If N is an infinite cyclic normal subgroup of T", then we have 9 Fix(N) C
Fix(I).

Druck and Firmo ([1], Theorem 5.3) pointed out that when we restrict ourselves to Diffi_([O, 1]) this fact can be
extended as follows:
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Theorem 2.1 (Druck and Firmo). Let I" be a subgroup of Diffi([O, ID. If N is a finitely generated abelian normal
subgroup of I', then we have d Fix(N) C Fix(I").

Remark 1. Theorem 2.1 still holds true even if we replace Diff%_([O, 1]) by Difffh Y([0, 11) and we do not assume
that N is abelian (the proof will be given in [4]). However, this extension is unnecessary for the proof of Theorem 1.1
and we do not go further here.

3. Proof of Theorem 1.1

Let I" be a polycyclic subgroup of Diff%r([O, 1]) and assume that Fix(I") = {0, 1}. We denote N the nilradical of I".
Then N is a finitely generated nilpotent normal subgroup of I". Since N is nilpotent, it follows from the theorem of
Plante and Thurston (see [10], Theorem 4.5) that N is abelian. Hence it follows from Theorem 2.1 that N has no global
fixed points in ]0, 1[. Then by Plante’s theorem the group I" is topologically conjugate to a subgroup of Aff; (R). Thus
we have finished the proof of Theorem 1.1.

Remark 2. Theorem 1.1 does not hold true if we replace I" by a solvable subgroup of Diffi([O, 1]). To see this, we
quote an example from Godbillon’s book (see [2], Chapitre V, p. 315, Exercices 1.7 vi)).

Let f be an element of Difff_([O, 1]) such that f(x) > x forall f € ]0, 1[. We take a point a € ]0, 1[ and let g be an
element of Diff%_([O, 1]) such that Fix(g) = [0, f(a)] U [a, 1]. We denote I" the subgroup of Diffﬁ_([O, 1]) generated
by f and g and N the normal closure of {g} in I". We can see that N is generated by {f/gf/: j € Z} and the
quotient group I"/N is isomorphic to the infinite cyclic group generated by f. Then it follows that N is a free abelian
normal subgroup of I" which is of infinite rank and the group I" is solvable. Moreover we have Fix(I") = {0, 1} and
Fix(N) = dFix(N) = {f/(a): j € Z}U{0, 1}.

This shows that Theorem 1.1 does not hold true if we replace I by a solvable subgroup of Difff_([O, 1]). This also
shows that Theorem 2.1 does not hold true if we replace N by an infinitely generated abelian normal subgroup of I".

Remark 3. As pointed out by the referee, Theorem 1.1 still holds true when we replace Diffi([O, 1]) by the group
PL, ([0, 1]) of orientation-preserving piecewise linear homeomorphisms of the closed interval [0, 1]. Moreover we
can show the following: Let I" be a polycyclic subgroup of PL ([0, 1]). If I' has no global fixed points in 10, 1[, then
it is cyclic. The proof involves a few facts peculiar to groups of piecewise linear homeomorphisms of the interval and
will be given in a forthcoming paper.

Acknowledgements

The author would like to thank Professor Takashi Tsuboi for valuable comments on the manuscript, especially
about the affine group. He also would like to thank Tomoo Yokoyoma for stimulating conversations during the early
stage of the preparation of this paper. He also would like to thank Professor Andrés Navas for his encouragement to
write this paper. He also would like to thank the referee especially for historical remarks and for comments about
groups of C1*7? diffeomorphisms and those of piecewise linear homeomorphisms.

This paper was written while the author stayed at Unité de Mathématiques Pures et Appliquées, Ecole Normale
Supérieure de Lyon. He thanks the members of UMPA, especially Professor Etienne Ghys, for their warm hospitality.

References

[1] S. Druck, S. Firmo, Periodic leaves for diffeomorphisms preserving codimension one foliations, J. Math. Soc. Japan 55 (1) (2003) 13-37.

[2] C. Godbillon, Feuielletages. Etudes géometriques, Progress in Mathematics, vol. 98, Birkhduser, 1991.

[3] N. Kopell, Commuting diffeomorphisms, in: Global Analysis, Berkeley, CA, 1968, in: Proc. Sympos. Pure Math., vol. 14, Amer. Math. Soc.,
Providence, RI, 1970, pp. 165-184.

[4] Y. Matsuda, Diffeomorphism groups of the interval and periodic leaves of codimension one foliations, in preparation.

[5] Y. Moriyama, Polycyclic groups of diffeomorphisms on the half-line, Hokkaido Math. J. 23 (3) (1994) 399-422.

[6] A. Navas, Groupes résolubles de difféomorphismes de I’intervalle, du cercle et de la droite, Bull. Braz. Math. Soc. (N.S.) 35 (1) (2004) 13-50.

[7] A. Navas, Quelques groupes moyennables de difféomorphismes de I’intervalle, Bol. Soc. Mat. Mexicana 10 (2004) 219-244.

[8] J. Plante, Solvable groups acting on the line, Trans. Amer. Math. Soc. 278 (1983) 401-414.



816 Y. Matsuda / C. R. Acad. Sci. Paris, Ser. I 347 (2009) 813-816

[9] J. Plante, Subgroups of continuous groups acting differentiably on the half-line, Ann. Inst. Fourier (Grenoble) 34 (1) (1984) 47-56.
[10] J. Plante, W. Thurston, Polynomial growth in holonomy groups of foliations, Comment. Math. Helv. 51 (4) (1976) 567-584.
[11] M. Raghunathan, Discrete Subgroups of Lie Groups, Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 68, Springer-Verlag, New
York—Heidelberg, 1972.
[12] T. Tsuboi, On the foliated products of class c! , Ann. of Math. (2) 130 (2) (1989) 227-271.
[13] J. Wolf, Growth of finitely generated solvable groups and curvature of Riemannian manifolds, J. Diff. Geom. 2 (1968) 421-446.



	Polycyclic groups of diffeomorphisms of the closed interval
	Introduction
	A variation of Kopell's lemma
	Proof of Theorem 1.1
	Acknowledgements
	References


