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Abstract

In this Note, we deal with one kind of stochastic nonzero-sum differential game problem for N players. Using the theory of
backward stochastic differential equations and Malliavin calculus, we give the explicit form of a Nash equilibrium point. To cite
this article: J.-P. Lepeltier et al., C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Equilibre de Nash pour un jeu de somme non nulle et équations rétrogrades. Dans cette Note nous nous intéressons à
un problème particulier de jeu différentiel stochastique de somme non nulle à N joueurs. En utilisant la théorie des équations
différentielles stochastiques rétrogrades et le calcul de Malliavin nous donnons la forme explicite d’un équilibre de Nash. Pour
citer cet article : J.-P. Lepeltier et al., C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Soit (Ω,F,P ) un espace de probabilité et (Wt )0�t�T un Brownien standard n-dimensionnel défini sur cet espace.
Sa filtration naturelle est notée (Ft )t�T .

Une trajectoire du systême partant de x est simplement

x(t,ω) = x + Wt.
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On considère N joueurs, chacun d’entre eux agissant sur une fonction de coût par un contrôle ui(t,ω), 1 � i � N.

Un système de contrôles admissibles est alors tel que ui(t), 1 � i � N soient bornés.
Les fonctions de coût associées à chaque joueur sont données par (3). On cherche alors un équilibre de Nash pour

le jeu de somme non nulle, c’est-à-dire un système de contrôles (u∗
i ) 1 � i � N admissible tel que (4) soit réalisé.

Ce problème est étudié sous l’hypothèse (H3) appelée condition minimax généralisée. Il est facile de noter que (7)
est un équilibre de Nash pour la famille d’hamiltoniens donnée dans (5).

Le Lemme 2.1 consiste à établir le lien entre les fonctions de coût et les solutions de N équations différentielles
stochastiques rétrogrades. On est amené à considérer la famille d’équations rétrogrades (10). On sait qu’il en existe une
solution (Y ∗

i ,Z∗
i )1�i�N avec (Z∗

i )1�i�N
à priori seulement de carré intégrable. Toutefois sous les hypothèses (H4),

en utilisant le calcul de Malliavin nous pouvons établir que les Z∗
i sont bornés.

Alors le système de contrôles donné par (11) est admissible. Il suffit d’utiliser the théorème de comparaison des
solutions des équations rétrogrades (comme dans Hamadène–Lepeltier (1995) [3]) pour obtenir que le sytème (11) est
un équilibre de Nash.

Pour terminer nous pouvons remarquer

1) Dans le cas Markovien, le problème avec un terme supplémentaire quadratique dans les fonctions de coût a été
étudié par Bensoussan–Frehse (2000). Dans le cas non Markovien nous aurions besoin d’un résultat d’existence
pour la solution d’équations rétrogrades à coefficient quadratique en z ; ce problème est encore ouvert.

2) Il nous semble que lorsque x satisfait

dxt = σ(t, xt )dWt + b(xt )dt

le calcul de Malliavin soit encore opérationnel sous des hypothèses raisonnables (à définir) sur b et σ .

1. Introduction and formulation of the problem

The objective of this Note consists in applying the existence results on backward stochastic differential equations
(BSDEs in short) to get the explicit form of a Nash equilibrium point for one kind of stochastic nonzero-sum differ-
ential game problem for N players.

Let (Ω, F ,P ) be a probability space and (W(t))0�t�T a standard n-dimensional Brownian motion, defined on
this space, whose natural filtration is Ft = σ {W(s),0 � s � t}t�T ; P is the σ -algebra generated by the progressively
measurable processes on [0, T ] × Ω .

A state trajectory starting at x, is simply

x(t,ω) = x + W(t). (1)

We now consider N players, who have no influence on the system (1), each of them acting through a control ui(t,ω),
i = 1,2, . . . ,N , to protect his advantages. We assume that u(t) = (u1(t), . . . , uN(t)) is a progressively measurable
process with bounded values in R

nN which we call an admissible control.
Let g be a function from Ω × [0, T ] × R

n into R
n which satisfies

Assumption (H1). g(t, x) is P ⊗ B(Rn) measurable and bounded.

For each x and admissible control u(t), we associate the process βx,u(t) = g(t, x(t)) + ∑N
i=1 ui(t), and the prob-

ability Px,u such that dPx,u

dP
|Ft

= exp{∫ t

0 βτ
x,u(s)dW(s) − 1

2

∫ t

0 ‖βx,u(s)‖2 ds}, where τ denotes transpose in the above

and all the following. From Girsanov’s Theorem, we know under Px,u the process Wx,u(t) = W(t) − ∫ t

0 βx,u(s)ds,
0 � t � T is an Ft -Brownian motion and x(t) is a weak solution of:

dx(t) =
[
g
(
t, x(t)

) +
N∑

i=1

ui(t)

]
dt + dWx,u(t), x(0) = x, 0 � t � T . (2)

Let also fi be functions from Ω × [0, T ] × R
n into R and Φi be functions from Ω × R

n into R, i = 1,2, . . . ,N ,
such that
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Assumption (H2). The functions fi are P ⊗ B(Rn) measurable and bounded and the functions Φi are FT ⊗ B(Rn)

measurable and bounded, i = 1,2, . . . ,N .

We define the cost functions corresponding to each player by:

Ji(x,u) = Ex,u

[
Φi

(
x(T )

) +
T∫

0

(
fi

(
t, x(t)

) + θui(t) ·
∑
j �=i

uj (t)

)
dt

]
, i = 1,2, . . . ,N, (3)

where θ �= 0 is a constant. We shall also use the notation u = (ui, ū
i), where ūi represents all the components of the

admissible control u other than ui . Our problem is then to find an admissible control u∗ = (u∗
i , ū

i∗), called a Nash
equilibrium point for the nonzero-sum game, such that

Ji

(
x,u∗

i , ū
i∗) � Ji

(
x,ui, ū

i∗), i = 1,2, . . . ,N, (4)

for any admissible control u = (ui, ū
i).

A similar nonzero-sum game problem was first studied by Bensoussan and Frehse (2000) [2]. However, their model
is in the Markovian case and there is one extra quadratic term for ui in the cost functions and the terminal time is a
special stopping time. Using the solution of a Bellman equation which is one kind of second order partial differential
equation, they got a Nash point for the problem. It is obvious that since our problem is under the non-Markovian
frame, their method cannot be used in our case.

Using the results on BSDEs, Hamadène and Lepeltier (1995) [3] obtained the existence of a saddle-point strategy
under the Isaac’s condition for a zero-sum differential game problem and the existence of an optimal strategy for an
optimal stochastic control problem. Then, Hamadène, Lepeltier and Peng (1997) [4] applied some results on BSDEs
to prove the existence of a Nash equilibrium point for some nonzero-sum Markovian stochastic differential games.

In this Note, we intend to use the solutions of BSDEs to get an explicit Nash equilibrium point for our stochastic
nonzero-sum game problem for N players in the non-Markovian case. The main tool is the existence result on BSDEs
when the coefficient has a quadratic growth in Z, which can be found in Kobylanski (2000) [6] and Lepeltier and San
Martin (1997) [7]. We are able to construct optimal controls by using Zi(·) (i = 1,2, . . . ,N), solutions of the corre-
sponding BSDEs, for each player. Then it is necessary to use Malliavin calculus technique to obtain the representation
and boundness of Zi(·). The optimality has to be taken in the sense of Nash (1950) [8], see also J.P. Aubin (1976) [1].

As far as we know, this kind of non-Markovian stochastic game problem has not been considered before and it can
be seen as one good application of BSDEs theory combined with Malliavin calculus techniques.

2. One explicit Nash equilibrium point

For (ω, t, x,pi, u) ∈ Ω × [0, T ] × R
n × R

n × R
nN we define the Hamiltonian functions associated with the game

by

Hi(t, x,pi, u) = pi · g(t, x) + pi ·
N∑

j=1

uj + fi(t, x) + θui ·
∑
j �=i

uj , i = 1,2, . . . ,N. (5)

For the resolution of our nonzero-sum game problem, we assume the following assumption called the generalized
mini–max condition which is the analogue of Isaac’s condition in the zero-sum game frame.

Assumption (H3). There exist N measurable functions u∗
i (t, x,p1,p2, . . . , pN), which satisfy:

Hi

(
t, x,pi, u

∗(t, x,p1, . . . , pN)
)
� Hi

(
t, x,pi, ui, ū

i∗(t, x,p1, . . . , pN)
)
, i = 1,2, . . . ,N, (6)

here u∗(t, x,p1, . . . , pN) = (u∗
i (t, x,p1, . . . , pN), ūi∗(t, x,p1, . . . , pN)), ui is the ith component of any admissible

control u.

Using Assumption (H3), we look for the possible form of a Nash equilibrium point u∗ = (u∗
1, u

∗
2, . . . , u

∗
N).

From (6), u∗(·) for H should satisfy: pi + θ
∑

j �=i u
∗ = 0, i = 1,2, . . . ,N . Then it is easy to get:
j
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u∗
i = (N − 2)pi − ∑

j �=i pj

(N − 1)θ
, (7)

Hi

(
t, x,pi, u

∗(t, x,p1, . . . , pN)
) = Hi

(
t, x,pi, ui, ū

i∗(t, x,p1, . . . , pN)
) = pi · g(t, x) + fi(t, x) − p2

i

θ
, (8)

for i = 1,2, . . . ,N .
Now we need to get pi and check that u∗ = (u∗

1, u
∗
2, . . . , u

∗
N) defined by (7) is one Nash equilibrium point. We

need first the following result:

Lemma 2.1. For any admissible control u, if (Y,Z) is the solution of the following N -dimensional BSDEs:{−dYi(t) = [Zi(t) · g(t, x(t)) + Zi(t) · ∑N
j=1 uj (t) + fi(t, x(t)) + θui(t) · ∑j �=i uj (t)]dt − Zτ

i (t)dx(t),

Yi(T ) = Φi(x(T )), 0 � t � T , i = 1,2, . . . ,N,
(9)

then we have Ji(x,u) = Yi(0), i = 1,2, . . . ,N .

The proof is almost the same like Theorem 3.2 in Hamadène and Lepeltier (1995) [3]. We omit it. We notice that,
in fact, the generator of BSDEs (9) is just Hi(t, x(t),Zi(t), u(t)). So, from Eq. (8), we only need to consider the
following N -dimensional BSDEs with quadratic growth in Zi :{

−dY ∗
i (t) = [Z∗

i (t) · g(t, x(t)) + fi(t, x(t)) − (Z∗
i (t))2

θ
]dt − Z∗τ

i (t)dx(t),

Yi(T ) = Φi(x(T )), 0 � t � T , i = 1,2, . . . ,N.
(10)

From Theorem 1 in Lepeltier and San Martin (1997) [7] or Theorem 2.3 in Kobylanski (2000) [6], there ex-
ists (Y ∗,Z∗) = (Y ∗

1 , . . . , Y ∗
N,Z∗

1 , . . . ,Z∗
N) satisfying (10), with ‖Y ∗

i ‖, i = 1,2, . . . ,N , bounded. Normally Z∗
i ,

i = 1,2, . . . ,N , are only square integrable from general BSDE’s theory. However if, under suitable conditions we
can prove that Z∗

i , i = 1,2, . . . ,N , are bounded, then from (7), we can take:

u∗
i = (N − 2)Z∗

i − ∑
j �=i Z

∗
j

(N − 1)θ
(11)

admissible, and get Ji(x,u∗) = Y ∗
i (0). It follows by the comparison theorem on BSDE’s that Ji(x,u∗) �

Ji(x,ui, ū
i∗), i = 1,2, . . . ,N .

We look back BSDEs (10) again and make the change of variables Ȳi (t) = exp(− 2
θ
Y ∗

i (t)), then get:

Ȳi (t) = exp

(
−2

θ
Φi

(
x(T )

)) +
T∫

t

[
−2

θ
Ȳi(s)fi

(
s, x(s)

) + Λi(s) · g(
s, x(s)

)]
ds −

T∫
t

Λτ
i (s)dx(s); (12)

here Λi(t) = − 2
θ
Ȳi(t)Z

∗
i (t). Since BSDEs (12) are linear equations, we can get the explicit form of Ȳi (t):

Ȳi (t) = E

[
exp

(
−2

θ
Φi

(
x(T )

))
Qi(T )

∣∣∣ Ft

]
, 0 � t � T , (13)

where Qi(T ) = exp{∫ T

t
[− 2

θ
fi(s, x(s))− 1

2g2(s, x(s))]ds+∫ T

t
gτ (s, x(s))dx(s)}. Using Malliavin calculus, we show

in the next section that Λ∗
i , and thus Z∗

i , i = 1,2, . . . ,N , are bounded.

3. Malliavin derivatives

We borrow some notions about Malliavin derivatives on Wiener space from El Karoui, Peng and Quenez (1997) [5]
and Nualart (1995) [9]. We need the following:

Assumption (H4). (i) g(t, x), fi(t, x), Φi(x) (i = 1,2, . . . ,N) are continuously differentiable in x and the par-
tial derivatives are bounded. (ii) For each x, Φi(x) ∈ D1,2 (i = 1,2, . . . ,N) and the Malliavin derivative de-
noted by DtΦ(x) are bounded for all t ∈ [0, T ]. (iii) For a.e. (t, x) ∈ [0, T ] × R

n, g(t, x) ∈ D1,2, fi(t, x) ∈ D1,2
(i = 1,2, . . . ,N), the Malliavin derivatives denoted by Dtg(s, x), Dtfi(s, x) are bounded for all s, t ∈ [0, T ],
Dg(t, x) and Dfi(t, x) are P ⊗ B(Rn) measurable.
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By Proposition 5.3 in El Karoui, Peng and Quenez (1997) [5], we know that

Λi(t) = DtȲi(t) = DtE
[
e− 2

θ
Φi(x(T ))Qi(T )

∣∣ Ft

] = E
[
Dt

(
e− 2

θ
Φi(x(T ))Qi(T )

) ∣∣ Ft

]
. (14)

We calculate the Malliavin derivative and get:

Dt

(
e− 2

θ
Φi(x(T ))Qi(T )

)

= e− 2
θ
Φi(x(T ))Qi(T )

{
−2

θ

(
∂Φi

∂x

(
x(T )

) + DtΦi

(
x(T )

)) +
T∫

t

[
∂g

∂x

(
s, x(s)

) + Dtg
(
s, x(s)

)]
dx(s)

+
T∫

t

[
−2

θ

(
∂fi

∂x

(
s, x(s)

) + Dtfi

(
s, x(s)

)) −
(

∂g

∂x

(
s, x(s)

) + Dtg
(
s, x(s)

))
g
(
s, x(s)

)]
ds

}
,

then ‖Dt(e
− 2

θ
Φi(x(T ))Qi(T ))‖ � CQi(T ) + e− 2

θ
Φi(x(T ))Qi(T )‖N(T )‖, where C is a universal constant and change

from line to line, and N(T ) = ∫ T

t
[ ∂g
∂x

(s, x(s)) + Dtg(s, x(s))]dx(s). We get finally:∥∥Λi(t)
∥∥ � CE

[
Qi(T ) | Ft

] + E
[
e− 2

θ
Φi(x(T ))Qi(T )

∥∥N(T )
∥∥ ∣∣ Ft

]
� C + 1

2
E

[
e− 4

θ
Φi(x(T ))Q2

i (T )
∣∣ Ft

] + 1

2
E

[
N2(T )

∣∣ Ft

]

� C + 1

2
E

[ T∫
t

(
∂g

∂x

(
s, x(s)

) + Dtg
(
s, x(s)

))2

ds

∣∣∣ Ft

]
� C.

Theorem 3.1. Under Assumptions (H1)–(H4), u∗ = (u∗
1, . . . , u

∗
i , . . . , u

∗
N), where u∗

i defined by (11), is one Nash
equilibrium point for the stochastic nonzero-sum differential game problem, Ji(x,u∗) = Y ∗

i (0) and Ji(x,u∗) �
Ji(x,ui, ū

i∗), ui is the ith component of any admissible control u, i = 1,2, . . . ,N , and (Y ∗
i (·),Z∗

i (·)) is one solution
of the BSDE (10).

In the Markovian case for our game problem, we can weaken Assumption (H4) in:

Assumption (H5). (i) g(t, x) and fi(t, x) (i = 1,2, . . . ,N) are continuous in t . (ii) There exists a constant L > 0
such that for any x, x′ ∈ R

n,∣∣g(t, x) − g(t, x′)
∣∣ + ∣∣fi(t, x) − fi(t, x

′)
∣∣ + ∣∣Φi(x) − Φi(x

′)
∣∣ � L|x − x′|, i = 1,2, . . . ,N.

Corollary 3.2. In the Markovian case for the stochastic nonzero-sum differential game problem, under Assump-
tions (H1), (H2), (H3) and (H5), u∗ = (u∗

1, . . . , u
∗
i , . . . , u

∗
N), where u∗

i is defined by (11), is one Nash equilib-
rium point, Ji(x,u∗) = Y ∗

i (0) and Ji(x,u∗) = Ji(x,ui, ū
i∗), ui is ith component of any admissible control u,

i = 1,2, . . . ,N , where (Y ∗
i (·),Z∗

i (·)) is one solution of the BSDEs (10).

Remark 1. In the Markovian case, Bensoussan and Frehse (2000) [2] studied the stochastic nonzero-sum game prob-
lem with an extra quadratic control term in the cost functions. For this problem in the non-Markovian case, we need
an existence result for multi-dimensional BSDEs with quadratic growth in multi-dimensional Z. Up to now, this kind
of result in the general case, is still an open problem.

Remark 2. We feel that, in the more general case where x satisfies a stochastic differential equation of the form

dx(t) = b
(
t, x(t)

)
dt + σ

(
t, x(t)

)
dW(t), t � 0,

the Malliavin calculus is still efficient to get a similar result, the specific assumptions on the coefficients b and σ

remaining open to discussion at this stage of our investigation.
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