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Abstract

Let Hn be the Heisenberg group of dimension 2n + 1. We give a precise description of all (π, 〈,〉), where π is a multiplicative
Poisson tensor on Hn and 〈,〉 is a left invariant metric on Hn such that (π,〈,〉) satisfies the necessary conditions, introduced by
Eli Hawkins, to the existence of a noncommutative deformation of the spectral triple associated to (Hn, 〈,〉). To cite this article:
A. Bahayou, M. Boucetta, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Déformations non commutatives et multiplicatives des métriques invariantes à gauche sur les groupes de Heisenberg.
Soit Hn le groupe de Heisenberg de dimension 2n + 1. Nous donnons une description complète des couples (π, 〈,〉) où π est un
tenseur de Poisson multiplicatif et 〈,〉 une métrique invariante à gauche sur Hn tels que (π, 〈,〉) vérifie les conditions nécessaires,
introduites par Eli Hawkins, à l’existence d’une déformation non commutative du triple spectral associé à (Hn, 〈,〉). Pour citer cet
article : A. Bahayou, M. Boucetta, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Dans [4] et [5], Hawkins a montré que si une déformation de l’algèbre des formes différentielles d’une variété
riemannienne (P,g) provient d’une déformation du triple spectral décrivant la structure riemannienne, alors le tenseur
de Poisson π (associé à la déformation) et la métrique riemannienne vérifient les conditions suivantes :

(i) la connexion de Levi-Civita contravariante D associée au couple (π,g) est plate,
(ii) la métacourbure de D est nulle,

(iii) le tenseur de Poisson est compatible avec le volume riemannienne μ, c’est-à-dire, d(iπμ) = 0.
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1631-073X/$ – see front matter © 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.crma.2009.04.013
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La connexion de Levi-Civita contravariante D associée au couple (π,g) est l’analogue de la connexion de Levi-
Civita classique ; elle a été introduite dans [1]. La métacourbure est un (2,3) champ de tensor, elle a été introduite par
Hawkins dans [5]. Un couple (π,g) satisfaisant (i)–(iii) sera dit compatible dans le sens de Hawkins.

Dans cette Note, nous allons démontrer les deux théorèmes suivants :

Théorème 0.1. Soit (G,π, 〈,〉) un groupe de Lie unimodulaire et connexe muni d’un tenseur de Poisson multiplicatif
et d’une métrique riemannienne invariante à gauche. Notons ξ le 1-cocycle associé à π et μ le volume riemannien.
Alors d(iπμ) = 0 si et seulement si l’algèbre de Lie dual G∗ est unimodulaire et, pour tout u ∈ G , δ(iξ(u)μe) = 0, où
δ est de la différentielle de ∧∗G∗.

Soit Hn le groupe de Heisenberg de dimension 2n + 1, Hn son algèbre de Lie et z un élément non-nul du centre
de Hn. Il existe une 2-forme ω sur Hn, telle que izω = 0, la projection de ω sur Hn/(Rz) est non-dégénérée et, pour
tous u,v ∈ Hn, [u,v] = ω(u, v)z.

Théorème 0.2. Soient π et 〈,〉, respectivement, un tenseur de Poisson multiplicatif et une métrique riemannienne
invariante à gauche sur Hn. Alors π et 〈,〉 sont compatibles dans le sens de Hawkins si et seulement si :

(i) il existe un endomorphisme J : Hn → Hn anti-symétrique par rapport à 〈,〉e tel que J (z) = 0 et, pour tout u ∈ Hn,
ξ(u) = z ∧ Ju,

(ii) pour tous u,v ∈ Hn, ω(J 2u,v) + ω(u,J 2v) + 2ω(Ju,Jv) = 0.

Noter que dans [8] tous les tenseurs de Poisson multiplicatifs sur Hn ont été déterminés, et dans ce théorème, nous
retrouvons une famille de ces tenseurs.

1. Introduction and main results

In [4] and [5], Hawkins showed that if a deformation of the graded algebra of differential forms on a Riemannian
manifold (P,g) comes from a deformation of the spectral triple describing the Riemannian manifold P , then the
Poisson tensor π (which characterizes the deformation) and the Riemannian metric satisfy the following conditions:

(i) the Levi-Civita contravariant connection D associated to (π,g) is flat,
(ii) the metacurvature of D vanishes,

(iii) the Poisson tensor π is compatible with the Riemannian volume μ, i.e., d(iπμ) = 0.

The Levi-Civita contravariant connection associated naturally to any couple of a pseudo-Riemannian metric and
a Poisson tensor is an analogue of the Levi-Civita connection. It has appeared first in [1]. The metacurvature of a
torsion-free and flat contravariant connection, introduced by Hawkins in [5], is a (2,3)-tensor field. We call a pseudo-
Riemannian metric and a Poisson tensor satisfying the conditions (i)–(iii) compatible in the sense of Hawkins.

In this Note, we give a complete description of (Hn,π, 〈,〉), where Hn is the Heisenberg group of dimension 2n+1
endowed with a multiplicative Poisson tensor π and a left invariant Riemannian metric 〈,〉 which are compatible in the
sense of Hawkins. Before stating our main results, let us recall briefly some classical facts about multiplicative Poisson
tensors and Heisenberg groups. Many fundamentals definitions and results about Poisson manifolds and multiplicative
Poisson tensors can be found in [2].

A Poisson tensor π on a Lie group G is called multiplicative if, for any a, b ∈ G, π(ab) = (La)∗π(b)+ (Rb)∗π(a).
Pulling π back to the identity element e of G by left translations, we get a map πl :G → G ∧ G defined by πl(g) =
(Lg−1)∗π(g). Let ξ := deπl : G → G × G be the intrinsic derivative of πl at e. It is well known that ξ is a 1-cocycle
relative to the adjoint representation of G on G ∧ G , and, the dual map of ξ , [,]∗ : G∗ × G∗ → G∗, is exactly the Lie
bracket on G∗ obtained by linearizing the Poisson structure at the unit element e. Note that if one identify G∗ to the
space of left invariant 1-forms, then [,]∗ is identified with Koszul bracket.
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The Heisenberg group Hn of dimension 2n + 1 is the group of matrices⎛
⎝

1 X c

0 In
tY

0 0 1

⎞
⎠ ,

where c ∈ R and X,Y ∈ R
n. Let z be a non-nul central element in the Lie algebra Hn of Hn. Then there exists a 2-form

ω on Hn such that izω = 0, the projection of ω on Hn/Rz is non-degenerate and, for any u,v ∈ Hn, [u,v] = ω(u, v)z.

Let us state now our main results:

Theorem 1.1. Let π and 〈,〉 be, respectively, a multiplicative Poisson tensor and a left invariant Riemannian metric on
a connected and unimodular Lie group G, and let μ be the Riemannian volume form associated to 〈,〉. Then diπμ = 0
if and only if G∗ is an unimodular Lie algebra and, for any v ∈ G , δ(iξ(v)μe) = 0, where δ :∧∗G∗ → ∧∗G∗ is the
differential.

Theorem 1.2. Let π and 〈,〉 be, respectively, a multiplicative Poisson tensor and a left invariant Riemannian metric
on the Heisenberg group Hn. Then (π, 〈,〉) are compatible in the sense of Hawkins if and only if :

(i) there exists an endomorphism J : Hn → Hn skew-symmetric with respect to 〈,〉e such that J (z) = 0 and, for any
u ∈ Hn, ξ(u) = z ∧ Ju,

(ii) for any u,v ∈ Hn, ω(J 2u,v) + ω(u,J 2v) + 2ω(Ju,Jv) = 0.

In [8], all multiplicative Poisson tensors on Hn are described, and we recover in Theorem 1.2 a class of such
tensors.

The Note is organized as follows: In Section 2, we recall some basic fact about Levi-Civita contravariant con-
nections and about the notion of metacurvature. We give also an improved version of a result of Milnor (see [7],
Theorem 1.5) which will play a crucial role in the proof of Theorem 1.2. In Section 3, we prove Theorems 1.1 and 1.2
and we give some examples.

2. Contravariant connections and metacurvature

Many fundamental definitions and results about contravariant connections can be found in [3].
For any Poisson manifold (P,π), we denote by π# :T ∗P → T P the anchor map given by β(π#(α)) = π(α,β),

and by [,]π the Koszul bracket on Ω1(P ) given by [α,β]π = Lπ#(α)β − Lπ#(β)α − d(π(α,β)). Note that the Koszul
bracket can be extended to all Ω∗(P ) and will be denoted in the same manner.

Let (P,π, 〈,〉) be a Poisson manifold endowed with a pseudo-Riemannian metric. Denote by 〈,〉∗ the pseudo-
Euclidian structure induced by 〈,〉 on T ∗P . The Levi-Civita contravariant connection associated to (π, 〈,〉) is the
unique contravariant connection D such that D is torsion-free, i.e., Dαβ − Dβα = [α,β]π , and the metric 〈,〉 is parallel
with respect to D, i.e., π#(α).〈β,γ 〉∗ = 〈Dαβ, γ 〉∗ + 〈β, Dαγ 〉∗. The connection D is the contravariant analogue of
the Levi-Civita connection and can be defined by the Koszul formula:

2〈Dαβ, γ 〉∗ = π#(α).〈β,γ 〉∗ + π#(β).〈α,γ 〉∗ − π#(γ ).〈α,β〉∗
+ 〈[γ,α]π ,β

〉∗ + 〈[γ,β]π ,α
〉∗ + 〈[α,β]π , γ

〉∗
. (1)

The curvature of D is formally identical to the usual definition K(α,β) = Dα Dβ − Dβ Dα − D[α,β]π . The connection
D is called flat if K vanishes identically.

In [5], Hawkins showed that such a connection defines a bracket {,} on the space of differential forms Ω∗(P ) such
that:

(i) {σ,ρ} = −(−1)degσ degρ{ρ,σ }.
(ii) d{σ,ρ} = {dσ,ρ} + (−1)degσ {σ,dρ}.

(iii) {σ,ρ ∧ λ} = {σ,ρ} ∧ λ + (−1)degσ degρρ ∧ {σ,λ}.
(iv) For any f,h ∈ C∞(P ) and for any σ ∈ Ω∗(P ) the bracket {f,h} coincides with the initial Poisson bracket and

{f,σ } = Ddf σ.
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Hawkins called this bracket generalized Poisson bracket. The following formula gives the generalized Poisson bracket
of α,β ∈ Ω1(P ) and can be stated easily:

{α,β} = −Dαdβ − Dβdα + dDβα + [α,dβ]π . (2)

If D is flat, Hawkins showed that there exists a (2,3)-tensor M such that the generalized Poisson bracket satisfies
the graded Jacobi identity if and only if M vanishes identically. M is called the metacurvature of D and is given by

M(df,α,β) = {
f, {α,β}} − {{f,α}, β} − {{f,β}, α}

. (3)

Moreover, Hawkins pointed out in [5], p. 394, that for any parallel 1-forms α,β and for any 1-form γ ,

M(α,β, γ ) = −Dγ Dβdα. (4)

Finally, let us recall a result of Milnor which will play a crucial role in the proof of Theorem 1.2. Let (G, 〈,〉) be a
Lie group endowed with a left invariant Riemannian metric, G the Lie algebra of G and S〈,〉 = {u ∈ G, adu + adt

u = 0}
where adu(v) = [u,v] and adt

u is the adjoint of adu with respect to 〈,〉e. Note that S〈,〉 is a subalgebra of G . The
following result is an improvement of a classical result of Milnor (see [7], Theorem 1.5), we omit its proof:

Theorem 2.1. The curvature of 〈,〉 vanishes identically if and only if S〈,〉 is abelian, the derived ideal [G, G] is abelian
of even dimension 2r and its orthogonal is S〈,〉. In this case, there exists (u1, . . . , ur ) a family of vectors in S〈,〉 \{0} and
an orthonormal basis (e1, f1, . . . , er , fr ) of [G, G] such that, for any s ∈ S〈,〉 and for i = 1, . . . , r , [s, ei] = 〈s, ui〉fi

and [s, fi] = −〈s, ui〉ei .

3. Sketch of the proof of Theorems 1.1 and 1.2

3.1. Sketch of the proof of Theorem 1.1

We consider the modular vector field Xμ given by diπμ = iXμμ and the modular form of G∗, κ : G∗ → R, given
by κ(α) = Tradα, where adαβ = [α,β]∗. The modular form defines a vector in G , we denote it also by κ . Denote by
κ+ the left invariant vector field associated to κ .

The following relation between the modular vector field and the modular form can be stated by a direct computation
using diπμ = iXμμ, an orthonormal frame of left invariant vector fields and π(e) = 0,

Xμ(e) = κ. (5)

Consider the following formula, due to Koszul (see [6]),

i[X,Q]μ = iXdiQμ + (−1)degQdiXiQμ − iQdiXμ (6)

which holds for any vector field X and any multi-vector field Q. Let X be a left invariant vector field. Since G is
unimodular, we have LXμ = 0. By using this fact and by applying (6) to [X,Xμ] and [X,π], we get

d(i[X,π]μ) = −i[X,Xμ]μ. (7)

Since [X,π] and μ are left invariant, we deduce that [X,Xμ] is left invariant. From (5), we deduce that Xμ = Xm +κ+
where Xm is a multiplicative vector field. Hence Xμ vanishes if and only if Xm = κ = 0. Or Xm is multiplicative and
it vanishes if and only if [X,Xm](e) = 0 for any left invariant vector field X and the theorem follows from (7). �
3.2. Sketch of the proof of Theorem 1.2

We organize the proof in three steps:

(i) The vanishing of the curvature. Let H ∗
n be the connected and simply connected Lie group associated to the Lie

algebra (H∗
n, [,]∗) and let g be the left invariant Riemannian metric on H ∗

n whose value at the identity is 〈,〉∗e . The
crucial fact is that the vanishing of the curvature of g is equivalent to the vanishing of the curvature of the Levi-
Civita contravariant connection D associated to (π, 〈,〉). Thus, if D is flat then, by Theorem 2.1, H∗

n = S〈,〉∗ ⊕ I
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where I is the derived ideal and I and S〈,〉∗ are abelian. Moreover, there exists λ1, . . . , λr ∈ S〈,〉∗ \ {0} and
(α1, β1, . . . , αr , βr) an orthonormal basis of I such that, for any s ∈ S〈,〉∗ and for i = 1, . . . , r ,

[s,αi]∗ = 〈s, λi〉∗βi and [s, βi]∗ = −〈s, λi〉∗αi. (8)

Put vi = #(λi), ej = #(αj ) and fj = #(βj ), where # : H∗
n → Hn is the isomorphism induced by the metric. Now,

we can deduce that #(S〈,〉∗) = ker ξ and, for i = 1, . . . , r , ξ(ei) = −vi ∧ fi and ξ(fi) = vi ∧ ei . To get (i) of
Theorem 1.2, we will show that ξ(z) = 0 and v1, . . . , vr are central elements of Hn.
Suppose that z /∈ ker ξ . Then ker ξ is an abelian subalgebra of Hn and there exists u0 ∈ ker ξ and v0 ∈ ker ξ⊥
such that [u0, v0] = z. We have ξ(z) = ξ([u0, v0]) = adu0ξ(v0) − adv0ξ(u0) = X ∧ z, where

X =
r∑

i=1

(−〈v0, ei〉eω(u0, fi) + 〈v0, fi〉eω(u0, ei)
)
vi ∈ ker ξ \ {0}.

Now, for any u ∈ ker ξ and for i = 1, . . . , r , we have

ω(u, ei)X ∧ z = ξ
([u, ei]

) = aduξ(ei) = −ω(u,fi)vi ∧ z,

ω(u,fi)X ∧ z = ξ
([u,fi]

) = aduξ(fi) = ω(u, ei)vi ∧ z,

and hence, since z /∈ ker ξ , ω(u, ei)X + ω(u,fi)vi = 0 and ω(u,fi)X − ω(u, ei)vi = 0. These relations im-
ply that ω(u, ei)

2 + ω(u,fi)
2 = 0, thus ω(u, ei) = ω(u,fi) = 0 and then u is a central element which is in

contradiction with z /∈ ker ξ . Thus z ∈ ker ξ .
Now, by applying the 1-cocycle condition to (ei, fj ) and (ui, ei), we get

0 = adei
ξ(fj ) − adfj

ξ(ei) = ω(ei, vj )z ∧ ej + ω(ei, ej )vj ∧ z + ω(fj , vi)z ∧ fi + ω(fj , fi)vi ∧ z,

0 = aduξ(ei) = −ω(u, vi)z ∧ fi − ω(u,fi)vi ∧ z.

We deduce from these relations that ω(ei, vj ) = ω(fj , vi) = ω(u, vi) = 0 and hence v1, . . . , vr are central ele-
ments of Hn and this achieves the proof of (i).

(ii) The vanishing of the metacurvature. In what follows, we identify H∗
n with the space of left invariant 1-forms

where the bracket is the Koszul bracket, and we suppose that the curvature vanishes. We have H∗
n = S〈,〉∗ ⊕ I

where I is the derived ideal and I and S〈,〉∗ are abelian. We will show now that metacurvature is given by the
following formulas

M(α,β, γ ) =
{0 if α, or β, or γ ∈ I,

−[
α, [β,dγ ]π

]
π

if α,β, γ ∈ S〈,〉∗ .
(9)

For any α ∈ S〈,〉∗ , β ∈ I and γ ∈ H∗
n, one can deduce from (1) that

Dα = 0, Dαγ = [α,γ ]π and Dβγ = 0. (10)

Note that, for any α ∈ I , dα = 0. Now, let α ∈ I and β,γ ∈ H∗
n. Since α is closed, there exists f such that α = df .

Hence, from (3), M(α,β, γ ) = {f, {β,γ }} − {{f,β}, γ } − {{f,γ }, β}. By applying (10), we get {f, {β,γ }} =
Ddf {β,γ } = 0 ({β,γ } is left invariant by (2)) and in a same way {f,β} = {f,γ } = 0. Thus M(α,β, γ ) = 0.

Suppose now that α,β, γ ∈ S〈,〉∗ . From (10), α,β, γ are parallel and, from (4), M(α,β, γ ) = −Dβ Dγ dα
(10)=

−[β, [γ, dα]π ]π . Note that M is symmetric and (9) follows.
On the other hand, there exists J : Hn → Hn skew-symmetric with respect to 〈,〉e such that J (z) = 0 and, for
any u ∈ Hn, ξ(u) = z ∧ Ju. Since J is skew-symmetric, there exists (z1, . . . , zl, e1, f1, . . . , er , fr) an orthonor-
mal family of (Rz)⊥ and (a1, . . . , ar ) ∈ R

l \ {0} such that J (zj ) = 0, J (ei) = aifi and J (fi) = −aiei . Let
(λ,λ1, . . . , λl, α1, β1, . . . , αr , βr ) the dual basis of (z, z1, . . . , zl, e1, f1, . . . , er , fr). One can check easily that
S〈,〉∗ = Vect{λ,λ1, . . . , λl}, λ1, . . . , λl are central in H∗

n, dλ1 = · · · = dλl = 0 and, from (9), iλi
M = 0, for

i = 1, . . . , l. Thus M vanishes if and only if [λ, [λ,dλ]π ]π = 0. To conclude, note that dλ = −ω and, for any
left invariant 2-form ρ, [λ,ρ]π (u, v) = ρ(Ju, v) + ρ(u,Jv).

(iii) The vanishing of the modular vector field. The Riemannian volume form is given by

μ = λ ∧ λ1 ∧ · · · ∧ λl ∧ α1 ∧ β1 ∧ · · · ∧ αr ∧ βr
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and, since dλ1 = · · · = dλl = dα1 = dβ1 = · · · = dαr = dβr = 0, one can see easily that for any u ∈ Hn,
d(iξ(u)μ) = 0. Moreover, Hn and H∗

n are unimodular and, by Theorem 1.1, we deduce the vanishing of the
modular vector field. This achieves the proof of Theorem 1.2. �

Let us give some examples.

Example 1. (i) The condition (ii) of Theorem 1.2 is always valid on H1.
(ii) Let B = (z, e1, f1, . . . , en, fn) a Darboux basis of Hn, i.e., z is a central element, ω(ei, ej ) = ω(fi, fj ) = 0

and ω(ei, fj ) = δij . Let λ1 < λ2 < · · · < λn a family of real numbers and consider any scalar product 〈,〉e for which
B is an orthogonal basis. Define J : Hn → Hn by J (z) = 0, J (ei) = λifi and J (fi) = −λiei . The endomorphism J

is skew-symmetric with respect to 〈,〉 and one can check easily that J satisfies the condition (ii) of Theorem 1.2.
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