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Abstract

In this Note, we present a new explicit characterization for a mean exit time problem recently treated by the author, in form of
a quadratic Forward—Backward Stochastic Differential Equation (FBSDE) with a random terminal time. An a priori estimate and
a uniqueness result for such a type of FBSDE are also proved, under certain conditions. To cite this article: C. Makasu, C. R.
Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Caractérisation des temps de sortie moyens pour une équation FBSDE. Dans cette Note on donne une nouvelle caractérisa-
tion explicite des temps de sortie moyens pour un probléme récemment introduit par 1’auteur ; cette caractérisation est obtenue a
partir d’'une FBSDE quadratique a temps terminal aléatoire. On démontre aussi, sous certaines conditions, une estimation a priori,
et un résultat d’unicité pour ce type d’équation différentielle stochastique directe et rétrograde. Pour citer cet article : C. Makasu,
C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Dans cette Note, nous présentons, sous certaines conditions, une nouvelle caractérisation explicite du temps de
sortie moyen [E*-Y[1, ,] pour un processus de diffusion couplé Q; = (x;, y;) a I'intérieur du domaine Dy = {(x, y) €
Ri: y > d(x)}. Nous démontrons que le temps de sortie moyen E¥Y [z, ] = log(yE* pp), ot (x1, s, pr, qs) est
I’unique solution d’une équation FBSDE quadratique, faiblement couplée :
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ol 7 := T,y =inf{r > 0: y; =d(x,)} est un temps final aléatoire.
1. Introduction

Nonlinear BSDEs were first introduced in the classical paper by Pardoux and Peng [15], under Lipschitz continuous
conditions. Since then, there has been a lot of interest in the study of both BSDEs ([3-5,10-12,19]) and FBSDEs
([1,2,9,16,21,22]), under various assumptions. The motivation for the study of BSDEs and FBSDE:s is their wider
applications in mathematical finance/stochastic control ([6—8,17,20], etc.). In this Note, our main concern is to present
a new explicit characterization of the mean exit time in [13] as a kind of quadratic FBSDE with random terminal time.
An a priori estimate and a uniqueness result for such a type of FBSDE are also proved, under certain conditions.

Let O; = (x¢, y+) be a weakly coupled, non-degenerate diffusion process described by:

dx; =60(x;)dr + B(x,)dB!;  x(0)=x,

dyr = pydi + (/% + @)y dBY; y(0) =y, (D
initially starting at (x, y) in the interior of a curvilinear domain Dy C ]Ri, given by,
Dy={(x,y) eRi: y>dx)). )
Let
Te,y = mf{t >0y, = d(x,)} 3)

be the first exit time for the process (x;, y;) from the domain D, through y = d(x).

Here, i, y, o are some fixed constants, d(.) is a positive continuous, nondecreasing convex function such that
d(0) >0, 6(.) and B(.) are locally bounded Borel measurable functions, B,1 and Bt2 are independent Brownian motions
on a probability space (£2, F, P).

Throughout the Note, we shall impose the restriction that the process Q; = (x;, y;) evolves in the prescribed domain
D, under non-explosive conditions, see, for instance, Narita [14] and references given there.

2. Main results

It can be shown that, using the result in [13], the mean exit time E*¥[7, ,] = log(y¢(x)) is associated with the
following second-order nonlinear ordinary differential equation:

1 2 1 / 1 2 @ (x)2
5’8 ()" (x) +0(x)p (x) + M+1—§(J/\/)_C+0l) px) = ﬂ (x)—— o0 “4)
on the open interval (0, 00), and subject to the boundary condition,
1
_ 5
p(x) = 1553 (5

At this point, it is natural and interesting to ask about the probabilistic interpretation (see also Peng [18]) of Eqgs. (4)
and (5), which is indeed the essence of the next assertion.

Lemma 2.1. (Probabilistic interpretation.) Let x; be an arbitrary diffusion process given in (1) for all t > 0. Suppose
that ¢(.) € C*(0, 00). Then, ¢(x) admits the probabilistic interpretation

@(x) =E" po, (6)
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where (x¢, pr, qr) solves the one-dimensional, weakly coupled quadratic FBSDE:

INT INT
X, =x + / 0(xs)ds + / B(xs)dB!,
0 0
T T
1 1 2 1 q2 |
pt:d(x )—‘r 1+M_§(V\/-ﬁ+0{) ps_ilpﬁéop_ ds — quBs’ )
T S
AT INT

with a random terminal time T := Ty y.
The main result of this Note is stated as follows:

Proposition 2.1. Let Dy be a curvilinear domain given by (2), and let Q; = (x;, y;) be a non-degenerate, coupled
diffusion process given by (1) in the interior of the domain Dg. Suppose that conditions (H4.1), (H4.2) below hold
and E*Y [ty ;] < 00 a.s., then the mean exit time @ (x, y) :=E"Y[t, ] is characterized explicitly by:

@ (x, ) = log(yE" po), ®)
where (x;, pr, q;) uniquely solves the FBSDE (7).
For the rest of the Note, our main concern is to prove the uniqueness of solution for the BSDE in (8) and an a priori

estimate of the FBSDE (7). For this reason, we need a precise definition of the solution for (7) as given below. We
first introduce the following appropriate function spaces. Denote

T

U* =g, w): g(t, ) is F;-adapted real-valued such that E / g% (s, w)ds < oo},
0

similarly V2 and
Lz(.Q, F:,P)= {E: & is an F;-measurable random variable such that Eéz < oo},

where 1 := 7, and is given by (3).

Definition 2.1. A triple of F;-adapted processes (x(.), p(.),q(.)) is said to be a solution of the FBSDE (7), iff
(x(), p(),q() €U x U x V? and it satisfies (7).

We shall assume the following:

(H4.1) 6(.) and B(.) are measurable functions on (0, co) and there exists K > 0 such that for x, z € (0, 00),

2 2
(0() —0@) + (Bx) — BR)" < K(x —2)%, 0°(x) + B> (x) < K*(1+x7).
(H4.2) d(x;) € L*>(82, F¢,P) for each x, and d(.) is a positive continuous, nondecreasing convex function such that
d) > 0.
Lemma 2.2. (A priori estimate.) Assume that (H4.1), (H4.2) hold and E[t A ] < o0 for all t > 0. If (x¢, ps, q:) €
U? x U? x V2 is a solution of the FBSDE (7), then

INT T T INT

1
E{x3+p3—k1/xfds+/(kz—k3x§)p§ds—2E/q§ds}<x2(0)+1E{d2(x)+K2/ ds},
T
0 0

INT INT

forallt >0, where ky =1+ K2, ky =2(1 4+ p) —3y%/2 — ya and ks = y (a + v /2).
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Lemma 2.3. (Uniqueness of solution.) Assume that (H4.1) and (H4.2) hold, then the FBSDE (7) has at most one
solution in U? x U?* x V2.

Proof. Let (xf, pg, qf), i = 1,2, be two solutions of (7). Denote 5(} = xtl — xtz, i’\, = ptl — p,2, and Q, = qt1 — q,z.
Assume that (H4.1) holds. Applying Ito’s formula to X Se“%2 where A € R, it follows that

T
E(X. P} = X(0)eM 7O + E[/(@(S{)) +24P,0,B(X,) + 22X, 02)e P’ dt}

0
T

+ E{/(X[yz —2(1+ W)X, P2 + 222X, 02 P2 + 2y2X2P2) P dt}
0

T
+2xyaE / X2P2AE 4t
0

T
—~ = K ~ ~~ ~ ~~ ~ ~
< X(0)r PO +E{/<?x§+2xptg,ﬂ(xt) +2AX,Q,2)6“32 dt}
0

T
vl [ol -0 R 7 2R 08 R
0
T T

ey B 1 5
+2AyaIE/X,3/2Ptze}‘P12 dr + EE/e*Prz dr
0 0

T T

~ .5 1 5 _ o mr MO0 =\ 4B
< X(0)HPPO 4 EE/e“’f dt +]E{/<,\Q3 +AA+1D)P2Q2 + %Pﬁ)&f’f dt}
0

T
1 o 3ya ~ ~ anmn Ny 5 B2
+E{/<K<§ +/\> +A(70+%+y2)Pt2+AQI2+A2Q,2PI2>Xt2e“)f d:},
0

where the inequalities follow from using condition (H4.1) and Young’s inequality, and where o = > —2(14 ) + y«.

From the uniqueness of the FSDE in (1) and by choice of —1 < A < 0 and o > 0, we deduce that the third term in
the right-hand side of the last inequality is negative. Hence, le = p,2 and q,l = q,2 for all ¢ € [0, 7]. This completes the
proof. O

Example 2.1. Let Dy and 7, , be given by (2) and (3) respectively, where d(x) = e*. Consider a bidimensional
geometric Brownian motion Q; = (x;, y;) in the interior of the domain Dy, given by:

dx, = 6px, dt + Box,; dB};  x(0) =x,
dy, = py dt + oy dBf;  y(0) =y, 9)

where 6, Bo, 1 and o are some fixed positive constants.
Our main result asserts that, for the above example, the mean exit time E*” [z, ,] is characterized explicitly by

E* Y1y y] = log(yE* po),
where (x;, p:, g;) uniquely solves the weakly, coupled quadratic FBSDE:

INT INT

x,:x—l—@ofxsds—i—ﬂo/xsstl,

0 0
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T T
—Xr 1, 1 ‘Zsz 1
pr=e + 1+M_§O‘ ps_EIpX;EOE ds — qsdB,,

INT INT
with a random terminal time 7 := 7, , =inf{r > 0: y, = e*}.
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