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Abstract

This Note is concerned with the boundary controllability of non-scalar linear parabolic systems. More precisely, two coupled
one-dimensional linear parabolic equations are considered. We show that, with boundary controls, the situation is much more
complex than for similar distributed control systems. In our main result, we provide necessary and sufficient conditions for null
controllability. To cite this article: E. Fernández-Cara et al., C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Sur la contrôlabilité frontière des systèmes paraboliques non scalaires. Cette Note concerne la contrôlabilité frontière des
systèmes paraboliques linéaires non scalaires. Plus précisement, on considère un système de deux équations paraboliques linéaires
de dimension 1 en espace. Nous montrons qu’il est beaucoup plus compliqué de contrôler sur une partie du bord que de le faire
avec des contrôles distribués. Dans notre résultat principal, on donne des conditions nécessaires et suffisantes pour la contrôlabilité
exacte à zéro. Pour citer cet article : E. Fernández-Cara et al., C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and main result

Let us fix T > 0 and let us consider the linear system⎧⎪⎨
⎪⎩

yt − yxx = Ay in Q = (0,1) × (0, T ),

y(0, ·) = Bv, y(1, ·) = 0 in (0, T ),

y(·,0) = y0 in (0,1),

(1)

where A ∈ L(R2) and B ∈ R2 are given and y0 ∈ H−1(0,1)2. Here, v ∈ L2(0, T ) is a control function (to be deter-
mined) and y = (y1, y2)

∗ is the state variable. Observe that, for every v ∈ L2(0, T ) and y0 ∈ H−1(0,1)2, (1) admits a
unique weak solution (defined by transposition) that satisfies y ∈ L2(Q)2 ∩ C0([0, T ];H−1(0,1)2).

It will be said that (1) is approximately controllable in H−1(0,1)2 at time T if, for any y0, yd ∈ H−1(0,1)2 and any
ε > 0, there exists a control function v ∈ L2(0, T ) such that the associated solution satisfies ‖y(·, T )−yd‖H−1(0,1) � ε.
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It will be said that (1) is null controllable at time T if, for each y0 ∈ H−1(0,1)2, there exists a control v ∈ L2(0, T )

such that

y(·, T ) = 0 in H−1(0,1)2. (2)

Since (1) is linear, it is null controllable if and only if it is exactly controllable to the trajectories at time T . That is
to say, if and only if for any solution y∗ to (1) corresponding to v ≡ 0 and y∗

0 ∈ H−1(0,1)2 and any y0 ∈ H−1(0,1)2,
there exists a control v ∈ L2(0, T ) such that the associated solution satisfies

y(·, T ) = y∗(·, T ) in H−1(0,1)2.

The controllability properties of similar scalar problems are nowadays well known; see for instance [7,14,6,13,10]
and [8]. More precisely, let Ω ⊂ RN be a nonempty regular bounded open set with N � 1, let ω ⊂ Ω be a nonempty
open subset, and let γ ⊂ ∂Ω be a nonempty relative open set. Let us consider the following scalar problems:⎧⎨

⎩
yt − �y = v1ω in Ω × (0, T ),

y = 0 on ∂Ω × (0, T ),

y(·,0) = y0 in Ω

and

⎧⎪⎨
⎪⎩

yt − �y = 0 in Ω × (0, T ),

y = v1γ on ∂Ω × (0, T ),

y(·,0) = y0 in Ω,

where 1ω and 1γ are, respectively, the characteristic functions of ω and γ and y0 ∈ L2(Ω) is given. Then, for every
Ω , ω, γ and T , both systems are approximately controllable in L2(Ω) and null controllable at time T . In fact, the
boundary controllability results for the system in the right can be easily obtained from the corresponding distributed
controllability results for system in the left and vice versa. But, as we will show, the situation is quite different for
similar non-scalar systems.

There are not many works devoted to the controllability of parabolic systems of PDEs. To our knowledge, all them
deal with distributed controls, exerted on a small open set ω; see for instance [15,5,1,4,11,12,2] and [3]. In particular,
in [2] and [3], the authors consider the system⎧⎪⎨

⎪⎩
yt − �y = Ay + Bv1ω in Ω × (0, T ),

y = 0 on ∂Ω × (0, T ),

y(·,0) = y0 in Ω,

(3)

where A ∈ L(Rn;Rn), B ∈ L(Rm,Rn) (with n,m � 1) and y0 ∈ L2(Ω)n. They prove that (3) is null controllable if
and only the following Kalman’s rank condition is satisfied:

rank[A | B] = n. (4)

Here, we have used the notation [A | B] := [B | AB | A2B | · · · | An−1B].
The main goal of this Note is to characterize the boundary controllability properties of (1) (a system of 2 equations)

when we apply just one control on a part of the boundary. Our main result is the following:

Theorem 1.1. Let A ∈ L(R2;R2) and B ∈ R2 be given and let us denote by μ1 and μ2 the eigenvalues of A. Then (1)
is null controllable at any time T > 0 if and only if one has (4) (with n = 2) and

π−2(μ1 − μ2) �= j2 − k2 ∀k, j ∈ N with k �= j. (5)

Thus, we observe that the Kalman’s rank condition (4) is necessary, but not sufficient, for the boundary controllabil-
ity of (1) (unlike the distributed case). This is a crucial discrepancy between boundary and distributed controllability
for coupled parabolic systems and shows that, for a given system, these two properties can be independent.

In view of Theorem 1.1, we find two different situations: when the matrix A in (1) has a double real eigenvalue or a
couple of conjugate complex eigenvalues, (4) is a necessary and sufficient condition for the null controllability at any
time (as in the distributed case). Otherwise, if A has two different real eigenvalues, an additional condition is needed
for null controllability, independently of the vector B we are considering. Furthermore, the conditions (4) and (5) are
also equivalent to the approximate controllability of (1) at any time T .

The proof of Theorem 1.1 is given in [9]. It relies on a method by Fattorini and Russell that was used in [7] to prove
for the first time the boundary null controllability of the one-dimensional heat equation. The key point in the proof is
the following lemma:
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Lemma 1.2. Suppose that {Λn}n�1 is a sequence of complex numbers such that


(Λn) � δ|Λn| ∀n � 1, |Λn − Λk| � |n − k|ρ ∀n, k � 1 and
+∞∑
n=1

1

|Λn| < +∞, (6)

for some δ,ρ > 0. Then there exists a sequence {qn, q̃n} that is biorthogonal to the family {e−Λnt , te−Λnt } and such
that, for every ε > 0, one has:∥∥(qn, q̃n)

∥∥
L2(0,+∞)

� K(ε)eε
(Λn) ∀n � 1. (7)

Of course, that {qn, q̃n} is biorthogonal to {e−Λnt , te−Λnt } means that (qn, e
−Λkt ) = δkn, (qn, te

−Λkt ) = 0,
(q̃n, e

−Λkt ) = 0 and (q̃n, te
−Λkt ) = δkn for all n, k � 1. The proof of this lemma is given in [9] (a similar but simpler

result was given in [7]).
The proof of Theorem 1.1 relies on an appropriate observability inequality for the solutions to the adjoint system

to (1). The main point is to prove inequalities of the kind

T∫
0

∣∣∣∣∑
j�1

Cje
−Λj t

∣∣∣∣
2

dt � CT

∑
j�1

C2
j

|Λj |e
−Λj T

and
T∫

0

∣∣∣∣∑
j

(Aj + tBj )e
−Λj t

∣∣∣∣
2

dt � CT

∑
j�1

(Aj + T Bj )
2

|Λj | e−Λj T

and use them for some particular values of Λn related to the eigenvalues of the Dirichlet Laplacian and the eigenvalues
μ1 and μ2 of A.

2. Some additional comments

It would be very interesting to generalize Theorem 1.1 to the case of a n × n coupled system (with n � 3), con-
trolled by m boundary control forces (m � 1). Thus, let us assume that, in (1), A ∈ L(Rn), B ∈ L(Rm;Rn) and
y0 ∈ H−1(0,1)n. It can be proved that the Kalman’s rank condition (4) is necessary for the approximate and exact
controllability to the trajectories of system (1) at time T (for a proof, see for instance [2] and [3]). But, as in the case
n = 2, there are some necessary conditions (independent of B) that arise in the study of the controllability properties
of this n × n system.

Indeed, let us assume that n � 3 and for instance m = 1, i.e. B ∈ Rn. Let us also suppose that there exist two
integers j0, k0 � 1 with j0 �= k0 and two eigenvalues μ, μ̃ ∈ C of A such that

π−2(μ − μ̃) = j2
0 − k2

0 . (8)

Then, it can be proved that (1) is neither null nor approximately controllable in H−1(Ω)n at time T . In other words,
(8) is a necessary condition for the controllability of system (1) when n � 3 and m = 1.

A more complete analysis of this general situation will be the goal of a forthcoming paper.
Finally, let us consider a situation where distributed and boundary controls do not play the same role. This will

give an idea of the, in some sense, unnatural difficulties that arise when we try to control a non-scalar system from the
boundary. Thus, let us consider the following cascade system, where ν > 0 and Q = (0, T ) × (0,1):⎧⎨

⎩
yt − νyxx = 0 in Q,

y(t,0) = v, y(t,1) = 0 in (0, T ),

y(.,0) = y0 in (0,1),

⎧⎨
⎩

qt − qxx = y in Q,

q(t,0) = q(t,1) = 0 in (0, T ),

q(.,0) = q0 in (0,1).

(9)

We address the following approximate controllability question: Let ε > 0, (y0, q0) ∈ L2(0,1) × L2(0,1) and
(y1, q1) ∈ L2(0,1) × L2(0,1) be given; then, does there exist v ∈ L2(0, T ) such that the corresponding solution
to (9) satisfies∥∥y(T ) − y1

∥∥
2 + ∥∥q(T ) − q1

∥∥
2 � ε?
L L
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We have the following result (see [9] for the proof):

Theorem 2.1. Suppose that ν �= 1. Then (9) is approximately controllable at time T > 0 if and only if
√

ν �∈ Q.

References

[1] F. Ammar-Khodja, A. Benabdallah, C. Dupaix, Null controllability of some reaction–diffusion systems with one control force, J. Math. Anal.
Appl. 320 (2) (2006) 928–943.

[2] F. Ammar-Khodja, A. Benabdallah, C. Dupaix, M. González-Burgos, A generalization of the Kalman rank condition for time-dependent
coupled linear parabolic systems, submitted for publication.

[3] F. Ammar-Khodja, A. Benabdallah, C. Dupaix, M. González-Burgos, A Kalman rank condition for the localized distributed controllability of
a class of linear parabolic systems, Journal of Evolution Equations, in press, http://hal.archives-ouvertes.fr/hal-00290867/fr/.

[4] F. Ammar-Khodja, A. Benabdallah, C. Dupaix, I. Kostine, Null controllability of some systems of parabolic type by one control force, ESAIM
Control Optim. Calc. Var. 11 (3) (2005) 426–448.

[5] O. Bodart, M. González-Burgos, R. Pérez-Garcia, Insensitizing controls for a heat equation with a nonlinear term involving the state and the
gradient, Nonlinear Anal. 57 (5–6) (2004) 687–711.

[6] C. Fabre, J.-P. Puel, E. Zuazua, Approximate controllability of the semilinear heat equation, Proc. Roy. Soc. Edinburgh Sect. A 125 (1) (1995)
31–61.

[7] H.O. Fattorini, D.L. Russell, Exact controllability theorems for linear parabolic equations in one space dimension, Arch. Ration. Mech.
Anal. 43 (1971) 272–292.

[8] E. Fernández-Cara, E. Zuazua, The cost of approximate controllability for heat equations: the linear case, Adv. Differential Equations 5 (4–6)
(2000) 465–514.

[9] E. Fernández-Cara, M. González-Burgos, L. de Teresa, Boundary controllability of parabolic coupled equations, submitted for publication.
[10] A. Fursikov, O.Yu. Imanuvilov, Controllability of Evolution Equations, Lecture Notes Series, vol. 34, Seoul National University, Research

Institute of Mathematics, Global Analysis Research Center, Seoul, 1996.
[11] M. González-Burgos, R. Pérez-García, Controllability results for some nonlinear coupled parabolic systems by one control force, Asymptot.

Anal. 46 (2) (2006) 123–162.
[12] M. González-Burgos, L. de Teresa, Controllability results for cascade systems of m coupled parabolic PDEs by one control force, preprint.
[13] G. Lebeau, L. Robbiano, Contrôle exact de l’équation de la chaleur, Comm. Partial Differential Equations 20 (1–2) (1995) 335–356.
[14] D.L. Russell, Controllability and stabilizability theory for linear partial differential equations: recent progress and open questions, SIAM

Rev. 20 (4) (1978) 639–739.
[15] L. de Teresa, Insensitizing controls for a semilinear heat equation, Comm. Partial Differential Equations 25 (1–2) (2000) 39–72.


	On the boundary controllability of non-scalar parabolic systems
	Introduction and main result
	Some additional comments
	References


